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Résumé en francais

Titre : Indexer la logique linéaire par des opérateurs différentiels

Mots clés: Logique Linéaire - Théorie de la Démonstration - Sémantique Dénotationnelle
- Equations Différentielles

Résumé : La correspondance de Curry-Howard-Lambek met en évidence un lien struc-
turel profond entre preuves et programmes. Dans ce cadre, la logique linéaire, puis la
logique linéaire différentielle mettent en relation la notion de ressource en informatique
avec la notion de linéarité entre espaces vectoriels en mathématiques. Cette relation a
été étendue, afin de proposer des modeles mathématiques toujours plus riches, afin de
représenter des notions toujours plus complexes.

Cette these étend ces notions afin de proposer un systeéme logique dans lequel on peut
appliquer et résoudre des équations différentielles aux dérivées partielles. Pour ce faire,
elle se base sur un modele mathématique de la logique linéaire différentielle qui utilise
des fonctions lisses et des distributions pour représenter les programmes non linéaires. Ce
modele permet une étude approfondie des opérateurs différentiels linéaires aux dérivées
partielles & coefficients constants, et de leurs solutions.

Afin d’étudier un systeme de preuve avec de tels opérateurs, nous nous basons sur la
logique linéaire graduée, qui étend la logique linéaire en un systéeme paramétré, ce qui
permet une étude plus précise des programmes qui sont représentés. Nous proposons une
extension de ce systeme, qui permet d’interpréter 'opération de différentiation en utilisant
des opérateurs différentiels en tant que parametres. Nous définissons un modele de cette
extension qui utilise les fonctions lisses et les distributions, dans lequel les regles logiques
sont interprétées par la résolution d’équations différentielles ou I'application d’opérateurs
différentiels.

Le systeme précédent est cependant limité au premier ordre, a cause de la nature
des dérivées partielles, qui ont besoins d’espaces ayant une base canonique pour étre in-
terprétées. Nous proposons donc un deuxieme systéme dans lequel nous pouvons manip-
uler des objets d’ordre supérieur. Pour ce faire, nous nous basons sur des considérations
sémantiques, qui proviennent de ’étude de la transformée de Laplace en logique linéaire
différentielle. Guidés par ces intuitions, nous raffinons la syntaxe de notre premier systeme
et définissons une logique que nous interprétons dans les espaces de Kothe, qui sont un
modele classique de la logique linéaire différentielle auquel nous pouvons appliquer des
opérateurs différentiels méme & 'ordre supérieur.

Nous définissons enfin un dernier systeme, qui permet lui aussi d’étudier des objets
d’ordre supérieur mais sans transformée de Laplace. Ce systeme utilise un ensemble général
de parametres, et nous étudions les propriétés que cet ensemble doit respecter afin d’obtenir
un comportement dynamique intéressant.
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Abstract

Title: Indexed differential linear logic by differential operators

Keywords: Linear Logic - Proof Theory - Denotational Semantics - Differential equa-
tions

Abstract: The Curry-Howard-Lambek correspondence highlights a deep structural link
between proofs and programs. In this context, linear logic, followed by differential lin-
ear logic, links the concept of resources in computer science with the concept of linearity
between vector spaces in mathematics. This relationship has been extended to offer in-
creasingly rich mathematical models that can represent increasingly complex concepts.

This thesis extends these concepts to propose a logical system in which partial dif-
ferential equations can be applied and solved. To do so, it is based on a mathematical
model of linear differential logic that uses smooth functions and distributions to represent
non-linear programs. This model allows for an in-depth study of linear partial differential
operators with constant coefficients and their solutions.

In order to study a proof system with such operators, we rely on graded linear logic,
which extends linear logic to a parameterized system, allowing for a more precise study of
the programs that are represented. We propose an extension of this system, which allows
the differentiation operation to be interpreted using differential operators as parameters.
We define a model of this extension that uses smooth functions and distributions, in
which logical rules are interpreted by solving differential equations or applying differential
operators.

However, the previous system is limited to first order, due to the nature of partial
derivatives, which require spaces with a canonical basis in order to be interpreted. We
therefore propose a second system in which we can manipulate higher-order objects. To
do this, we rely on semantic considerations, which come from the study of the Laplace
transform in differential linear logic. Guided by these intuitions, we refine the syntax of
our first system and define a logic that we interpret in Kéthe spaces, which are a classical
model of differential linear logic to which we can apply differential operators even at higher
orders.

