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Short random walks (Random Flights)

m d is the dimension,

my=——1,

2

B m = # steps,

m Ay is a random step, |Ax| = 1.
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Short random walks (Random Flights)

m d is the dimension, d=2 m=3
d
:——1
mv 5 ,

B m = # steps,

m Ay is a random step, |Ax| = 1.

Khaydar Nurligareev

Brick wall excursions: combinatorial interpretation of Random Flight moments



The model

Short random walks (Random Flights)

m d is the dimension, d=2 m=3
d
- - _1
" V=g
B m = # steps, .
m Ay is a random step, |Ax| = 1. A
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The model

Short random walks (Random Flights)

m d is the dimension, d=2 m=3
d [ ]
my=_-—1,
2 As

B m = # steps,

m Ay is a random step, |Ax| = 1. A
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The model

Short random walks (Random Flights)

m d is the dimension, d=2 m=3

d ‘V
my=——1,
2 A

B m = # steps,

m Ay is a random step, |Ax| = 1. A
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The model

Short random walks (Random Flights)

m d is the dimension, d=2 m=3

d y
my=——1,
2 A,

B m = # steps,

m Ay is a random step, |Ax| = 1. A

Key object: moments W,,(v, n) = ]E<|A1 +...+ Am|”>

m Fact: for any m, n € Z>o,
Wm(0,2n) and Wp,(1,2n) are integers. Interpretation?
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Matrix form for d =2 (v = 0). Example: m =2

Fact (Borwein, Straub, Vignat, 2016):

m(0,2n) Z[M’" Y, where M= (C)2>

Example: m=2,
1 000
1100

M = 1 410
1 9 91
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Matrix form for d =2 (v = 0). Example: m = 2

Fact (Borwein, Straub, Vignat, 2016):

m(0,2n) Z[M’" Y, where M= (C)2>

Example:  m=2 Wy(0,2n) = (7))
1000 - 1
1100 - 2

M=| 1410 — 6
1 991 — 20
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Matrix form for d =2 (v = 0). Example: m = 2

Fact (Borwein, Straub, Vignat, 2016):

Wo(0,20) = S IM™ N, where M = (C)2>

(=0 i,j>0

Example: m =2, W5(0,2n) = (2n”) W»(0,4) = 6 :
1000 -~ 1 UuUDD
1100 — 2 ubuD
mM=|14 10 ~ 6 gggg
199 1 — 20 HUDU
DDUU
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Matrix form for d =2 (v = 0). Example: m =3

Example: m=23
1 0 0 O
2 1 0 0
M?2 6 8 1 0
20 46 10 1
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Matrix form for d =2 (v = 0). Example: m =3

Example: m=23
1 0 0 O - 1
2 1 0 0 - 3
M?2 6 8 1 0 — 15
20 46 10 1 — 77
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Matrix form for d =2 (v = 0). Example: m =3

W3(0,4-) =15:

1 RLRL

RLUD

RLDU
15 RUDL
7 RDUL
: ULRD
UDRL
DLRU
DURL
-4 UUDD
s o ubuD
~ UDDU
* DUUD
:‘ DUDU
DDUU

Example:

L1l
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Plane case d = 2

Interpretation for d =2 (v = 0)

Let A, €C, |Al=1 (k=1,...,m).

Win(0,2n) = E|Ai+...+ An|”
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Plane case d = 2

Interpretation for d =2 (v = 0)

Let A, €C, |Al=1 (k=1,...,m).

Win(0,2n) = E|Ai+...+ An|”

D E((A A AT+ A

1= ‘Ak‘2 = AkA_k = A;l = A_k
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Plane case d = 2

Interpretation for d =2 (v = 0)

Let A, €C, |Al=1 (k=1,...,m).

Win(0,2n) = E|Ai+...+ An|”

—
[N
~

E (At + An) (AT 4+ ALY)

—
—

O 18 A (Ar+ oot An) (AT + 4 AT

1= ’Ak’2 = AkA_k = A;l = A_k
E (A A A AT A AY) = B (A %A3) = E(A;%) - E(43) =0
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Plane case d = 2

Interpretation for d =2 (¥ =0) and m =3

n

E(( A+ A + A ) AT + A+ A1)
} \J } \J } }
€1 € €3 —€1 —€ —€3

€1

€3
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Plane case d = 2

Interpretation for d =2 (¥ =0) and m =3

E(( A+ A

{ 4
€1 €
€1
€
€3

Khaydar Nurligareev

n
oA AT A 1 A
1 i + +
€3 —€ —€2 —€3
€1
€3 e
AASTAATIALAST
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Plane case d = 2

