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Definitions

» A sequence {f,} is holonomic or P-recursive if

d

> k() fak =0, pi(n) €Clnl,  po #0;

k=0
» Its generating function f(z) is holonomic or D-finite if
k—1
dzF=1k
6i(z) € Clz],  qo(2) £0.

k
w0(2) o F2) + a1 (2) o F) + - an(2)f(2) =0,



Holonomy and finiteness of number of singularities

dk dk—l
0(2) T F(2) + 0 () () + () (2) =0,

Theorem
A holonomic function f(z) has only finitely many singularities.

» Assume that f(0) is analytic

» Integrate from 0 to z by a piecewise linear curve avoiding the
zeroes of the equation ¢y(z) =0

» prove that the limit of the integral process converges when the
number of linear pieces tends to infinity

» prove that the limit is unique.



Examples of non-holonomicity

> Integer partitions

I(z) = H(l — z")_l, unit circle as a natural boundary
n>0

In general, combinatorial classes defined by an unlabelled set or
multiset construction are not holonomic.
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A(z) =tanz +secz, odd multiples of 7/2 as set of poles



Examples of non-holonomicity

> Integer partitions

I(z) = H(l — z")_l, unit circle as a natural boundary
n>0

In general, combinatorial classes defined by an unlabelled set or
multiset construction are not holonomic.

» Alternating permutation

A(z) =tanz +secz, odd multiples of 7/2 as set of poles
> Necklaces

; % log T 9k (k) Euler totient function,

infinite number of singularities; case of most unlabelled cycles.

The criterion is often too brutal; it does not apply to Cayley trees with
T(z) = zeT*) (singularities at 0,00, e™! only).



A Structure Theorem
for singularities of holonomic functions

The shape of the asymptotic expansion of a holonomic function at
a singularity zg is strongly constrained, as it can only involve, in
sectors of C, finite linear combinations of “elements” of the form

oo
exp (P(Zfl/r)) zZ“ Z Qjlog 2775, Z:=(z—z) ()
with J=0
1. P a polynomial,
2. r€ Zz(), aeC,
3. s a rational of Q~,
4. @; a family of polynomials of uniformly bounded degree.

» For an expansion at infinity, change Z to Z = 1/z.



A Structure Theorem
for singularities of holonomic functions

The shape of the asymptotic expansion of a holonomic function at
a singularity zg is strongly constrained, as it can only involve, in
sectors of C, finite linear combinations of “elements” of the form

oo
exp (P(Zfl/r)) zZ“ Z Qjlog 2775, Z:=(z—z) ()
with J=0
1. P a polynomial,
2. 1 € ZL>y, aeC,
3. s a rational of Q~,
4. @; a family of polynomials of uniformly bounded degree.

» For an expansion at infinity, change Z to Z = 1/z.

Therefore any function whose asymptotic structure at a (possibly
infinite) singularity is incompatible with elements of the form (x)
must be non-holonomic.



Elements of proof by example. ..

Euler equation of order 2:

w(2)(z) 4 blzflw(l)(z) + bz 2w(z) = 0, w(i)(z) _ d'w(z)

dz

Equivalent equation:
2w ? (2) + 2b1zwM (2) + byw(z) = 0 (%)
Writing  L(w) = 22w® (2) + 2by2w® (2) + bow(z), we have

(AN = 1)+ by +D2)2*,  (f(A) = 0 indicial equation)
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This implies z# is a solution of (x) if f(u) =0,



Elements of proof by example. ..

Euler equation of order 2:

w(2)(z) 4 blzflw(l)(z) + bz 2w(z) = 0, w(i)(z) _ d'w(z)

dz

Equivalent equation:
2w ? (2) + 2b1zwM (2) + byw(z) = 0 (%)
Writing  L(w) = 22w® (2) + 2by2w® (2) + bow(z), we have

L(z*) = f(N)2* = A\ = 1) + Aby +b2)2*,  (f(X) = 0 indicial equation)
This implies z# is a solution of (x) if f(u) =0,
0 0 " ,
L ((9)\2)‘> = L(zMogz) = aL(z)‘) = [f'(\) + (log z) f(N)] 2>
(1) = 0 implies z*log z also solution of (x)

Order n: Higher order roots of the indicial equation, higher powers of log



Generalisation - Frobenius method

Solve L(w) = 0 with
L(w) = 2"w™ (2) + 2" ™V (2) + - - - + bhw(2),
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Generalisation - Frobenius method
Solve L(w) = 0 with
L(w) = 2"w™(2) + 2" W™V (2) + - + byw(2), b= Zbﬂa
Indicial equation

FO) = Ao (A=n+1)+bioAA=1) ... A—n+2)++ - +. .. by_1.0A+bno = 0

Search for a solution ¢(z) = z)‘Z( 20 such that L(¢) = f(\)2
7=0

L) = fO)2+ [fOA+ Dey — gr)2MH 4

+F e = g2 e [F A+ G)eg = gile T+

g; computable such that [(\ + j)c; = g, (1=1,2,...)