Finally, we define a last system, which also allows us to study higher-order objects but
without Laplace transforms. This system uses a general set of parameters, and we study
the properties that this set must satisfy in order to obtain interesting dynamic behavior.
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Introduction

The work carried out in this thesis builds upon several decades of significant advances in
programming language theory. In this introduction, we review some of these advances in
order to justify the directions of research taken during this thesis. We then describe the
contributions presented in this manuscript.

Semantics of programming languages

The motivations behind the semantics of programming languages stem from the fact that
a program must be understood by a machine in order to function. It is then written in a
language whose formalism is designed for computers and not necessarily for humans. Such
a language may be far away from the natural language. But while a program needs to be
understood by a machine, one would like to ensure that the program is doing what it has
been designed for. This task may be hard to perform because of the nature of a program-
ming language. Semantics of programming languages appear to tackle this issue. There
are several notions of semantics that are used to study programs and their computations.
The earliest manifestation is operational semantics [Flo67]. It consists of expressing logical
propositions of a program and proving in a logical framework that these propositions are
preserved by the operations made by the program during its execution. Another notion
of semantics, which is at the core of this thesis, is the denotational semantics [Sco77].
When one defines a denotational semantics for a program, it associates a mathematical
value to each instruction of this program, called denotations. Usually, a program is then
interpreted by a mathematical function in the context of the denotational semantics. It is
useful, since it allows forgetting about the syntax of the program when reasoning about
it. In addition, one may use well known mathematical spaces for the denotations of the
program. It makes the program easier to study, and a lot of properties of such spaces can
easily be used to deduce nice results on the program. To make all of this more concrete,
let us take the example of the A-calculus.

The A-calculus is a theoretical programming language that was introduced by Church
in the 1930s [Chu32] while studying the foundations of mathematics. The strength is this
language is that, despite being extremely simple to describe, it is Turing complete, meaning
that it is as powerful as any other programming language: any computable program can be
encoded in the A-calculus. This makes it one of the tools favored by logicians for studying
general properties of programming languages. The A-calculus consists of a grammar that
defines the terms (or A-terms) that are the programs of the calculus, and a rewriting rule
over the terms that allow to execute the terms in order to perform a computation. The
grammar states that a term is either a variable, a term applied to another term, or the
abstraction of a term t depending on a parameter variable x. This notion of abstraction
corresponds to the notion of function: the abstracted term should be seen as the function
that maps the parameter variable x to the term ¢. On this notion of term, one defines

9
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a rule called the S-reduction, which allows reducing a term into another. In the 1970s,
Scott defined a denotational model for the A-calculus [Sco82]. The difficulty of providing
such a model comes from the fact that in A-calculus each term should be understood as
a function. If D — D is the space where the terms are interpreted, a term can also be
an argument of such functions, and then be interpreted in D. However, it is not possible
to provide a non-trivial set D isomorphic to D — D. Scott’s solution was to consider
domains and continuous functions over them, which is, in fact, a model of A-calculus.
This model has been crucial in the history of denotational semantics.

The Curry-Howard-Lambek correspondence

The idea we started to develop above while introducing the denotational semantics is the
strong relation between the world of computer science and the one of mathematics or
logic. This relation is highlighted by the Curry-Howard-Lambek correspondence [Cur34,
Ros14,How69]. Originally called the Curry-Howard correspondence, or the proof/program
correspondence, this notion builds bridges between logical proofs and computer programs.
This correspondence states that the notion of proof and program are equivalent. It also
extends to types and formulas: a proof of a formula is equivalent to a program, and the
type of this program is equivalent to the proven formula. One possible framework to
observe this correspondence is the simply typed A-calculus. We have described before the
untyped A-calculus, but it is possible to add a notion of typing on the A-terms. This
typing comes with a grammar and a set of rules, which allow typing the terms. In this
framework, one can inductively define an isomorphism between a typed term and a proof
in natural deduction of a formula in minimal logic.

