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Abstract

Extending previous notions of generalized inter-
vals, this paper defines the generalized interval as
a tuple of solutions of some consistent interval
network. It studies the possible relations between
such generalized intervals and introduces the no-
tion of a generalized interval network. It proves
the tractability of the problem of the consistency
of a generalized network which constraints are
preconver.
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1 Introduction

Within the context of the formalization of tem-
poral reasoning, the interval model is the one
that has been considered in the majority of cases
[1, 3, 6]. Its objects are the rational intervals and
the relations between these objects are relations
such as “meet”, “during”, etc. Allen defined the
interval network as a set of constraints between
intervals and presented an algorithm for solving
the problem of the consistency of such a network.
This algorithm, however, does not detect all in-
consistencies and an important line of research
has been the discovery of several fragments of the
interval algebra for which the algorithm of Allen
is complete [4, 9, 12]

Ladkin [5] and Khatib [11], on the one hand,
Ligozat [8], on the other hand, have generalized
the interval algebra to temporal beings of one of
the following forms :

1. a sequence of intervals in the relation
"meets” [8].
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2. a sequence of intervals in the relation
"precedes” [5, 11].
x1 X2 X3
— | Y

and have considered the possible relations be-
tween such beings.

In this note, generalizing the approch presented
in [2], we consider that generalized intervals are
the solutions of a consistent interval network.
More precisely, a consistent interval network F'Q)
with p variables defines a set of generalized inter-
vals (21,...,2,) which are the possible solutions
of the network. It happens that the generalized
intervals of Ladkin and Khatib and the general-
ized intervals of Ligozat are definable in this way
(see the section 2 for details). The relations be-
tween such generalized intervals are px p matrices
which elements are atomic relations of Allen. As
an example, if p = 2 then the matrix :

(o)

is the relation between two generalized intervals
(1, 22) and (y1,y2) which says that 1 0o y1, 21 p
Y2, v2 ot Yy and xo m yo.

The section 2 of this paper introduces the gen-
eralized intervals as the solutions (z4,...,z,) of
a consistent interval network F() of p variables.
The section 3 presents the possible relations be-
tween such generalized intervals. These relations
are the p X p matrices which elements are the
atomic relations of Allen. It also introduces the



generalized lattice of these relations as the Carte-
sian product of p X p interval lattices. The notions
of convex and preconvex relations are introduced.
The section 4 defines the composition of two gen-
eralized relations on the basis of the composition
of two atomic relations of Allen while the sec-
tion 5 presents the generalized network as a set
of constraints between a finite number of vari-
ables denoting generalized intervals. The section
6 proves the tractability of the problem of the
consistency of a generalized network which con-
straints are preconvex.

2 Generalized intervals

Let Aje = {p, m,0,s,d, f, eq,pi,mi,oi,si,di, fi}
be the set of the atomic relations between inter-
vals. An “interval network” is a structure of the
form (p, £Q) where p > 1 and F(Q is a mapping
of (p) x (p) to the set of the relations in 24int
such that, for every i € (p), EQ(i,7) = {eq} and,
for every ¢,j € (p), EQ(j,) is the converse of
EQ(i, 7). Let (p, EQ) be an interval network and
Z1,...,%, be rational intervals such that, for ev-
ery ¢,7 € (p), there exists an atomic relation A;;
in the interval lattice such that A;; € FQ(1,))
and x; and z; satisfy A;; in the model of the ra-
tional intervals. (z1,...,z,) is called “generalized
interval with respect to (p, FQ)”.

Example 1 Let p > 1 and EQ be the interval
network defined in the following way :

e Foreveryi,j € (p) :

— Ifi<j—1then EQ;; = {p}.
— If i = j then EQ;; = {eq}.

eq p ... P
pi eq '
Loy
pt ... pi eq

The generalized intervals with respect to (p, EQ)
are exactly the structures of the form (xq,...,xp)
where, for every ¢ € (p), x; is a rational inter-
val and, for every i,j7 € (p), if i = j — 1 then
x; p x;. These generalized intervals have been

introduced by Ladkin [5] and furthered by Mor-
ris, Shoaff, Khatib [11]. For Ladkin a generalized
interval is a sequence of Allen intervals in the re-
lation "precedes”.

x1 X2 x3 x4

Figure 1: Ladkin generalized interval

Example 2 Let p > 1 and EQ be the interval
network defined in the following way :

o For everyi,j € (p) :
— If i < j—2 then EQ;; = {p}.
— Ifi=j—1 then EQ;; = {m}.
— Ifi = j then EQ;; = {eq}.

If i = j+ 1 then EQ;; = {mi}.

