
A model for reasoning about generalized intervalsP. Balbiani, A.Osmani � J.-F Condotta, L. Farinas del Cerro yAbstractExtending previous notions of generalized inter-vals, this paper de�nes the generalized interval asa tuple of solutions of some consistent intervalnetwork. It studies the possible relations betweensuch generalized intervals and introduces the no-tion of a generalized interval network. It provesthe tractability of the problem of the consistencyof a generalized network which constraints arepreconvex.Key words : temporal reasoning, interval alge-bra, constraint satisfaction problems.1 IntroductionWithin the context of the formalization of tem-poral reasoning, the interval model is the onethat has been considered in the majority of cases[1, 3, 6]. Its objects are the rational intervals andthe relations between these objects are relationssuch as \meet", \during", etc. Allen de�ned theinterval network as a set of constraints betweenintervals and presented an algorithm for solvingthe problem of the consistency of such a network.This algorithm, however, does not detect all in-consistencies and an important line of researchhas been the discovery of several fragments of theinterval algebra for which the algorithm of Allenis complete [4, 9, 12]Ladkin [5] and Khatib [11], on the one hand,Ligozat [8], on the other hand, have generalizedthe interval algebra to temporal beings of one ofthe following forms :1. a sequence of intervals in the relation"meets" [8].�Laboratoire d'informatique de Paris-Nord, InstitutGalil�ee, Avenue Jean-Baptiste Cl�ement, F-93430 Villeta-neuse. (Email: ao@lipn.univ-paris13.fr).yInstitut de recherche en informatique de Toulouse, 118route de Narbonne, F-31062 Toulouse Cedex 4.

x1 x4x3x22. a sequence of intervals in the relation"precedes" [5, 11].
x1 x2 x3 x4and have considered the possible relations be-tween such beings.In this note, generalizing the approch presentedin [2], we consider that generalized intervals arethe solutions of a consistent interval network.More precisely, a consistent interval network EQwith p variables de�nes a set of generalized inter-vals (x1; : : : ; xp) which are the possible solutionsof the network. It happens that the generalizedintervals of Ladkin and Khatib and the general-ized intervals of Ligozat are de�nable in this way(see the section 2 for details). The relations be-tween such generalized intervals are p�pmatriceswhich elements are atomic relations of Allen. Asan example, if p = 2 then the matrix : o poi m !is the relation between two generalized intervals(x1; x2) and (y1; y2) which says that x1 o y1, x1 py2, x2 oi y1 and x2 m y2.

x1 x2

y1 y2The section 2 of this paper introduces the gen-eralized intervals as the solutions (x1; : : : ; xp) ofa consistent interval network EQ of p variables.The section 3 presents the possible relations be-tween such generalized intervals. These relationsare the p � p matrices which elements are theatomic relations of Allen. It also introduces the1



generalized lattice of these relations as the Carte-sian product of p�p interval lattices. The notionsof convex and preconvex relations are introduced.The section 4 de�nes the composition of two gen-eralized relations on the basis of the compositionof two atomic relations of Allen while the sec-tion 5 presents the generalized network as a setof constraints between a �nite number of vari-ables denoting generalized intervals. The section6 proves the tractability of the problem of theconsistency of a generalized network which con-straints are preconvex.2 Generalized intervalsLet Aint = fp;m; o; s; d; f; eq; pi;mi; oi; si; di; figbe the set of the atomic relations between inter-vals. An \interval network" is a structure of theform (p; EQ) where p � 1 and EQ is a mappingof (p) � (p) to the set of the relations in 2Aintsuch that, for every i 2 (p), EQ(i; i) = feqg and,for every i; j 2 (p), EQ(j; i) is the converse ofEQ(i; j). Let (p; EQ) be an interval network andx1; : : : ; xp be rational intervals such that, for ev-ery i; j 2 (p), there exists an atomic relation Aijin the interval lattice such that Aij 2 EQ(i; j)and xi and xj satisfy Aij in the model of the ra-tional intervals. (x1; : : : ; xp) is called \generalizedinterval with respect to (p; EQ)".Example 1 Let p � 1 and EQ be the intervalnetwork de�ned in the following way :� For every i; j 2 (p) :{ If i � j � 1 then EQij = fpg.{ If i = j then EQij = feqg.{ If i � j + 1 then EQij = fpig.0BBBBB@ eq p : : : ppi eq . . . ...... . . . . . . ppi : : : pi eq 1CCCCCAThe generalized intervals with respect to (p; EQ)are exactly the structures of the form (x1; : : : ; xp)where, for every i 2 (p), xi is a rational inter-val and, for every i; j 2 (p), if i = j � 1 thenxi p xj. These generalized intervals have been