This idea of bridges between logical concepts and computer science ones has been
extended to many well-known notions. One that will be important in our work is the link
between the S-reduction of a term and the cut elimination of a proof. In logic, the cut
elimination is a rewriting procedure on proofs where the goal is to eliminate from the proof
the occurrences of the cut rule, which is the rule that allows to apply a proof to another.
It is possible to extend the isomorphism from simply typed A-calculus to intuitionistic
minimal logic in order to take into account the S-reduction. The isomorphism will then
turn the S-reduction between two terms into a step of the cut elimination procedure
between the two corresponding proofs. This gives to the logical proofs a computational
content. The cut elimination procedure corresponds to a computation over a proof, and
the result of this procedure to the result of the computation. In a sense, proofs can
compute. Another classic example is the one of the call/cc operator which allows to
save the memory of the environment. Griffin has proved that having such an operator in
a programming language is equivalent at the logical side of being able to prove the Pierce
law, which is known for being deductible if and only if the logic is classical [Gri90].

The Curry-Howard correspondence that relates logic and computer science can be
extended to category theory. This was noticed by Lambek in the 1970s. A type or a
formula can be seen as an object of a category, and then a program of input A and
output B can be seen as a morphism between the interpretation of A and the one of B in
this category. The [-reduction (or the cut elimination) corresponds then to the equality
of morphisms. Following this point of view, the isomorphism between simply typed A-
calculus and intuitionistic minimal logic has a categorical extension, which is the notion
of Cartesian closed category.
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Quantitative semantics and mathematical models

Going back to the semantics defined by Scott for A-calculus, some other approaches have
been tried to define a denotational model of A-calculus. One was proposed by Girard
in the 1980s, using the notion of normal functors |Gir88a]. Most denotational models
allow to deduce qualitative properties of the programs they represent, like which output
will be produced depending on the input. But with the model of normal functors, some
quantitative properties can be proved on programs, such as properties on the computation
time, the amount of time a resource is used by the program or even probability results on
the output. This approach with normal functors is based on the idea of using power series
to interpret the programs, whose coeflicients are sets. This idea has been generalized in
many directions, for many purposes. In particular, focusing on the type of elements used
as coeflicients of the power series may lead to highly different models.

The study of normal functors by Girard led him to define the so-called linear logic |Gir87].
This framework formalizes the study of the use of resources by a program. It can be model
thanks to linear algebra. The programs consuming exactly once their input are represented
by linear maps between vector spaces and the others may use several times their input,
and they may be model using analytic functions. They are functions equal to their Tay-
lor series, and can then be represented thanks to power series. These ideas have been
formalized by Ehrhard, using two different frameworks: Kothe sequence spaces |[Ehr02]
and finiteness spaces |[Ehr05]. Other quantitative models of linear logic use elements of a
semiring as coefficients (see Lamarche |[Lam92] and Laird et al. [Lail6, LMMP13]).

Some other possible aspects of program analysis are well suited to be modeled in the
context of quantitative semantics. Probabilities in the context of quantum computing
can be taken into account through completely positive maps, as shown by Pagani et
al. [PSV14]. For probabilistic programming, Danos et al. have extended the notion of
coherent spaces to probabilities [DE11]. One final idea of quantitativity that should be
highlighted in this thesis is about differentiation, which has been very fruitful in the field
of semantics. We describe some of these results in the next section.

From discreteness to continuity via the differentiation

The notion of discreteness is, by nature, at the core of the study of programming languages.
The machine computes discrete operations, and, moreover, each data is finitely represented
in a computer. This intuitively clashes with the models used in quantitative semantics.
An analytic function can be infinitely differentiated, but the notion of differentiation is
strongly related to the continuous facet of functions. However, being able to manipulate
continuous objects with a computer has a lot of interesting applications. Following the
work of Ehrhard on vectorial models of linear logic, Ehrhard and Regnier have defined
and studied the differential A-calculus [ER03]. In this setting, the semantics have inspired
the syntax into defining an operator of differentiation as a primitive operation on the
programs. This operation allows computing the Taylor expansion of a term. In a sense,
one can see that these kinds of constructions push the boundaries of the Curry-Howard-
Lambek correspondence into more and more interesting mathematical frameworks. The
work on differential A-caculus allows to consider a program as a sum of polynomials. These
polynomials are quite simple to study, and this idea simplifies a lot program analysis:
considering a complex term ¢, one can approach it thanks to its Taylor expansion and
deduced many properties from its approximants, which are easier to study.