If i > j+ 2 then EQ;; = {pt}.

eq M p ... P
mi :
pi . . . p
: . . .om
pro... pr mE eq

The generalized intervals with respect to (p, EQ)
are exactly the structures of the form (z1,...,zp)
where, for every i € (p), x; is a rational inter-
val and, for every i,j € (p), if i = j — 1 then
x; m x;. These generalized intervals have been
introduced by Ligozat [7] [8]. For Ligozat a gen-
eralized interval is a sequence of Allen intervals
in the relation "meets”.
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Figure 2: Ligozat generalized interval

Subsequently, considering a fixed interval net-
work (p, EQ), the generalized intervals with re-
spect to (p, FQ) will be called “generalized inter-
vals of dimension p”.

3 Generalized relations

This section presente the potential relations be-
tween generalized intervals.



3.1 Atomic relations

For every atomic relation Ajq,..

AL,

Apt, ..., Ay between intervals, the matrix :
All Ce Alp
Ap ... Ay

is an “atomic relation” between generalized in-
tervals of dimension p which corresponds to the
relation :

e For every ¢,j € (p), z; Aij yj.

between two generalized intervals (zq,..
., Yp) of dimension p.

L)
and (yq, ..

Example 3 The matriz :

or m

is an atomic relation between generalized intervals
X = (21,22) and Y = (y1,y2) of dimension 2
which corresponds to the relation : x1 o y1, 1 p
Yo, To 00 Y1 and xo m Yy between two generalized
intervals (z1,2) and (y1,y2) of dimension 2.

These atomic relations are arranged in ascending
order < in the following way :

e A < Biff, for every i,j € (p), Ai; < Bi;.

where < is the ascending order which defines the
interval lattice [10].
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Figure 3: Lattice of atomic relation in Allen’s algebra

(on)=(a)

This ascending order defines a lattice (Age,, <)
called “generalized lattice” whereas the “general-
ized algebra” is defined as the power set 24sen of

Agen.

Example 4

3.2 Saturated relations

“Saturated relations” are those relations in 24sen
which are obtained through the Cartesian prod-
uct H; R;; of p x p relations Rqq,..., Rip, ...
Ry, ..., R,y in the interval algebra.

Example 5 The relation :

(an)(nr)(an)
o) (o) (o)

is saturated and corresponds to the Cartesian
product of the 2 x 2 relations {p,o}, {p}, {oi},
{m, s,d} in the interval algebra.

It is easy to verify that, for every relation
]%117...7]%1207 cea Rplv"'7 Rpp7 5117...7512)7 cea

Spis+-.,Spp in the interval algebra :
Proposition 1 H; R0 H; Si; = H; R;; 0S5
Consequently, the class of saturated relations in
24gen is stable for intersection.

3.3 Convex relations

Like in the interval algebra, “convex relations”
are those relations in 249 which correspond to
intervals in the generalized lattice.

Example 6 The relation :

{(pp)(p p)(p p)(p p)
ot s )\ ol d )\ ot f )\ ol eq )’
m p m p m p m p

(oi s)’(oi d)’(oif)’(oi eq)}

is convex and corresponds to the interval :

(FRORE N

in the generalized lattice.

We omit the elementary proof of the following
conclusion :

Proposition 2 The class of convex relations in
249en coincides with the class of the relations
which are obtained through the Cartesian product
of p X p convex relations in the interval algebra.
Moreover, every convex relation in 24 is satu-
rated.

All this goes to show that the class of convex
relations in 27497 is stable for intersection.



3.4 Preconvex relations

The “preconvex relations” in 249 are defined by
induction in the following way :

e For every convex relation R in 249», R is a
preconvex relation in 24sen,

e For every preconvex relation R in 24 for
every I,J € (p) and for every unstable rela-
tion Ay in the interval lattice, R\ {B : By
= Ayy} is a preconvex relation in 2Agen.

Example 7 The relation :

(22 (z)(z2)
() (on) (o)

is preconvex and is obtained from :

(2n)(on)

by removing the relations :

L) o) (o)),
o)Lt ) L) (s
(o 2) (o t)

The reader may easily verify that :

Proposition 3 The class of preconvex relations
in 249n coincides with the class of the relations
which are obtained through the Cartesian product
of p X p preconvex relations in the interval alge-
bra. Moreover, every preconves relation in 24sen
s saturated.

From all this it follows that the class of preconvex
relations in 249 is stable for intersection.

4 Generalized composition

“Composition” between atomic relations in A,
is defined in the following way :

o AoB =[I:Ni(Aw o Byj).

Example 8 The composition of the atomic rela-

tions :
d p
ol o
p p
ol mi

is equal to the relation :
{ pp p D pp }
o dv |\ fi di )’\ di di

“Composition” between relations in 2497 is de-
fined in the following way :

and :

e RoS=J{AoB: A€ Rand B € S}.

We omit the elementary proof of the following
conclusion, for every relation Riq,...,Rip, ...,
Rph . -7Rpp7 5117 . '751]?7 ceey Sph . -7Spp in the

interval algebra :

Proposition 4 H; R;; o H; Sij = H; e (Rix ©
Skj)-

Consequently, the class of saturated relations in
249en the class of convex relations in 249 and
the class of preconvex relations in 249 are stable
for composition.