Interpretation for d =2 (¥ =0) and m =3

E(( A+ A + A )( A+
\ \: 4 1
€1 €2 €3 —€1
€1 i pg
€2
€3
terms
A
paths

— j

Khaydar Nurligareev

AL+ At )
\ \

—€2 —€3

4

/
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Plane case d = 2

Interpretation for d =2 (¥ =0) and m =3

n

E(( A+ A + A ) AT + A+ A1)
Lol ! ! !

€1 €2 €3 —€ —€2 —€3
r//k-—-ﬂr/ {//l
€1

€3
///

constant
terms

)

closed

paths
/”*____f//)
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:
m R on odd positions,
e [
m L on even positions,
—e Qo—o
m 2n = # steps, I
—e

#{closed paths of size n} =

n=>5
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:
m R on odd positions,
oy [ ol
m L on even positions,
— [ S ]
m 2n = # steps, I
m k= #U=#D,
#{closed paths of size n} = >
k=0
n=>5 k=2
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Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:
m R on odd positions,
oy [ ol
m L on even positions,
— [ S ]
m 2n = # steps, I
m k= #U=#D,
mn—k=H#R=+#L. 1
#{closed paths of size n} = > ("))
k=0
n=5 = R R k=2
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}: |
m R on odd positions,
ot [ ol
m L on even positions,
— [ S ]
m 2n = # steps, I
m k= #U=#D,
- 4R —e
#{closed paths of size n} = > (")
k=0
n=5 R R R k=2
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:

m R on odd positions,

e [
m L on even positions,

—e Qo—o

m 2n = # steps, I
m k=#U=#D,
mon—k=H#R=#L. 1

#{closed paths of size n} = i GG (GO

n=>5
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:

m R on odd positions,

e [
m L on even positions,

—e Qo—o

m 2n = # steps, I
m k=#U=#D,
mon—k=H#R=#L. 1

#{closed paths of size n} = > (.",)(,",) (2,(1()

k=0 .
= L@
=0 =0

n—s R L D L U L R U R D ,_»
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Plane case d = 2

Matrix form revisited for d =2 (v =0) and m =3

Paths <> words on {U,D, R, L}:
m R on odd positions,
m L on even positions, N
—e Qo—o

m 2n = # steps, I
m k=#U=#D,
mon—k=H#R=#L. 1
#{closed paths of size n} = i GG (2/5)

k=0

n k n
= XML () = LM
k=0 =0 /=0

,.s R L DL UL R URD ,_,
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Plane case d = 2

General construction for d =2 (v = 0)

Paths < words on ot it Lo it e
P L O O Sy
{U7D7R17L1a"'7Rm727Lm72}: T T T |
- I ]le ol e ol e ol e
m R on odd positions, D RS sSRRRL & i
m L, on even positions. S PO i O g A
PR V1 SN SR S
| | | |
m 2n = # steps, IR LSRR AP LASNRRIIE e
m ko = #U = #D, R O P e
— - —d ] - —k e — 4] e
B ks = #Rs = #Ls =t =t =t
Wpn(0,20) = > ( n )2(n—km,2)2 (k1+ko)2(2ko)
m ] n - km,z kmfs ko kO
ko+...+km—2=n
_ Kot Akm_2) 2 kot+ki\2 <= (ko) 2
= > et (R0 2 ()
Ko+ +km_2=n (=0

n

= Z Mot 5o - My Mo = Z [Mm_l]ng
=0

£yry,eesfm—2=0
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Summary for d =2 (v = 0)

m We consider moments  W,,(0,2n) = E(|A1 +...4+ Am|”),
where A €C, |A=1 (k=1,...,m).

