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Settings

Vertex types
e internal node
o anchor (active leaf)
o leaf (dead leaf)
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Settings

Vertex types
e internal node t=0 )
o anchor (active leaf)
o leaf (dead leaf)

Growing process

m At the beginning (t = 0),
our tree is an anchor o
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Growing process
Settings

Vertex types
e internal node t=1
o anchor (active leaf)
o leaf (dead leaf)

Growing process

m At the beginning (t = 0),
our tree is an anchor o

m At any moment t > 1,
replace each anchor o by

m aleaf O

m or a subtree
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Growing process
Settings

Vertex types
e internal node t=2
o anchor (active leaf)
o leaf (dead leaf)

Growing process

m At the beginning (t = 0),
our tree is an anchor o

m At any moment t > 1,
replace each anchor o by

m aleaf O

m or a subtree
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Growing process
Settings

Vertex types
e internal node t=3
o anchor (active leaf)
o leaf (dead leaf)

Growing process

m At the beginning (t = 0),
our tree is an anchor o

m At any moment t > 1,
replace each anchor o by

m aleaf O

m or a subtree
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Settings

Vertex types
e internal node
o anchor (active leaf)
o leaf (dead leaf)

Growing process

m At the beginning (t = 0),
our tree is an anchor o

m At any moment t > 1,
replace each anchor o by

m aleaf O

m or a subtree
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Settings

Vertex types
e internal node
o anchor (active leaf)
o leaf (dead leaf)

Growing process

m At the beginning (t = 0),
our tree is an anchor o

m At any moment t > 1,
replace each anchor o by

m aleaf O

m or a subtree
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Settings

Vertex types
e internal node
o anchor (active leaf)
o leaf (dead leaf)

Growing process

m At the beginning (t = 0),
our tree is an anchor o

m At any moment t > 1,
replace each anchor o by

m aleaf O

m or a subtree

Studied objects: active trees (i.e. trees that have anchors)
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Growing process

Some examples

AN

tnm = {active trees with n internal nodes m anchors}

to1 =1, t1p =1, too =2, t34 =1
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Growing process

Some examples

X x2z x222 X222 x4 23

tnm = {active trees with n internal nodes m anchors}

to1 =1, t1p =1, too =2, t34 =1

Marking variables:
m x marks anchors

m z marks internal nodes
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Growing process

Some examples

X x2z x222 X222 x4 23

tnm = {active trees with n internal nodes m anchors}

to1 =1, t1p =1, too =2, t34 =1
. . o0 oo
Marking variables: T(x,z) = Z Z tn.mx 2"
m x marks anchors n=0 m=1
m z marks internal nodes T(x,2) = x +x°z4+2x°2% + ...
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Generating function

Generating function

B t, m = {active trees with n internal nodes m anchors}

m Generation function:
o0 oo
T(x,z) = Z Z thmx"2z"
n=0 m=1

m Growing process replacement:

o — 0O ol—>/H\
2

x—1 X — zX

m Equation:

T(x,z) =x+ T(1+2x*,2) — T(1,2)
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Generating function

Some relations
m Equation (once again):
T(x,z) =x+ T(1+2x%,2) — T(1,2)
m Boundary conditions:
T(]_,Z) = C(Z) <~ Z tn,m = Cn

m C, are Catalan numbers
m C(z) =1+ zC?(2)

m Recurrent relation (n, k > 0):

0o
m
tn,2k—1 =0 and tn,2k = Z <k> tn—k,m
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Generating function

Small values of t, 2«

n |1 23 4 5 6 7 8 9 10

tha |1 2 4 12 32 104 328 1080 3648 12544

the [0 0 1 2 10 24 92 308 1028 3584

the [0 0 O O 0O 4 8 40 176 584

thg |00 0O 0 0 0 1 2 10 8

th10|/0 0 0 0O 0O 0 0 0 0 0

n | 11 12 13 14 15 16

tho | 43600 153504 546272 1960368 7085456 25773296
ta | 12736 45160 161152 581632 2114504 7727656
te | 2144 8192 30720 112496 416528 1553776
thg | 282 1048 4368 18224 69676 265220
thio | 24 104 352 1616 8208 34704
thiz| O 4 36 96 456 2936
thia| O 0 0 8 16 80
tais| O 0 0 0 1 2
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Anchor distributions

Anchor distributions

n 1 2 3 4 5 6 7 8 9 10 11
tho |1 2 4 12 32 104 328 1080 3648 12544 43600
the |O 0 0 O 0 4 8 40 176 584 2144
thg |0 0O 0O 0 O 0 1 2 10 84 282
thio|0 0O 0O 0 O 0 0 0 0 0 24
thi2/0 0 0 0 O 0 0 0 0 0 0
C, |1 2 5 14 42 132 429 1430 4862 16796 58786

It looks like
m 2’2 is decreasing, m t'gk is increasing for k > 1,

and there are some limits.
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Anchor distributions

Proportions of the first three lines
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Anchor distributions

Proportions of the first three lines
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an
Coo 9 Coo =~ 18
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Anchor distributions

Simple lower bound

The proportion of trees with two anchors satisfies

— th2 1
I f— > -
iminf 2> 3
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Anchor distributions

Simple lower bound

The proportion of trees with two anchors satisfies

. ..t 1
lim inf —22 > —
n—o0 n 2

thy = 2t 12+ 4th14+6th 16+ 8th-18+...