Another line of research also initiated by Ehrhard and Regnier has been the definition
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of differential linear logic [ER06]. In this context, the notion of differentiation does not
occur at the level of the program, but at the level of the type. In linear logic, the formulas
using exactly once their hypotheses are linear, but it is also possible to consider non-linear
formulas, which may use several times their hypothesis. Differential linear logic extends
this setting by adding the possibility to linearize a formula. To perform this linearization,
the proof system has to be endowed with the operation of differentiation: the differential
of a proof is its linear approximation. Studying this system, Ehrhard and Regnier have
noticed that this differentiation had to respect several properties. Elegantly, those cor-
respond to the syntactical counterpart of well-known axioms of differential calculus. In
particular, the syntax of differential linear logic has to fulfill the Leibniz rule (or product
rule), and the chain rule about differentiation of the composition of functions. Semanti-
cally, the model of linear logic made of Kothe sequences is already a model of differential
linear logic. It is the case, since one can define an operation of differentiation, which
respects usual rules of differential calculus. Other models of differential linear logic, such
as finiteness spaces |Ehr05], have been studied, closing more and more the gap between
logic and functional analysis, and, by extension, between discreteness and continuity in
theoretical computer science.

Even if the framework of K6the sequence spaces is well suited to perform differentiation,
this operation is strongly based on the countable basis of these spaces. The differential
in this context is possible by using linear decomposition over these bases. But in many
mathematical spaces this is not possible to do such a decomposition. Blute et al. have used
convenient spaces to provide a new model of differential linear logic [BET12|. This setting
is based on the notion of bornology, which is a notion orthogonal to topology. Bornologies,
abstracting the notion of bounded sets, allows for a Cartesian closed category of smooth
functions While the notion of differentiation is in a sense more natural here, this model
is intuitionistic and then does not fully reflect differential linear logic which is a classical
logic. A solution to this point has been provided by Kerjean using distribution theory
and nuclear Fréchet spaces [Ker18a]. Here, the control comes from topological properties
of distributions. This theory enjoys a natural definition of differentiation as well, and the
spaces considered are reflexive. Reflexive spaces in the semantics are the interpretation of
the classical setting of the logic. In addition, this model led Kerjean to study an extension
of differential linear logic. Distribution theory is the favored mathematical setting to study
linear partial differential equations [Hor63]. Adapting her model with distributions to take
into account these differential equations, Kerjean extended the syntax of differential linear
logic by indexing some connectives by a differential operator [Kerl8a]. This gives an
elegant theory where the notion of linearity from linear logic is stretched to provide a
theory where solutions and parameters of differential equations can interact. The starting
point of this thesis was to study this theory in detail in order to generalize it both at a
syntactical and a semantical level.

Contribution of the thesis and outline

In this thesis, we extend the work by Kerjean of the logic D-DiLL [Ker18a] which adds
the notion of partial differential operators in differential linear logic. Technically, this
addition was made in the syntax by indexing the exponential connectives of linear logic
by a differential operator. These connectives allow the interpretation of the usual non-
linear implication in linear logic. In Kerjean’s model with distributions, these were the
formulas interpreted by either distributions or by their dual which is the space of smooth
functions. Using the fact that the space of solutions of a linear partial differential operator
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is a space of distributions, the indexation gives the possibility to use this space of solutions
as the interpretation of some formula. However, some pieces were missing in this theory.
In particular, one important property in the world of both denotational semantics and
functional programming is to be able to work with objects at higher order. Higher order
is a paradigm where objects and programs can be mixed, where functions and their inputs
and outputs have the same nature. Defining a logical system which fulfills this property
comes with a lot of technical points that should be verified. Moreover, it was limited to
only one operator, leading to some asymmetry of the rules.