Wm(0,2n) is the constant term in
n
((Al+...+Am)(A1‘1+...+A;1)) .
m Thus, W,(0,2n) can be interpreted as the number of
closed paths of length 2n on a specific (brick wall)

(m — 1)-dimensional lattice.

m In particular,
N 2
m(0,2n) = Z[I\/Im e, where M = (C) )
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Matrix form for d =4 (v = 1). Example: m =2

Fact (Borwein, Straub, Vignat, 2016):

m(1,2n) Nm1 here N = (t,. , )
n Z[ ]ng, where +1,j+1 >0

Here, t; ; are the Narayana numbers, i.e.

ti j = #{Dyck paths of length i with j peaks}

SN AN A AN AR

TV
t31=1 t32=3 t33=1
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Matrix form for d =4 (v = 1). Example: m =2

Fact (Borwein, Straub, Vignat, 2016):

m(1,2n) Nm1 here N = (t,. , )
n Z[ ]ng, where +1,j+1 >0

Example: m=2,
1000
1100

N=]1310
16 61
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Matrix form for d =4 (v = 1). Example: m =2

Fact (Borwein, Straub, Vignat, 2016):

m(1,2n) Nm1 here N = (t,. , )
n Z[ ]ng, where +1,j+1 >0

Example: m=2, Wa(1,2n) = Cpy1 = -+ (2,,nj12)

n+2
1 000 — 1
1 1 00 - 2
N—| 1310 ~ 5
1 6 6 1 — 14
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Matrix form for d =4 (v = 1). Example: m =2

Fact (Borwein, Straub, Vignat, 2016):

n

Wm(l7 2n) = Z[Nmfl]ng, where N = (t;+17j+1>

i\ j>
=0 20

Example: m=2, Wa(1,2n) = Cpy1 = ,,1 (2,,nj12)

+2

100 0 o1 Wa(l,4) =5
1100 —~ 2 UuUDDD
N—| 1310 ~ 5 UUDUDD
166 1 — 14 uubbUD
UDUUDD
UDUDUD
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Bijective lemma

D, is words on {R, L, O} such that:
R on odd positions,

L on even positions,

#R = #L,

in each prefix, #R > #L,

2n = # letters.

n
Dn — Z tn+1,k+1
k=0

R O O L 0 O R | Z2k=#0
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Bijective lemma and its consequences

Paths, half-plane: .
R on odd positions,
L on even positions,
#R = #L,

in each prefix, #R > #1L, IS
2n = # steps. p

#{closed paths} = > tpi1 k41 (2kk)
k=0

O-UD R D U L U D R L

x> x
1
F3k
o<
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Bijective lemma and its consequences

Paths, quarter-plane:
m R on odd positions, . L
m L on even positions,
m #R = #L,
m in each prefix, #R > #L, ? IS
m 2n = # steps. o—s
n
#{closed paths} = > tny1 441Gk

k=0

O-UD R y D L U D R L

x> x
1
F3k
o<
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Bijective lemma and its consequences

Paths, shifted quarter-plane: . .—

m R on even positions,

m L on odd positions,
L ] [
B #R = #L,
m in each prefix, #R > #L,
B 2n + 2 = # steps. o —
n
#{closed paths} = 3 toi1 kt1Cisa
k=0
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Brick wall excursions: combinatorial interpretation of Random Flight moments



Bijective lemma and its consequences

Paths, shifted quarter-plane: . .—

m R on even positions,

m L on odd positions,
. "
B #R = #L,
m in each prefix, #R > #L,
B 2n + 2 = # steps. o —
n
#{closed paths} = 3 toi1 kt1Cisa
k=0
n k n )
= > tnri ka1 2 kgt e = OO [N e
k=0 (=0 £=0
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General construction for d =4 (v = 1)

Paths <+ words on
{UaDleaLla"-aRm—Z;Lm—Z}:

m after removing R; and L;, t > s:

m R on even positions, ol e
m L, on odd positions, 4. Sl

m in each prefix:

#U > #D and #Rs > #L,. °
B 2n = # steps, m ko =#U=#D, B ks = #Rs = #Ls.
Wa(1,2n) = Entl, ky+kot+1 " tn—ka+1, ko+1 * Cho+1
ko+k1+ka=n
n

= i1, katho+1 * thatko+1, ko+1 Do tho+1, 041
o-+haHha=n (=0

= Z Nprs Nrary N, rnt = Z[N3]nf
£,rq,r2=0
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Summary for d =4 (v =1)

m We consider moments  W,(1,2n) = E(|A1 +...+ Am]”>,
where Ap €R*, |A =1 (k=1,...,m).

m It is known that

n

Win(1,2n) = Z[N’"_l]ne, where N = (tit1,j+1); ;20
(=0

m From this, W,,,(1,2n) can be interpreted as the number of
closed paths of length 2n on a specific m-dimensional lattice.

m Question. Can we obtain the above result directly?
(one could expect the use of quaternions)

Khaydar Nurligareev
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Perspectives

m Dimension d = 4: quaternions?

m Free probability.
m Matrix integrals.

m Higher dimensions, d = 2(v 4 1)?
m Matrix entries are rational.

m (%) Win(v; 2n) are integers?

m Odd moments are transcendental.

m Odd dimensions?

m Moments are rational.
m Structure is hidden.