Generalisation - Frobenius method
Solve L(w) = 0 with
L(w) = 2"w™(2) + 2" W™V (2) + - + byw(2), b= ZbJM
Indicial equation

FO) = Ao (A=n+1)+bioAA=1) ... A—n+2)++ - +. .. by_1.0A+bno = 0

Search for a solution ¢(z) = z)‘Z( 20 such that L(¢) = f(\)2
7=0
L) = fO)2+ [fOA+ Dey — gr)2MH 4
e — g2 e [F O+ f)eg — g5l 4
g; computable such that f(\ + j)¢; = g; (j=12,...)

» Further solutions when ) is an integer and when some roots of the
indicial polynomial differ by an integer.

» Logarithms in case of multiple roots of the indicial equation



2=7Y'(z) = A(z)Y(z) - lrregular singular points - Airy

V'(z) = C@)Y (x) = (g) - (“ 5) (g)

0 1

Equivalently 27 'Y’(2) = 27 'C(2)Y (z) = (1 ())Y(l‘)



2=7Y'(z) = A(z)Y(z) - lrregular singular points - Airy

V'(z) = C@)Y (x) = (g) - (“ })) (;j)

Equivalently 27 'Y’(2) = 27 'C(2)Y (z) = (i) é)Y(l‘)

Use a shearing transformation Y (z) = S(z)Z(z) with
S(x) = <é :c(_)g> to cope with fractional powers of z.

27 7 (x) = B(z)Z(z) with B(z) = S_l(m)C(m)S(m)—w‘lS_l(x)M

= (2 ), = (0 V)



2=7Y'(z) = A(z)Y(z) - lrregular singular points - Airy

V'(z) = C@)Y (x) = (g) - (0 })) (;j)

1
Equivalently 27 'Y’(2) = 27 'C(2)Y (z) = ((1) é)Y(w)
Use a shearing transformation Y (z) = S(z)Z(z) with

S(x) = <(1) :c(_)9> to cope with fractional powers of z.

27 7 (x) = B(z)Z(z) with B(z) = S_l(m)C(m)S(m)—w‘lS_l(x)%f:)

We diagonalize the leading term and turn to integral powers.
1 —1/2 _(1/2 -1/2 _ 1 0
+_ _ + .
pr= (2 ) o= (4 ) ore=r=(0 )

x=272/32 . 1 “l-5 —z
{ I i ‘ gives IEZ{ = ( 2 . _4“15>Z1

Zl == D+Z T 4¢3 2t°



Airy . ..

-1t 1
sh=n0ze  wnne= (" )
] 313

1 1—
4t3 2t
We want to get some diagonal form Z) = K (t)Zy by Z; = P(t)Z,
12 PO H(t)P(t) — P()K(t)=0  (Eq¥*)

dt



Airy . .. 1 1
lZ{ =H(t)Z:1(t)  with H(t) = (*1 T Tl )
t2 -5 1_ s

We want to get some diagonal form Z} =

£ x d};igt) —H(t)P(t)— P(t)K(t)=0  (Eq¥)

1 . -1 0
H(t)—Ho-ﬁ-ﬁHg, with Hy = ( 0 1), Hs = <—m -

1
We take P(t) =1+ 7P and K (1) = Ho + Z o K
j>1

j>1

0 Pj,12 kj11 0
P = J» K: = 7 Eqg**
J (pj,?l 0 )7 J ( 0 kj,22) ( q )

K(t)Zy by Zy = P(t)Z,

‘
-
«

[
B
[N



Airy ... 1 1
717 2¢3 74/3 )

1

543

1., .

4t3
We want to get some diagonal form Z) = K (t)Zy by Z; = P(t)Z,

2 x d};f) HOP®) — POK() =0 (Eq¥)

1 . -1 0
H(t):HO'i‘t?H:}y with  Hy = ( 0 1)7 Hs =

/N
|
T
= -
w %
[
T
& —
W W
S~—

1 1
We take P(t) =H+Zﬁpj, and K (1) :Ho-i—zﬁ[(j
j>1 j>1
0 Dj,12 kj11 0
P, = 7 K: = 75 Eg**
J (pj,?l 0 )7 J ( 0 k]',22) ( q )
Plugging Eq** in Eq* allows to compute iteratively the expansions of K (t) and
H(t).

1 1 3
g (1w st et o0 >22
1 —r — T — T ...
P(t) = ( 1 3 73 8t3 16t6 128t9
— g5 tgme - 1

2t3



Airy ...

11—t -4 34 0
7l — 2 2t3 ~ 86 T 1619 . 7
2 ( 0 1— L #+ﬁ+... 2

Integration with respect to ¢:

—5t% — S log(t )

+f s ( S5 T s .- ) ds
7o = ex a 850 6s
2T . 143 — Llog(t)

+[18? (ghe + 10 + ... ) ds



Airy ...