This thesis has been guided by the hope that generalizing the logic D-DiLL may lead to
filling this gap. Such a hope arose following the remark that the idea of indexing the expo-
nential connectives has already been explored from the beginning of linear logic. At first,
several refinements on the formulas of linear logic such as elementary linear logic |Gir98],
light linear logic |Gir98]| or soft linear logic [Lat04] have been studied. Girard et al. defined
bounded linear logic [GSS91] where they index the exponentials to represent computation
time. In particular, indexing by elements of a semiring led to the definition of graded linear
logic |[GS14]. This is a framework that has been studied at several levels [GKO™16,BP15]
and used as a typing system |[BGMZ14] which works in particular at higher order. We
then tried to unify what has been done in graded linear logic and the logic D-DiLL to use
the nice structural properties of the former and apply them to the latter.

Question: how to unify differential linear logic and graded linear logic, using differential
operators?

This, of course, comes with many difficulties, at many levels.

Higher-order and the promotion rule The question of higher order has always
brought difficulties within differential linear logic. Being able to consider semantical
higher-order objects comes with the syntactical promotion rule of (differential) linear logic.
Semantically, this rule corresponds to the composition of functions, and its interaction with
the codereliction corresponds to the chain rule. The chain rule allows one to compute the
differential of a composition of functions by the following equality

Dy(go f) = Dyygo Dof

where the differentiation does not simply distribute on the composition, but the point of
differentiation is changed. This is what makes this rule harder to express in the syntax of
differential linear logic.

Partial differential equations at higher order Having higher-order objects, and
considering linear partial differential equations, comes with difficulties as well. In order to
unify the graded framework with the differential one, we replace the operator of differen-
tiation D, by a linear partial differential equation. A linear partial differential equation
is a functional equation of the form

|am| ot |
7 (f)+-+ ’

(f)=g

o “ 81"1)‘1(1) 0z

8:6(1)””(1) 9o
where the a; are functions and where we seek for a function f satisfying this equation.
Usually, the functions a;, f and g are smooth maps from R” to R and the elements z; are
the elements of the canonical basis of R™, along with the function f is differentiated. But
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at higher order, this is not that simple. The functions a;, f and g may be functions from,
for example, the space C*°(R",R) to the space C*°(R!,R) which are infinite dimensional
vector spaces. For those spaces, there is, of course, no canonical basis and knowing how
to interpret the elements x; is not an easy thing. Such differential equations at higher
order have not been studied by mathematicians, and even the spaces of smooth functions
or distributions with an infinite dimensional domain are not well known.

Cut elimination and semiring structures In a graded setting, the study of the
cut elimination procedure comes with algebraic considerations on the algebraic structure,
which contain the indices. In graded linear logic, each cut elimination case is built simi-
larly to its equivalent in linear logic, but uses an equality on the indices that correspond
to an algebraic axiom of a semiring. Incorporating the structural rules of differential logic,
along with indices, expands the number of cut elimination cases that should correspond
to algebraic axioms. But the axioms of a semiring are not sufficient to represent these al-
gebraic equations. Moreover, the interactions between the promotion and the costructural
rules cannot be simply described have to change when we use grades and the dynamics of
the logic is then not the same. In addition, the linear partial differential operators that
we consider do not satisfy every axiom of a semiring, so some work has to be made to use
them as indices.

We have been able to solve these difficulties by providing partial solutions to them in
several directions. We first study a unified framework where the promotion rule is not
considered, thus without higher-order objects. We then include this promotion rule in
a graded and differential setting, where the indices of the exponential connectives are
polarized. This polarity allows us to control the interactions between the rules that we
have, and is semantically based on the fact that we can relate to the formulas of different
polarities using the Laplace transform. Finally, we consider a system without polarities,
and we study the restrictions that need to be made at the level of the indices to have
a system with a cut elimination. Let us give the outline of the thesis, explaining the
directions taken in each chapter.

Chapter gives the background needed to read this manuscript. We present the several
logics at stake in this thesis. We introduce linear logic, graded linear logic and differential
linear logic. Furthermore, we present their syntax and explain their cut elimination,
which represents the computation contents of the proofs of these logics. We also give
the categorical semantics for all of them. Finally, we present some well-known models
of these logics, which will be useful for the rest of the manuscript. For linear logic, we
define the category of relations, which is the most famous model. We show how it extends
to graded linear logic for a general semiring. Then we present two models of differential
linear logic: the one from Ehrhard with K&the spaces, and the one with smooth functions
and distributions from Kerjean.