5 Generalized network

A “generalized network” is a structure of the form
(n, R) where n > 1 and R is a mapping of (n)x(n)
to the set of the relations in 249" such that, for
every a € (n), R(a,a) = {EQ} and, for every
a,b € (n), R(b,a) is the converse of R(a,b). Let

(n, R) be a generalized network :

e (n, R) is “saturated” when, for every a,b €
(n), R(a,b) is a saturated relation in 2“496"

o (n,R)is
a,b
)

n

“path-consistent” when, for every
€ (n), R(a,b) # 0 and, for every a,b,c €
, R(a,b)o R(b,c) O R(a,c).



e (n,R) is “consistent” when there exists a
mapping z of (n) to the set of the generalized
intervals of dimension p such that, for every
a,b € (n), there exists an atomic relation A
in Age, such that A € R(a,b) and z(a) and
z(b) satisfy A in the model of the generalized
intervals of dimension p.

e (n,R) is “convex” (respectively : “precon-
vex”) when, for every a,b € (n), R(a,b)is a
convex (respectively : preconvex) relation in
9Agen.

Like in the interval algebra, the path-consistency
method is not complete as a decision procedure
for the issue of the consistency of a generalized
network.

6 Tractability

Let (n,R) be a generalized network. If
(n, R) is saturated then there exists mappings
Ri1y.. s Rips ooy Rp1y oo, Ry of (n) X (n) to the
set of the relations in the interval algebra such
that, for every a,b € (n), R(a,b) = H; Ri;(a,b).
Let (n x p, R') be the interval network defined in
the following way :

e Lor every a,b € (n) and for every 4,5 € (p),
R/((av i), (b, 7)) = Rij(av b).

Moreover :

e If (n, R) is path-consistent then, for every
a,b € (n), R(a,b) # () and, for every a, b, c €
(n), R(a,b)oR(b,c) 2 R(a,c). Consequently,
for every a,b € (n) and for every i,j € (p),
R;i(a,b) # 0 and, for every a,b,c € (n) and
for every 4, j,k € (p), Rix(a,b) o Ry;(b,c) 2
Ri;(a,c). Consequently, for every a,b € (n)
and for every 4,7 € (p), R'((a,?),(b,7)) #
() and, for every a,b,c € (n) and for every
ik € (p), R((a,), (0, 1) 0 R((b, K, ()
2 R'((a,1),(¢,j)). Consequently, (n x p, R')
is path-consistent. Reciprocally, it is easy to
verify that if (n x p, R') is path-consistent
then (n, R) is path-consistent.

o If (n,R) is consistent then there exists a
mapping & of (n) to the set of the gener-
alized intervals of dimension p such that, for

every a,b € (n), there exists an atomic re-
lation A in Ay, such that A € R(a,b) and
z(a) and z(b) satisfy A in the model of the
generalized intervals of dimension p. Let 2’
be the mapping of (n X p) to the set of the
rational intervals such that, for every a €
(n) and for every i € (p), 2'((a,?)) = x;(a).
Consequently, for every a,b € (n) and for
every ¢,j € (p), there exists an atomic rela-
tion A;; in the interval lattice such that A;;
& R((ai), (b)) and o((a,1)) and o((b, )
satisfy A;; in the model of the rational in-
tervals. Consequently, (n X p, R') is consis-
tent. Reciprocally, it is easy to verify that if
(n X p, R') is consistent then (n, R) is consis-
tent.

From all this it follows that, for every generalized
network (n, R) :

Proposition 5 If (n, R) is saturated then there
exists mappings Ri1, ..., Rip, .., Rp1,..., Rpp
of (n) x (n) to the set of the relations in the
interval algebra such that, for every a,b € (n),
R(a,b) = H; Ri;(a,b) and there exists an inter-
val network (n X p, R') such that, for every a,b
€ (n) and for every i,j € (p), R((a,?),(b,7)) =
Ri;(a,b). Moreover, if (n, R) is convex (respec-
tively : preconvez) then, for every a,b € (n) and
for every i,j € (p), Rij(a,b) is a convex (respec-
tively : preconvex) relation in the interval algebra
and (n X p, R') is convex (respectively : precon-
vex). Finally, (n, R) is path-consistent (respec-
tively : consistent) iff (nxp, R') is path-consistent
(respectively : consistent).

All this goes to show that, for every generalized
network (n, R) :

Proposition 6 If (n, R) is preconvex and path-
consistent then (n, R) is consistent.

Consequently, the question of the consistency of a
generalized network which constraints are precon-
vex is decidable by means of the path-consistency
method in time polynomial in the length of the
network.

7 Conclusion

We have enlarged the notion of a generalized in-
terval which is a tuple of solutions of a consis-
tent interval network F(¢). This notion subsumes



the notions of generalized intervals introduced by
Ladkin and Khatib, on one hand, and Ligozat,
on the other hand. We have defined the notion of
a generalized network and prove the tractability
of the preconvex class of our generalized interval
algebra. A question that remains unsolved is the
issue of the maximality of the preconvex class.
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