Khaydar Nurligareev
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https://arxiv.org/abs/2605.16715

The model Plane case d = 2

Perspectives

m Dimension d = 4: quaternions?

m Free probability.
m Matrix integrals.

m Higher dimensions, d = 2(v + 1)?
m Matrix entries are rational.

m (%) Win(v; 2n) are integers?

m Odd moments are transcendental.

m Odd dimensions? ,
) (link to the paper)
m Moments are rational.

m Structure is hidden.

Thank you for your attention!
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https://arxiv.org/abs/2605.16715
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Bijective lemma

The Narayana number
; 1 (n+1\/n+1
N A AV
counts:

words on {R, L, O} such that
m R on odd positions,
m L on even positions,
m in each prefix, #R > #L,
B #R=H#L=n—k,
m #0 =2k

RLROROOLOL

Khaydar Nurligareev
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Bijective lemma

The Narayana number

; B 1 n+1 n+1
A A, k+1

counts:
words on {R, L, O} such that Dyck paths:
m R on odd positions, m of size (n+1),
m L on even positions, m with (k 4 1) peaks.

m in each prefix, #R > #L,
B #R=H#L=n—k,
m #0 =2k

RLROROOLOL
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Bijective lemma

The Narayana number

1 1 1
thil, k+1 = —= nt n = lnt1, n—k+1
' n+1 k k+1 '

counts:
words on {R, L, O} such that Dyck paths:
m R on odd positions, m of size (n+1),
m L on even positions, m with (k 4 1) peaks.
m in each prefix, #R > #L,
m #R = #L =k,
m #0 =2(n— k).

OOROROOLOL ~
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Bijection, part |

Take a word.

ROOOROOLOLOOROROOLOL
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Bijection, part |
Take a word.

Identify

m external R's and L's,

ROOOROOLOLOOROROOLOL
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Bijection, part |
Take a word.
Identify

m external R's and L's,
m external

ROOOROOLOL ROROOLOL
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Bijection, part |

Take a word.

Identify
m external R's and L's,
m external

m R: just before the ,
m L: in the end.

ROOOROOLOL ROROOLOL
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Bijection, part |
Take a word.
Identify
m external R's and L's,

m external O's.

Add one more R and L:
m R: just before the first external O,
m L: in the end.

A Determine subwords

ROOOROOLOLROOROROOLOLL
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Bijection, part |
Take a word.
Identify

m external R's and L's,
m external O's.

Add one more R and L:
m R: just before the first external O,
m L: in the end.

A Determine subwords

Treat each subword separately.

ROOOROOLOLROOROROOLOLL

Khaydar Nurligareev
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Bijection, part Il

RO..ORALOO...00 ... 00...00RBRLO...0L

Khaydar Nurligareev
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Bijection, part Il

RO...ORB1L

X

w={172,, $122 }
R 0...0 RpA1LO...O
JA2k4+ i+ Fimt i

Khaydar Nurligareev
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Bijection, part Il

RO..ORALOO...00 ... 00...00RBRLO...0L

2={ 37, Wiz ! {1, ez
R RB1LO... ...O0RBmLO...0L
jH2k+ i+t ime i Im—1 J

RRRR..RRLRpALL...L ... L...LRBmLL...LL
J+2k+in 4. Fim i Im—1 J
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Bijection, example

RORLOORLOLROOROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
R RLORLLROOROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL

Khaydar Nurligareev

Brick wall excursions: combinatorial interpretation of Random Flight moments



Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
RRRLRLLRLLRRLR ROOLLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
RRRLRLLRLLRRLRRLROOLLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
RRRLRLLRLLRRLRRLROOLLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
RRRLRLLRLLRRLRRLROOLLL
RRRLRLLRLLRRLRRLRRLLLL
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Bijection, example

RORLOORLOLROOROROOLOLL
RRRLRLLRLLROOROROOLOLL
RRRLRLLRLLRRLROROOLOLL
RRRLRLLRLLRRLRRLROOLLL
RRRLRLLRLLRRLRRLRRLLLL
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