Chapter consists of building a unified framework for graded and differential linear
logic using differential operators, but removing the promotion rule. We first introduce
the logic D-DiLL from Kerjean [Kerl8a] by giving its syntax and a model based on distri-
butions and smooth functions. We then present results co-published with Breuvart and
Kerjean [BKM23] which have been invited to a special issue at LMCS. Here, the higher-
order question is left out of the picture. The goal is to unify the ideas from graded linear
logic and from D-differential linear logic into the same syntax but without the promotion
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rule. We extend D-DiLL to a graded logic. Removing the rule responsible for higher order
has allowed us to simplify the algebraic structure of the indices into a simple commutative
monoid. We then generalize the rules of D-DiLL to be indexed by a monoid of differential
operators, which gives the logic IDILL. Then we focus on the semantical side. We adapt
the model from Kerjean of distributions and smooth functions with a differential operator.
We generalize it in order to consider the actions of several operators together with their
interactions. We then take a second approach and define a system where we add differen-
tial indexed rules to the linear ones of graded linear logic. We provide such a syntax based
on the remark that the rule of subtyping of graded linear logic can be used to represent
the action of a linear partial differential operator. We define a cut elimination procedure
for this logic based on the interactions of differential linear logic. Therefore, we prove
that this logic enjoys a cut elimination procedure under the condition that the monoid of
indices respects some algebraic axioms. Finally, we show that those two approaches are,
in fact, equivalent. This provides a cut elimination procedure for IDiLL.

Chapter builds a possible framework of a differential linear logic graded by differential
operators with a higher-order flavor, introducing a duality on the indices of the exponential
formulas. It is based on results from a preprint co-written with Kerjean. Naively adding
a promotion rule to IDiLL does not seem to be possible. Syntactically we found ourselves
struggling at the level of the cut elimination because of new interactions between the
promotion and the new differential counterpart to the subtyping rule and because of
algebraic equations at the level of the indices. We have fortunately been saved thanks to
semantical hints from a model studied by Kerjean and Lemay |[KL23]. They had studied
a model of differential linear logic that came from work from Ouerdiane et al. |[GHORO0O].
This model is close to our considerations, as it is both differential and graded. It uses some
class of functions to bound smooth maps, and these bounds form the set of indices of a
graded linear logic. This model makes use of the so-called Laplace transform, in its higher-
order form. It has led Kerjean and Lemay to remark a nice correspondence between the
structural and the costructural rules that are isomorphic thanks to the Laplace transform.
Using this idea, we have built a framework where exponential formulas are related by two
transformations: the negation and the Laplace transform.

It is materialized in the syntax by an extension of the indices: we use two copies of
the same semiring, related by the Laplace transform. From these formulas, we provide a
logical system which is graded, differential, and goes to higher order thanks to a promotion
rule. We have been able to add a copromotion rule in this setting, which is the syntactical
counterpart to the notion of codigging defined by Kerjean and Lemay [KL23]. We then
obtain a double indexed differential linear logic named DIDiLL. Thanks to this point of
view, with two copies of the semiring, the interactions of the logical rules are highly
simplified. We have then been able to easily study these interactions for the cut elimination
procedure of this logic. In this chapter we define two models of this logic. The first one
consists of the combination of Kothe spaces with differential operators. We endow linear
partial differential operators with a relaxed structure of semiring. This relaxed structure
corresponds exactly to the algebraic axioms required by the logic DIDILL. We define how
to apply those differential operators to Kothe sequences, and prove that it actually gives
a model of DIDILL. To do so, the copromotion rule has to be removed, as we do not know
how to interpret the codigging in the context of Kothe spaces. Finally, we prove that the
setting from Ouerdiane et al [GHORO0| with the Laplace transform forms a model of our
logic. We use a semiring of control functions for the indexation. Here we had to turn
DIDILL into a polarized flavor.