1 1 3
Zé:f,Q *1—ﬁ—8tg+@+... ) 10 , 7,
0 1_W+W+W+"'

Integration with respect to ¢:

7%]53 — %log(t)
t o 1 3
_ +/, 8" (~5w T e+ ) ds
Zy = exp 143 — Llog(t)
0 o )
+[18? (ghe + 10 + ... ) ds

Final result (t = 2/321/2):

(1 0 I 1/4 —Zp3/2 -1 5 log(2) 0
Y = (0 x1/2) DTQ(x)z™/  exp ( 0 243/2 _ L1og(2)

1 —1—3+...> (1 0)
Plx) = 1623/2 6423 I=
(@) (Mg/g_mgﬁ... 1 01

t=21/321/2




Wasow theorem

> A(z) an n-by-n matrix holomorphic for |z| > 2z, z € S, a sector
with vertex at the origin.

> A(z) =2 50 Ajz7J  converging as z — oo in S
Then the equation
27 = A(2)Y

possesses a fundamental matrix solution of the form

Y (z) = Y(2)zCel®)
» P(z) diagonal matrix, elements polynomials in ='/7, p € Z*
> G a constant matrix over C

» Y admits in a subsector of S an asymptotic series in powers of
1P as z — o0



Versions of Wasow theorem

Matrix version
> A(z) an n-by-n matrix holomorphic for |z| > zp, z € S, a sector with vertex at
the origin.
> A(z) =3 50 Ajz=J  converging as z — oo in S
Then the equation
27 = A(2)Y
possesses a fundamental matrix solution of the form

Y (2) = V(2)2Gel®)
> P(z) diagonal matrix, elements polynomials in ='/7, p € Z+
» G a constant matrix over C
> ¥ admits in a subsector of S an asymptotic series in powers of 2~ 1/7 as z — oo

Scalar version used by [FGS..] A holonomic function at a singularity zo can only
involve, in sectors of C, finite linear combinations of “elements” of the form

exp (P(Z—l/' ))Z"Z Q,(log 2)27°, Z:=(z—z) (¥)

with J=0
1. P a polynomial,
2. 1 € Loy a € C,
3. s a rational of Q~0,
4. @Q; a family of polynomials of uniformly bounded degree.
> For an expansion at infinity, change Z to Z = 1/=.



Counter-example: Cayley trees

Generating function of the Cayley trees:

tn
T(z) = 2T = Z ﬁzn tp =n""t
n>0

Writing T'(z) = —W (—2) gives W (z) = —ze~ V()
Bootstrapping provides:

W(z) = logz —loglogz+ O(1)

T—00



Counter-example: Cayley trees

Generating function of the Cayley trees:

tn
_ JT(z) _ ) _ . n—1
T(z) ==z —Zn!z t,=n
n>0
Writing T'(z) = —W (—2) gives W (z) = —ze~ V()
Bootstrapping provides:
W(z) = logz —loglogz+ O(1)

T—00
» The transformation T'(z) ~» —W (—z) and its reciprocal
preserve holonomicity.
» The term loglog x in Lambert W (x) function contradicts the
criterium of holonomicity.

» T'(z) is not holonomic



Counter-Examples of holonomicity

» Stanley’s children rounds F'(z) = (1 — z) an—
1—2)2log?(1 — =
(1—2)_22:11_2(1—1—(1—2)1()53;(13)—1—( 2)° (2)!' ( )—|—>

The logarithms can only happen with bounded degrees in
holonomic functions

> Bell numbers B(z Zb z"
double exponentlal behawour as z — oo no holonomicity.



Singularity analysis through Abelian theorems

Theorem (Basic Abelian theorem)
Let ¢(x) be any of the functions

2%(log z)” (loglog x)?, a>0, pB,yveC
If the sequence (u,,) verifies

Un n:oo C)(N) )

then

'{/(2)221/,,2” ~ D(a+1) ! d)(liz)

>0 z—1- (1 — Z)

This estimates remains valid when z — 1
in any sector z € 1 +re' with0 €] — /2, 7/2]



Proof of the Abelian theorem for ¢ = loglog x
up = ¢(n) =loglogn forn > 2, with ug=u; =0
1
We need to prove that u(z) ~ log log ( )
21— 1 —2 1—=z

Set 2 =e ! where z€¢ Rt andt = 0 as z — 1.

u(z) = Z o(n)z" = Z d(n)e™™ = Z loglogn e~ ™

n>2 n>2 n>2




Proof of the Abelian theorem for ¢ = loglog x

up = ¢(n) =loglogn forn > 2, with ug=u; =0

1 1
We need to prove that u(z) ~ log log
z=1- 1 — 2z 1—2z

Set z=e""wherez€R" andt — 0 as z — 1.
u(z) = Z o(n)z" = Z d(n)e™™ = Z loglogn e~ ™
n>2 n>2 n>2
» ny=|1/logl]
etnltjﬁl + 0 (log D) ):>zl:qb (n)e™ < nyloglogng ~ loglliz u(z)