introduced by Ladkin [5] and furthered by Mor-ris, Shoa�, Khatib [11]. For Ladkin a generalizedinterval is a sequence of Allen intervals in the re-lation "precedes".
x1 x2 x3 x4Figure 1: Ladkin generalized intervalExample 2 Let p � 1 and EQ be the intervalnetwork de�ned in the following way :� For every i; j 2 (p) :{ If i � j � 2 then EQij = fpg.{ If i = j � 1 then EQij = fmg.{ If i = j then EQij = feqg.{ If i = j + 1 then EQij = fmig.{ If i � j + 2 then EQij = fpig.0BBBBBBBB@ eq m p : : : pmi . . . . . . . . . ...pi . . . . . . . . . p... . . . . . . . . . mpi : : : pi mi eq 1CCCCCCCCAThe generalized intervals with respect to (p; EQ)are exactly the structures of the form (x1; : : : ; xp)where, for every i 2 (p), xi is a rational inter-val and, for every i; j 2 (p), if i = j � 1 thenxi m xj . These generalized intervals have beenintroduced by Ligozat [7] [8]. For Ligozat a gen-eralized interval is a sequence of Allen intervalsin the relation "meets".
x1 x4x3x2Figure 2: Ligozat generalized intervalSubsequently, considering a �xed interval net-work (p; EQ), the generalized intervals with re-spect to (p; EQ) will be called \generalized inter-vals of dimension p".3 Generalized relationsThis section presente the potential relations be-tween generalized intervals.2



3.1 Atomic relationsFor every atomic relation A11; : : : ; A1p, : : :,Ap1; : : : ; App between intervals, the matrix :0B@ A11 : : : A1p... ...Ap1 : : : App 1CAis an \atomic relation" between generalized in-tervals of dimension p which corresponds to therelation :� For every i; j 2 (p), xi Aij yj .between two generalized intervals (x1; : : : ; xp)and (y1; : : : ; yp) of dimension p.Example 3 The matrix :A =  o poi m !is an atomic relation between generalized intervalsX = (x1; x2) and Y = (y1; y2) of dimension 2which corresponds to the relation : x1 o y1, x1 py2, x2 oi y1 and x2 m y2 between two generalizedintervals (x1; x2) and (y1; y2) of dimension 2.These atomic relations are arranged in ascendingorder � in the following way :� A � B i�, for every i; j 2 (p), Aij � Bij .where � is the ascending order which de�nes theinterval lattice [10].
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stable relationFigure 3:Lattice of atomic relation in Allen's algebraExample 4 p poi m ! �  o poi d !This ascending order de�nes a lattice (Agen;�)called \generalized lattice" whereas the \general-ized algebra" is de�ned as the power set 2Agen ofAgen .