16 Contents

Chapter [ takes another point of view where we define a system graded by a single
copy of the semiring and no polarization, and we study the algebraic axioms needed to
perform the cut elimination cases. Due to the removal of the polarities, there are many
more cases compared to DIDILL, which lead to an algebraic structure with many new
axioms. In addition, in some cases, the dynamics is quite different from its non-graded
version in differential linear logic. We give the dynamics for each case, together with the
algebraic equalities that need to be satisfied to perform the cut elimination cases, leading
us to define the notion of differential semiring. We give some examples of usual semirings
that are differential semirings and prove that the semiring of linear partial differential
operators with constant coefficients is not a differential semiring.
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In this chapter, we present the material needed for the definitions and results given
in this thesis. The first notion we introduce in linear logic. We give the syntax of this
logic, defining the grammar of its formulas and the inference rules of linear logic. We
then describe its cut elimination procedure, which represents the calculus of linear logic.
Several versions of the syntax of linear logic exist, depending on the situation one wants to
represent. We present another version, which is polarized linear logic that uses polarization
on the formulas, which is a technique that will be useful in the rest of this manuscript.
After these syntactical definitions, we describe the semantics of linear logic by introducing
its categorical semantics and presenting a concrete model, which is the relational model.

A second system that we present is graded linear logic. It is an extension of linear logic
that uses a semiring to represent more precise situations than linear logic. Depending on
the semiring used, graded linear logic can correspond to an analysis of effects and coeffects,
represent probabilistic programs and so on. We give its syntax and its cut elimination,
which are based on the one of linear logic. We then show how to extend the relational
model to get a model of graded linear logic.

17
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The last system we introduce in differential linear logic, which is at the core of this the-
sis. Differential linear logic is another extension of linear logic, which adds some inference
rules that correspond at the level of the model to have a notion of differentiation. Every
system that we will define and study in this manuscript is based on differential linear logic.
We present this system, giving the new rules and defining its cut elimination. Then we
show how the categorical semantics of linear logic can be extended into a semantics for
differential linear logic. We then present two concrete models of this logic that will be
used in the next chapters. The first one is a model of K&the spaces, which is based on
constructions over vector spaces with their basis. The second one uses smooth functions
and distributions.

1.1 Linear logic

Linear logic (LL) was defined by Girard in 1987 |Gir87]. It came from a denotational study
of A-calculus in terms of normal functors [Gir88b]. One way of seeing linear logic is as a
refinement of classical and intuitionistic logic. Its calculus contains both the nice dualities
of classical logic together with some constructiveness from intuitionistic logic. In classical
logic, the “and” and the “or” can be given in an additive or in a multiplicative flavor. The
additive corresponds to having the same context, the multiplicative to have a different one.
Thanks to the structural rules, the weakening and the contraction, these two flavor are
equivalent. But these structural rules are the reason for the non-constructivism of classical
sequent calculus. In order to remove this non-constructivism, linear logic refines the use of
the structural rules. As a consequence, it has two “and” connectives: a multiplicative and
an additive one. And it is the same for the “or” connective. Removing structural rules
leads to a logic where the available formulas are consumed, and then hints at a logic of
resources. But to be able to embed both classical and intuitionistic logic, the contraction
and weakening need to be possible, at least on some formulas. Linear logic is then made up
of some formulas that are consumed, and that cannot be weakened or contracted, and some
other which are not consumed and can be used as much as one wants. This distinction
comes with a refinement of the implication. While in intuitionistic logic, a formula A = B
is interpreted as “B is true whenever A is”, it says nothing about how many times one
needs A to produce B. Linear logic refines this by introducing a linear implication —o.
Now A — B can be seen as “if you give me A I will give you B”. There is also a new
operator in linear logic, the ! (read bang). A formula !A should be understood as having
as many A as wanted. Then, it makes sense in terms of resources to be able to apply a
contraction or a weakening on such a formula. In linear logic, the formulas of the form
1A, named the exponential formulas, will be the only ones on which these structural rules
will be possible. From this new operator !, one recovers the classical implication through

A=B=!A—B

in the sense that having !A allows not to be careful about the amount of time A is needed
to produce B. Let us now present how these ideas are formalized into linear logic.
1.1.1 Syntax of classical linear logic

To define the syntax of classical linear logic, we first define the grammar of its formulas.
They are based on a countable set of atoms X, and several connectives.