Proof of the Abelian theorem for ¢ = loglog x

up = ¢(n) =loglogn forn > 2, with ug=u; =0

1 1
We need to prove that u(z) ~ log log
z=1- 1 — 2z 1—2z

Set 2 =e ! where z€¢ Rt andt = 0 as z — 1.

u(z) = Z o(n)z" = Z d(n)e™™ = Z loglogn e™™

n>2 n>2 n>2

> ng = H/logl
ny
e’ =140 (log D) ):>qu n)e™ < niloglogng ~ logl —u(z)

+
t—0 12

T R
> ny = |7log;

1 1
loe ] —nat ool 2 )¢ 140 ——=
oglogny e t—0+ 08708 <t) . ( * (log(l/t))>

—nt

loglogn e~™" exponentially decreasing for n > ns

Therefore Z loglogn e ™ = O(1)

n>no



Proof of the Abelian theorem for ¢ = loglog x

> [/log (§)] =m <n<no =3 xlog(7)]
¢(n) varies slowly within the interval |1, 75]

and ¢(n1) ~ ¢(na) ~ ¢(1/t)

Approximation of the sum by an integral + Euler-Maclaurin summation formula

no

ogt™! g (log(1 —2)~!
Z (/)(n)e—nt ~ Qb(l/t) /l gt e—xdx ~ 100 (1 b(l ) )
1

t /logt—l 1 —Z

n=ni



Proof of the Abelian theorem for ¢ = loglog x

- [ H/1og (8] = << = (3 xlog (3))
¢(n) varies slowly within the interval |1, 75]
and ¢(n1) ~ ¢(n2) ~ ¢(1/1)

Approximation of the sum by an integral + Euler-Maclaurin summation formula

no lo _1 ; N B .
Z (/)(n)e_"t ~ W/ et e o log (lob(l 2) )
1

t /logt—l 1 —Z

n=ni

The proof applies when

z=e 1T, with|f| < 8y and 6y < g

by integration along a line of angle 6 and shifting to the real line



Proof of the Abelian theorem

» Powers of logarithms and iterated logarithms
Slow variations again: similar lines of proof

» Powers of n as n® -

we get an integral / t*etdt =T(a+1)
0



Proof of the Abelian theorem

» Powers of logarithms and iterated logarithms
Slow variations again: similar lines of proof

» Powers of n as n® -

we get an integral / t*etdt =T(a+1)
0

» Sequences of smaller variations

if v, =0 (na(log z)? (log(log x))”) as n — 00
then v(z) = o (F(a+ 1)1 i Zgb <1iz)> as z — 1~

Decompose u, = ¢(n) + v(n) and apply the results.

Note: stating the Abelian theorem in a cone permits to avoid hardships
due to the Stokes phenomenon.



Prime numbers

m(x) = number of primes numbers <z

» Prime number theorem

» Abelian theorem

S n(n)en ~ S )

n>1 11— 2)2log <1

which contradicts the Structure Theorem.

The sequence 7(n) is non-holonomic



Galois theory approach (Singer and others)

» (Singer). A holonomic function f has to be algebraic if any of

the exp f or ¢(f) is holonomic, with ¢ an algebraic function
of genus > 1

» (van der Put, Singer). If both f,, and 1/f,, are holonomic,
then f,, is an interlacing of hypergeometric sequences.

» (Harris, Sibuya). The reciprocal (1/f) of an holonomic

function f is holonomic if and only if f’/f is algebraic. (Proof
by power series)



The logarithmic sequence f, =logn
flz) = Z(log n)z" with log(0) =0
n>1
Abelian theorem:
{ () =logx ‘

f/z n:oo C)(’Il)

. 1 1
ﬁf(z):z:(logn)z e 1_210g<17>
n>1 -



The logarithmic sequence f, =logn

flz) = Z(log n)z" with log(0) =0

n>1

Abelian theorem:

{ o(x) =logx ‘ 1 ( 1 >
A = = ) g
fn o o(n) = = z 1—=z2

f(z) = Z(log n)z" at log

The singularities are in agreement with Wasow theorem.
» However we cannot conclude.

> There could be nasty singularities (i.e. loglog ones) in a further
asymptotic development of f(z)

This approach allows only to exclude holonomicity



The logarithmic sequence f, = logn

f(z)= Z(log n)z" with log(0) =0
n>1
» Holonomic functions are closed under substitutions such as product,
and algebraic transformations (hence, also rational)

> Consider a variant fn of the nth difference of f,,

n

P S () 0 ek, Fo) = S et = or (1)

k=1 n>1

N

f(z) has positive radius of convergence.



The logarithmic sequence f, = logn

f(z)= Z(log n)z" with log(0) =0
n>1
Holonomic functions are closed under substitutions such as product,
and algebraic transformations (hence, also rational)

Consider a variant fn of the nth difference of f,,

n

P S () 0 ek, Fo) = S et = or (1)

k=1 n>1

N

~

f(2) has positive radius of convergence.