Antoine Genitrini and Khaydar Nurligareev

Growing binary trees



Anchor distributions

Simple lower bound

The proportion of trees with two anchors satisfies

. ..t 1
lim inf —22 > —
n—o0 n 2

tho = 2thp_1p+4th_14+6th_16+8th_18+...
> 2th_12+2th14+2th-16 +2th_18+ ...
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Anchor distributions

Simple lower bound

The proportion of trees with two anchors satisfies

tn,2 2 1
G, ~ 2

lim inf
n—o0o

thpy = 2thp-12+4th-14+6th 16+ 8th-18+ ...
> 2tp12 4+ 2tho14 + 2th16 + 2th_18+ ...
= 2Cn—l
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Anchor distributions

Simple lower bound

The proportion of trees with two anchors satisfies

. tho 1
9 > —
e, 22
tho = 2thp_1p+4th_14+6th_16+8th_18+...
> 2tp12 4+ 2tho14 + 2th16 + 2th_18+ ...
= 2Ch1
4n t 2C,_ 1
Cn ~ N n,2 > n—1 o=
n3/2\/m Cn Cn 2
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Anchor distributions

Elaborated lower bound

The proportion of trees with two anchors satisfies

...t 5
lim inf -2 > —
n— o0 n 8
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Anchor distributions

Elaborated lower bound

The proportion of trees with two anchors satisfies

...t 5
lim inf -2 > —
n— o0 n 8

trr12 = 3Co+ (= tn2 + tna + 3tne + 5tag +...)
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Anchor distributions

Elaborated lower bound

The proportion of trees with two anchors satisfies

...t 5
lim inf -2 > —
n— o0 n 8

trr12 = 3Co+ (= tn2 + tna + 3tne + 5tag +...)

tn2 =2Co_1+ (2tn—14 + 4th_16 + 6tp_18+...)
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Anchor distributions

Elaborated lower bound

The proportion of trees with two anchors satisfies

...t 5
lim inf -2 > —
n— o0 n 8

trr12 = 3Co+ (= tn2 + tna + 3tne + 5tag +...)

tn2 =2Co_1+ (2tn—14 + 4th_16 + 6tp_18+...)

tn+1,2 > 3Cn - 2Cnfl
Cn+1 Cn+1

5
thi1,2k = 2tn 2k = ~3
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Column nonzero values

Column nonzero values

n 1 2 3 4 5 6 7 8 9 10 11
tho |1 2 4 12 32 104 328 1080 3648 12544 43600
tha |0 0 1 2 10 24 92 308 1028 3584 12736
the |0 0O 0 0 O 4 8 40 176 584 2144
ths |O 0O 0 0O 0 O 1 2 10 84 282
thio|0 0 0 0 O O 0 0 0 0 24
th12/0 0 0 0 0 O 0 0 0 0 0
Define
ap, = max{k: tpox > 0}
n 1 2 3 4 5 6 7 8 9 10
an |1 1 2 2 2 3 4& 4 4 4
ans0| 5 6 6 7 8 8 8 8 8 9
ant+2o | 10 10 11 12 12 12 13 14 14 15
ant+30 | 16 16 16 16 16 16 17 18 18 19
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Column nonzero values

One property of (a,)

The sequence (a,) satisfies

ap = max{k: k <2a,_}, ag=1
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Column nonzero values

One property of (a,)

The sequence (a,) satisfies

ap = max{k: k <2a,_}, ag=1

We have

P om

tn,2k = Z ( k >tn—k,2m
m=[k/2]
and
thok # 0 = dm: k <2m < 2a,_k

Hence,

k < 2a,_k
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Column nonzero values

Sequence of repeating elements of (a,)

n |1 2 3 4 5 6 7 8 9 10
a, |1 1 2 2 2 3 4 4 4 4
6 7 8 8 8 8 8 9

antw0 | 5 6
ant+20 |10 10 11 12 12 12 13 14 14 15
17

ant+30 |16 16 16 16 16 16 18 18 19

Define
lp=F#{k: ax = n}
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Column nonzero values

Sequence of repeating elements of (a,)

n |1 2 3 4 5 6 7 8 9 10
a, |1 1 2 2 2 3 4 4 4 4

ant10| 5 6 6 7 8 8 8 8 8 9
10 10 11 12 12 12 13 14 14 15

dn+-20
ant30 | 16 16 16 16 16 16 17 18 18 19
Define
lp=F#{k: ax = n}
We have

((n)=2,3,1,4,1,2,1,5,1,2,1,3,1,2,1,6, 1,2, 1, ...
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Column nonzero values

Growing process Generating function Anchor distributions

Description of (¢,)

The sequence (¢,) satisfies

p+2 if n= 2P,
p+1 if n=2Pa, aisodd, a>1.

o =
In particular,

m />, = ¢, + 1 for even indices,
m /r,11 = 1 for odd indices greater than 1,

I€1:2.

Induction based on a, = max{k: k < 2a,_x}
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Column nonzero values

Description of (a,)

The sequence (a,) satisfies

an = an—1-a,_ 1 + an—2—a,_»> ag=ar=a =1

Question. How to explain this recurrence combinatorially?
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Description of (a,)

The sequence (a,) satisfies

an = an—1-a,_ 1 + an—2—a,_»> ag=ar=a =1

Question. How to explain this recurrence combinatorially?

Corollary

. an 1 X n oi
B lim — == lZanz =z [[(z+29)
n—oo N 2 n=0 /=1
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