3.2 Saturated relations\Saturated relations" are those relations in 2Agenwhich are obtained through the Cartesian prod-uct Qij Rij of p � p relations R11; : : : ; R1p, : : :,Rp1; : : : ; Rpp in the interval algebra.Example 5 The relation :f p poi m ! ; p poi s ! ; p poi d ! ; o poi m ! ; o poi s ! ; o poi d !gis saturated and corresponds to the Cartesianproduct of the 2 � 2 relations fp; og, fpg, foig,fm; s; dg in the interval algebra.It is easy to verify that, for every relationR11; : : : ; R1p, : : :, Rp1; : : : ; Rpp, S11; : : : ; S1p, : : :,Sp1; : : : ; Spp in the interval algebra :Proposition 1 Qij Rij \Qij Sij = Qij Rij \ Sij.Consequently, the class of saturated relations in2Agen is stable for intersection.3.3 Convex relationsLike in the interval algebra, \convex relations"are those relations in 2Agen which correspond tointervals in the generalized lattice.Example 6 The relation :f p poi s ! ; p poi d ! ; p poi f ! ; p poi eq ! ; m poi s ! ; m poi d ! ; m poi f ! ; m poi eq !gis convex and corresponds to the interval :[ p poi s ! ; m poi f !]in the generalized lattice.We omit the elementary proof of the followingconclusion :Proposition 2 The class of convex relations in2Agen coincides with the class of the relationswhich are obtained through the Cartesian productof p � p convex relations in the interval algebra.Moreover, every convex relation in 2Agen is satu-rated.All this goes to show that the class of convexrelations in 2Agen is stable for intersection.3



3.4 Preconvex relationsThe \preconvex relations" in 2Agen are de�ned byinduction in the following way :� For every convex relation R in 2Agen , R is apreconvex relation in 2Agen .� For every preconvex relation R in 2Agen , forevery I; J 2 (p) and for every unstable rela-tion AIJ in the interval lattice, R n fB : BIJ= AIJg is a preconvex relation in 2Agen .Example 7 The relation :f p poi o ! ; p poi d ! ; m poi o ! ; m poi d ! ; o poi o ! ; o poi d !gis preconvex and is obtained from :[ p poi m ! ; s poi d !]by removing the relations : p poi m ! ; p poi s ! ; m poi m ! ; m poi s ! ; o poi m ! ; o poi s ! ; s poi m ! ; s poi o ! ; s poi s ! ; s poi d !The reader may easily verify that :Proposition 3 The class of preconvex relationsin 2Agen coincides with the class of the relationswhich are obtained through the Cartesian productof p � p preconvex relations in the interval alge-bra. Moreover, every preconvex relation in 2Agenis saturated.From all this it follows that the class of preconvexrelations in 2Agen is stable for intersection.

4 Generalized composition\Composition" between atomic relations in Agenis de�ned in the following way :� A �B = Qij Tk(Aik �Bkj).Example 8 The composition of the atomic rela-tions :  d poi o !and :  p poi mi !is equal to the relation :f p po di ! ; p pfi di ! ; p pdi di !g\Composition" between relations in 2Agen is de-�ned in the following way :� R � S = SfA �B : A 2 R and B 2 Sg.We omit the elementary proof of the followingconclusion, for every relation R11; : : : ; R1p, : : :,Rp1; : : : ; Rpp, S11; : : : ; S1p, : : :, Sp1; : : : ; Spp in theinterval algebra :Proposition 4 Qij Rij � Qij Sij = Qij Tk(Rik �Skj).Consequently, the class of saturated relations in2Agen , the class of convex relations in 2Agen andthe class of preconvex relations in 2Agen are stablefor composition.5 Generalized networkA \generalized network" is a structure of the form(n;R) where n � 1 and R is a mapping of (n)�(n)to the set of the relations in 2Agen such that, forevery a 2 (n), R(a; a) = fEQg and, for everya; b 2 (n), R(b; a) is the converse of R(a; b). Let(n;R) be a generalized network :� (n;R) is \saturated" when, for every a; b 2(n), R(a; b) is a saturated relation in 2Agen .� (n;R) is \path-consistent" when, for everya; b 2 (n), R(a; b) 6= ; and, for every a; b; c 2(n), R(a; b) �R(b; c) � R(a; c).4