Holonomic functions closed under product and algebraic (rational) substitutions.
Both of f, and fn are holonomic or none of them is.

Norlund-Rice integral and Hankel contour:

(1 ! _
fn_Qm/H(logs)s(s_l).“(s_n)ds—10g10gn—|—0(1)

Abelian estimate contradicting holonomicity:

o) ~ log (log_lg(i; z)7h)

, (z —1,ze {147}, with § € }——..—



Seq. of Powers n“ holonomic if - only if o € Z~

(b;n)>'

Same lines of proof of non holonomicity as for f,, previously, Abelian
theorem:

> o €7, = we(z) = Z wy, ()2~ (log(l—2)"") R

z—1-
n>1

which contradicts the Structure Theorem of singularities.

Flajolet-Sedgewick (1995) Mellin and Rice integral:

" : 1 .
wy (@) == Z (Z)(—l)kk“ = m (1 O

k=1




Seq. of Powers n“ holonomic if - only if o € Z~

Flajolet-Sedgewick (1995) Mellin and Rice integral:

Same lines of proof of non holonomicity as for f,, previously, Abelian
theorem:

> o gL, = we(z) = z wy, ()2~ (log(l—2)"") R

z—1-
n>1

which contradicts the Structure Theorem of singularities.

> wy(l/2) = \flogn +0 ((IOgn)ig)/Q)
1 1 L
. n(1/2)2" ~ =
w122 %w /2) =171 T flog(l —z)~11 -2

V17
)

> idem for n n' = coslogn +isinlogn, n™,...,

Note: the partial match query of a quadtree is holonomic and
asymptotic to n(\/ﬁfz)/z



The nth Prime Function

Let n + g, be the nth prime function.
gs = 17 and reversely

m(17) ={1,2,3,5,7,11,13,17}| = 8, where w(x) = #primes € [1, z]
» Prime Number Theorem:
R(z) = o(Li(2))
depends upon Riemann hypothesis

Li(z) /m dt T L4 1! N 2! .
Ai(x) = ~ =+ ...
o logt logux logz  (logx)?

» 7(x) = y can be asymptotically inverted by considering only Li(x).

m(x) = Li(z)+R(z), {




The nth Prime Function

Let n + g, be the nth prime function.
gs = 17 and reversely

m(17) ={1,2,3,5,7,11,13,17}| = 8, where w(x) = #primes € [1, z]
» Prime Number Theorem:
R(z) = o(Li(2))
depends upon Riemann hypothesis

Li(z) /m dt T L4 1! N 2! .
Ai(x) = ~ =+ ...
o logt logux logz  (logx)?

» 7(x) = y can be asymptotically inverted by considering only Li(x).
z 1 Z . .
» U(z) = En 02" = TS log T + 1= is holonomic

m(x) = Li(z)+R(z), {

» (, =nH, =nlogn+O(n) (H, nth Harmonic number)



The nth Prime Function

Let n + g, be the nth prime function.
gs = 17 and reversely

m(17) ={1,2,3,5,7,11,13,17}| = 8, where w(x) = #primes € [1, z]
» Prime Number Theorem:
R(z) = o(Li(2))
depends upon Riemann hypothesis

Li(z) /m dt T L4 1! N 2! .
Ai(x) = ~ =+ ...
o logt logux logz  (logx)?

» 7(x) = y can be asymptotically inverted by considering only Li(x).
1

" z ‘ z .
> U(2) = anfnz = e log 1= + e is holonomic

m(x) = Li(z)+R(z), {

» (, =nH, =nlogn+O(n) (H, nth Harmonic number)
» g, — U, = nloglogn + O(n)

log (log(1 — 2)~1)
z—1— (1 - 2)2

» g(2) —4(2) = ¢(z) non holonomic



Asymptotic discrepancies

To conclude that a sequence (u,,) is non-holonomic, the following
conditions are sufficient:

1. the generating function of the sequence (u,,) (or of one of its
cognates) admits, near a singularity, an asymptotic expansion in a
scale that involves logarithms and iterated logarithms;

2. at least one term in the expansion is an iterated logarithm or a
power of a logarithm with an exponent not in Z>.

Non holonomic sequences:
1 logn . p(2n) n

n’ + 1, ; ) Y ) ) n2 )
H, H, & p(n) vn +logn p(n)

H,, harmonic number, p(n) the nth prime function.

Extension to slowly varying sequences, ¢Y'%8™  logloglogn



Lindel6f integral representation

Theorem
Let ¢(s) be an analytic function in PR(s) > 0 verifying

.\ , A€lo,x], C>0
Als| » UL
Growth Condition |¢(s)| < Ce™®! as |s| — oo,{ R(s) > 1/2.

Then F(z) = Y ¢(n)(—2)"

n>1
» /s analytically continuable
in the sector —(m — A) < arg(z) < (7 — A)
» where it admits the Lindel6f representation

o)

F(z) =" o(n)(—2)" = 0(s)2°——ds
n=1

21T J1/2—i00 sin s

Remark:|¢(n)| = O (eA") = F(z) analytic in |z| < e~ (open disk)



Proof of Lindelof Representation

|9(s)| < Celel

$)z
|s| = o0

F(z) = Z d(n)(=2)" = ~ o o P

n=1

1 [l/2+ico .o {

TH+N ml+ 4+ Ni
AN
\
L4
TTIL.
—Y |
% Ni m+%—]\h




F(z) =Y ¢(n)(—2)"

1 ~1/241ic0 s T
2im J1/2—i00

Proof of Lindelof Representation

|9(s)| < Celel

$)z
|s| = o0

sin s

il N
i (1) prwand O (e_"m(s)l) horizontal lines z € |0, e_A[
= ¢(s)z" — T o (eANeiﬂN) (N — o0)
sin s

Vv

=
€

=

=
=

Ni




Proof of Lindelof Representation

© ~1/2+ico Als|
1 s)| < Ce
F(z) =3 ¢(n)(=2)" = —— bs) T |9 (s)]
n=1 2im /1 /2100 sin s |s| = oo
A1 .
PRl hal N 7131 hori . A
=0 N h Il
v~ (1) P (e ) orizontal lines z € ]0,e™ [
= ¢(s)z" — T o (eANeiﬂN) (N — o0)
sSin s

m
> Lo =L = e
?
?m,N '?'m,oo n=1
-B 1 . /
2)z=c¢e , B>A, s=m+ — +it, K, K constants
_ 2
I m, s —Bm _—m7t
Y | b(s)z < Kexp{Aq/(m+1/2)2+t2}e e
% Ni m - %—Ni sin s

< K'eA=BIm (A=mItl (4 ¢ 10, )



Proof of Lindelof Representation

o ~1/2+ioco Als|
1 w [p(s)] < Ce
F(z) =Y ¢(n)(-2)" = i #(s)2® ——
1 1T J1/2—ico SN s |s| = o0
A1 .
5+ N m|+ §+Ni
i (1) prwand O (e_"m(s)l) horizontal lines z € |0, e_A[
= ¢(s)z" — T o (eANeiﬂN) (N — o0)
sin s
> L =L =X emean
-B 1 . /
(2)z=¢e , B>A, s=m-+ 5 +it, K, K'constants
Im, s / —Bm _—mnt
Y | ’¢(s)z - <Kexp{A (m+1/2)2+t2}e e
% N m %—Ni sin s
< K'eA=BIm (A=mtl (4 ¢ o, )
m+1/24+Ni
Therefore / — 0
s=m+1/2—Ni m—0o0

Domination property of ¢(s) extends the proof to z complex in the
sector —(m — A) < arg(z) < (m — A)



Historical remarks

Lindeldf (1905) - Prolongement analytique des séries de Taylor,
Ford's monograph (1936) - The asymptotic developments of
functions defined by Maclaurin series;

Methods used in works of Wright (1940) about generalizations
of the exponential and Bessel functions,

which provide a basis to Ramanujan’s “Master Theorem’:
Mellin transform of an analytic function as an analytic
expression - Hardy (1940)



Applications of Lindelof representation

1/2+ic0

o0
1 J s T
= E (n) o(s)2°—=
—  2im 1/2—ic0 sinms

> ¢(s) provides singularities of F'(—z)
» Use holonomicity criterion on singularities of F'(—z)



Applications of Lindelof representation

1/2+ic0

oo
1 J s T
= E (n) o(s)2°—=
—  2im 1/2—ic0 sinms

> ¢(s) provides singularities of F'(—z)
» Use holonomicity criterion on singularities of F'(—z)
» Disproving holonomicity of ¢(n):

1. Polar singularities: poles of ¢(s) ~» lim ¢(n)

n—oo
1 1

2n — 1" nl41°
2. Algebraic singularities: (use Hankel contours)

I'(nV/2) non-holonomic
exponent —\ in ¢(s) ~ lim F(—z) contains (log 2)* !
Non-holonomicity for eV™,  or e (6 €0, 1[)

3. Essential singularities: (use saddle-point integrals)

#(s) = e*'/* ~» non-holonomicity of e*!/"



Ford’s lemma - Polar case

Lemma
Assume

> ¢(s) satisfies the conditions of Lindelof representation
> P(s) is
» meromorphic in R(s) > —B
» analytic on R(s) =—B
> the Growth condition |¢(s)| < Ce?ls! applies on %(s) > —B
Then

[e’s}

Z (n)(—=z) _:)DC — Z Res <sirzT7rs d(s)z%; s = so)—&—O (z_B)

n=1 —B<%R(s0)<1/2

where
» Res is the residue operator
> all poles of ¢(s)/sinms in the strip —B < R(s) < 1/2 are included in the sum