� (n;R) is \consistent" when there exists amapping x of (n) to the set of the generalizedintervals of dimension p such that, for everya; b 2 (n), there exists an atomic relation Ain Agen such that A 2 R(a; b) and x(a) andx(b) satisfy A in the model of the generalizedintervals of dimension p.� (n;R) is \convex" (respectively : \precon-vex") when, for every a; b 2 (n), R(a; b) is aconvex (respectively : preconvex) relation in2Agen .Like in the interval algebra, the path-consistencymethod is not complete as a decision procedurefor the issue of the consistency of a generalizednetwork.6 TractabilityLet (n;R) be a generalized network. If(n;R) is saturated then there exists mappingsR11; : : : ; R1p, : : :, Rp1; : : : ; Rpp of (n)� (n) to theset of the relations in the interval algebra suchthat, for every a; b 2 (n), R(a; b) = Qij Rij(a; b).Let (n� p; R0) be the interval network de�ned inthe following way :� For every a; b 2 (n) and for every i; j 2 (p),R0((a; i); (b; j)) = Rij(a; b).Moreover :� If (n;R) is path-consistent then, for everya; b 2 (n), R(a; b) 6= ; and, for every a; b; c 2(n), R(a; b)�R(b; c)� R(a; c). Consequently,for every a; b 2 (n) and for every i; j 2 (p),Rij(a; b) 6= ; and, for every a; b; c 2 (n) andfor every i; j; k 2 (p), Rik(a; b) � Rkj(b; c) �Rij(a; c). Consequently, for every a; b 2 (n)and for every i; j 2 (p), R0((a; i); (b; j)) 6=; and, for every a; b; c 2 (n) and for everyi; j; k 2 (p), R0((a; i); (b; k))�R0((b; k); (c; j))� R0((a; i); (c; j)). Consequently, (n� p; R0)is path-consistent. Reciprocally, it is easy toverify that if (n � p; R0) is path-consistentthen (n;R) is path-consistent.� If (n;R) is consistent then there exists amapping x of (n) to the set of the gener-alized intervals of dimension p such that, for

every a; b 2 (n), there exists an atomic re-lation A in Agen such that A 2 R(a; b) andx(a) and x(b) satisfy A in the model of thegeneralized intervals of dimension p. Let x0be the mapping of (n � p) to the set of therational intervals such that, for every a 2(n) and for every i 2 (p), x0((a; i)) = xi(a).Consequently, for every a; b 2 (n) and forevery i; j 2 (p), there exists an atomic rela-tion Aij in the interval lattice such that Aij2 R((a; i); (b; j)) and x((a; i)) and x((b; j))satisfy Aij in the model of the rational in-tervals. Consequently, (n � p; R0) is consis-tent. Reciprocally, it is easy to verify that if(n� p; R0) is consistent then (n;R) is consis-tent.From all this it follows that, for every generalizednetwork (n;R) :Proposition 5 If (n;R) is saturated then thereexists mappings R11; : : : ; R1p, : : :, Rp1; : : : ; Rppof (n) � (n) to the set of the relations in theinterval algebra such that, for every a; b 2 (n),R(a; b) = Qij Rij(a; b) and there exists an inter-val network (n � p; R0) such that, for every a; b2 (n) and for every i; j 2 (p), R((a; i); (b; j)) =Rij(a; b). Moreover, if (n;R) is convex (respec-tively : preconvex) then, for every a; b 2 (n) andfor every i; j 2 (p), Rij(a; b) is a convex (respec-tively : preconvex) relation in the interval algebraand (n � p; R0) is convex (respectively : precon-vex). Finally, (n;R) is path-consistent (respec-tively : consistent) i� (n�p; R0) is path-consistent(respectively : consistent).All this goes to show that, for every generalizednetwork (n;R) :Proposition 6 If (n;R) is preconvex and path-consistent then (n;R) is consistent.Consequently, the question of the consistency of ageneralized network which constraints are precon-vex is decidable by means of the path-consistencymethod in time polynomial in the length of thenetwork.7 ConclusionWe have enlarged the notion of a generalized in-terval which is a tuple of solutions of a consis-tent interval network EQ. This notion subsumes5
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