Ford’s lemma - Polar case

Lemma
Assume

> ¢(s) satisfies the conditions of Lindelof representation

> p(s) is

» meromorphic in R(s) > —B
» analytic on R(s) =—B

> the Growth condition |¢(s)| < Ce?ls! applies on %(s) > —B
Then
> ™
Z (n)(=2)" = — Z Res ( - o(s)z%; s = so)—&—O (z_B)
200 sin s
n=1 —B<MR(s0)<1/2
where
» Res is the residue operator
> all poles of ¢(s)/sinms in the strip —B < R(s) < 1/2 are included in the sum
Remarks:
> Pole of order p1 > 1 ~» residue = z°0 P(log(z)) deg(P) = p
» Poles farther to the right produce the dominant terms in the asymptotics
> Additional poles s, to the right can be included as long as 9R(sy) < oo and
sk € N
» Asymptotics expansion holds on the real positive line



Polar case: examples
1

= ~» 8y, roots of I'(s) = —1
In 14+ n! (5) ’
n
—z T 1
D e D e e
n! 2300 sinms Sk
n>1 >1 k k
(1) ~ —2.457024, —2.747682, —1.039361, —4.991544, —6.001385, —6.999801, . ..

—T

> forT'(s)=—1lor (1 —s) =

and R(—s) very large,

SN TS
I'(1 — s) becomes large = sin7s close to 0

sin(—4.991544) = 0.02656218347, sin(—6.999801) = 0.0006251750878
(_1)k—1

k!
s must differ from an integer —k by a very small quantity

> s~ —k+



Polar case: examples

1
fn = T Sk roots of I'(s) = —1,
(_Z)n @ 1 s
= ~ = - 27k
7; n!+1 z—c0 kZZI sinmsg V(s + 1)

(sk)k ~= —2.457024, —2.747682, —4.039361, —4.991544, —6.001385, —6.999801, . . .

—T

> forI'(s) = —lorI'(1 —s) = and R(—s) very large,

sinms
I'(1 — s) becomes large = sin7s close to 0

sin(—4.991544) = 0.02656218347, sin(—6.999801) = 0.0006251750878
(_1)k—1

k!
s must differ from an integer —k by a very small quantity

> s~ —k+

Non-holonomicity because set of poles not included in
> a finite union of arithmetic progressions
» with rational common differences

» and this translates to a forbidden set of powers of Z = z — 2,



Polar case: examples
For f, =T'(nv2) take ¢(s)=T(s5v2)/I(s)?

e = SR 5 - ZRes( . “‘*‘ﬂ)zs)m(z-%

z— sinws I'(s)?
n>1 —B<MR(s0)<1/2

» analyticity of F'(z) at 0
» and required growth conditions at infinity (|¢(s)| < CeAl®l)

The common differences (1/1/2) of the poles is an irrational
number; f, is non-holonomic



Polar case: examples
For f,, = P(n\@) take ®<S) = F(5ﬂ>/r(s)2

F(z) = Z Fr(‘?ﬁ) (=) = - Z Res ( ™ D(sV?2) Zs) +0 (+75)

z— sinws I'(s)?
n>1 —B<MR(s0)<1/2

» analyticity of F'(z) at 0
» and required growth conditions at infinity (|¢(s)| < CeAl®l)

The common differences (1/1/2) of the poles is an irrational
number; f, is non-holonomic

Similar proof for
> D(an), (@ € R\ Q)
> D(nv/2)/T(n/3)
Structure Theorem: finite linear combinations of

exp (P(Zfl/")) A Z Qj(log 2)Z%* (a € C,r € Z>p,s € Q>0)
j=0



Polar case: examples

The function ¢(s) = 1/{(s+ 2)
» satisfies the growth condition
lp(s)| < CeAlsl,|s| = 00, A€]0,7[, C >0

» but the Riemann zeta function has infinitely many non-trivial
zeroes

» 1/¢(n + 2) non holonomic

1 . 1
Jn= gn =T(ni), h,= m

2n — 1’
The generating functions corresponding to fy, g, and h,

» have an infinity of poles in a fixed-width vertical strip:

non-holonomic sequences;



Algebraic singularity

Definition
o(s) has a singularity of algebraic type (), 0,1)) at s if, locally,

6(s) = (5 = 50) 0 ((s = 50)")
in a slit neighborhood of sg, with A € C, R(6) >0

and P(s) = Zpksk is analytic at zero
k>0



Ford's Lemmma, algebraic case

6(s) = (s —50) M (s =50)"), v = 3 pes®, —— = 3 b(s0)(s — s0)’

k>0 sin s i>-1

P Let ¢(s) be analytic € C, except on algebraic singularities (\;, 0;, ¥;) at s; with
1<i<M< oo

»  The mth branch cut is at angle w,, € } — %71’. 0 [ u } %’ﬂ', ()[ with the real axis

v

The cuts intersect neither each other nor the set Z~

»  Growth: Als]
s

s)| < Ce as s — oo A <7 X min sin w
()] : (i sinwm

P Let M be the dominant set of algebraic singularities,
M={smim=1,...;8m € M;R(sm) < 1/2}

> Let P = {¢;,5 =1,...;£; € N} be the set of polar singularities (due to 1/ sin 7s) that lay in
the vertical strip [R (s, ), 1/2]

Then

F(z) ~ S (-1 g(—0)= "

LepP

S Prmkbi(Sm) o0 ) =0mbk—itAm—1
smEM k>0 P(=0mk —j + Am)
i1



P = {07 _17p17p2}

- M = {s1, s2, s3}

Figure 3: A rectangular integration contour embracing branch cut singularities

1 1/2+ic0

T

F(z) =

b(s)z°

2im Js=1/2—ico sin s

~ Z €+1 Z)Z_e

S I S (D R
smEM k>0 [(=0mk = j + Am)
j>—1

ds

o(s) = (s —50) M ((s —50)") . w(s) = 3 pys

k>0 sin s

= > b;(s0)(s — s0)?

i>—1



Proof of Ford's Lemma with ¢(s) = s~ (s%)

F(z) = % /H 9(s)=" sirz:rsds ~ Z(_l)n+1¢(_n)2_n

n>0

. s _
> Write p(s)—— =5 * > ppb;s”t
sins -
k>0, j>—1

> We have a sum of Hankel integrals of the type

1

a Jog z _ a—1 -y o
- S S dS - (log Z) / € (_y) dy
2ir Jy s U 20 (log 2)H




Proof of Ford's Lemma with ¢(s) = s~ (s%)

F(z) = % /H 9(s)=" sirz:rsds ~ Z(_l)n+1¢(_”)2_n

n>0

. ™ _
> Write ¢(s)— =5 E prbjs?F T
sin s -
k20, j=>—1

> We have a sum of Hankel integrals of the type

1 i
— | s¥slo8rds = (logz) 0‘_1/ e Y(—y)%dy
2im H S~ 21 (log 2)H
L1 . TR
TA - Z pkbjs(?k#} 27/ 2 TK(S)dS — Z mkj(log Z) Ok—j+A—1
k>0, j>—1 T Jn k>0, j>—1
Ok+j <K Ok+ji<K

S 7mws

> /st (¢(s) SN TK(S)) ds =0 ((log z)_KJrA_l) (growth assumption)



Asymptotics for the Generalized Exponential

=S 6m)(~2)"  with (n) = e, and 0 € ]0.1]

n>1

¢@=wﬂww@=wzz%f

1
Z jsj 7+ 7T8—|——7T453+...
sin s 550 360

F(z) ~— Z F(bjc/k!.(log ) as z — 00



Asymptotics for the Generalized Exponential

F(z) =Y é(n)(=2)"  with ¢(n) = e, and 0 € 0,1

n>1

L) .
F(z) ~— Z F(bj/k'.)(log z) 7Ok as z — 00

1 1
Fi(z) =3 "M (=)' = —1F == +0 <<1g>3/>



CSG

Essential singularities - ¢(s) =¢

_ 1/ng_\n _ _L 1/2+ic0 /s s T
Fly,l(z)—Ze (=2)" = ez ——ds

et 27 J1/2-i00 sin s

1

V/log |z

Fi_1(2) = —Miz(ﬁizm <1 +0 (aogzlﬁ/»

» Valid also forc < 0 and § > 1
» Generalizationto ¢ >0 and 6 < 0

gel/s 5 — (logz — 5‘2) el/%25  saddle point near

0s



>

>

Essential singularities - ¢(s) = ¢’

c=—-1,0=—1, ¢(s)=e /s

71/n n_ 1 1/2+ioo ~1/s_s T
F_q _( Ze e z ds

et  2im 1/2—ico sinms

Two saddle-points at =i
log |z|

1 T 1
Fqi_,.=-=(1 —1/4 2/log 7 — — L
1-1 W(ng) COS( \/@ 4>+O ((logz)l/2_€)

Generalization to ¢ < 0 and 8 < 0.

» Set of pairs of conjugate saddle-points.
» One dominating pair



Essential singularities - ¢(s) = e’

»c>0,0>1, ¢(s)=¢e“

. 1 [1/2+ic0

= 21 1/2—ico sinms

0
e“" grows faster that any power of n!

1. = incompatible with the growth of any holonomic function

2. F,p cannot even satisfy an algebraic differential equation



Conclusion

Bell et al (2008) propose an alternative approach based on results
about the number of zeros of elementary and analytic functions.

As part of the conclusion of [FGS2009]:

“Bell et al (2008) also deal with sequences having an analytic
lifting. Roughly speaking, our approach is more versatile for
meromorphic functions, equivalent in the algebraic case, and less
flexible in the presence of essential singularities.”

Open problems:

Sequences like with analytic liftings

- cos(y) > cos(v/5)
» cosh(y/n) » cosh(y/s)

have no singularity at finite distance.
Both methods fail to prove their non-holonomicity