AB2X| Xt (atoms)
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1| L|A®B|A®B | (multiplicative)
0| T|A&B|A® B | (additive)
1A 7A (exponential)

with X € X. The connectives are split into several groups: multiplicative, additive or
exponential. One defines inductively the negation of a linear logic formula by

(X)*+ =2 x+ (XH*t =2 X
- = 1 (Lt =1
o+ =T (M*+ = 0
(A% B & At@ Bt (A Byt & Atx® Bt
(A& B 2 AlgBt (Ae Bt 2 AlgBt
1A+ & 724+ (74t & 14+

One easily proves that this negation operation is involutive: for each formula A,
(AH)t = A

While in classical logic, for example, the implication is defined as a connective of the
logic, it is not the case in linear logic. But through the connectives of linear logic and the
negation, one defines

A—-oB2A'®B

as the linear implication of linear logic.

1.1.1.1 Sequent calculus

The grammar of linear logic is endowed by inference rules, which describe the sequent
calculus of linear logic. These rules are given in Figure We use capital Greek letters
A=, ... to denote finite sequences of formulas. When we put an operator in front of
a capital Greek letter like 7I" it represents the fact that the formulas in the sequence are
preceded by this operator, 7I" have the form 7Ay,...,7A,. The sequent rules are divided
into several fragments. The simplest one is the multiplicative fragment: the identity rules
of Figure with the multiplicative rules of Figure forms multiplicative linear logic
(MLL). Adding the additive rules of Figure gives the multiplicative additive fragment
(MALL). The full linear logic (LL) is given by adding the exponential rules of Figure [L.1d]

Remark 1.1.1. After this syntactical presentation of linear logic, the reader might regret a
few gaps. We do not try to fully present linear logic here. Linear logic can be, for example,
extended to second order through quantifiers at the level of formulas, which have their
own syntactic rules. It can also be restricted to an intuitionistic logic, and its rule system
is different as well. Here, we do not want to be exhaustive, but we rather chose to present
a syntax as close as possible to the context of this thesis.

1.1.1.2 Specific isomorphisms

Defining the equivalence of formulas in linear logic as

AEBé(A—OB)Q@(B—OA)
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FT,A FA A

— aX
- A, AL FT.A cut
(a) Identity rules
-~ LT "TAB FT,A FA,B
F1 BN FT,A% B FT,A,A® B
(b) Multiplicative rules
- FrA -rB FI,A +I,B
FT,T FT,AeB FT,AeB f FT,A& B
(¢) Additive rules
S FT2A 24 FLA FMA
FT,74 FT,7A FT,74 -, 1A

(d) Exponential rules

Figure 1.1: Sequent rules of linear logic

one can prove in linear logic that we have a De Morgan duality between the connectives.

1t = 1L 1+t =1
ot = T TL = 0
(A Byt = A+t%® Bt (A®B): = AteBt
(A@ Bt = A& Bt (A& B+ = AlgBt
(1A = 74+ (74 = 14+

which are obviously divided between the additive dualities and the multiplicative dual-
ities. Other usual isomorphisms in logic can be proved: the distributivity between the
connectives. This distributivity is here for multiplicatives over the additives.

A® (B&C)
AR (B&C)

(A B)® (A® C) A®0
(AR B) & (AR C) ART

0
-

Finally, two crucial isomorphisms that we chose to highlight are the Seely isomorphisms.
(A& B)='A® !B IT=1

This syntactical isomorphism will come back later when we define the semantics of linear
logic.

1.1.2 Cut elimination of linear logic

From the sequent rules of linear logic, one can define a cut elimination procedure that
represents the dynamics of the logic. We give the cut elimination cases for the MALL
subpart in Figure [I.2] and for the exponential rules in Figure [1.3

These cut elimination cases represent the elimination of the cuts on principal formulas,
the formulas on which the rule before the cut acts. But this does not represent every
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Tl ira - :
T, A cut -1,4
- T ~ W
FT,L - F1 t - T
T o
I, A+, Bt FAA  FEB  ~ FDLANBEY S FAA ;
_ ) ’ ® cut
D, A3 BL ~AEA®B FT,A, B- FEB
FT,A = e FT,A,= e
FT,AY T, Bt ~
1 T oA DL FT, At FAA
FT,A-& B FAJA® B cut
cut FT,A
FT,A
FT,AY T, Bt =
1 1 _"&B Or T, B+ FA,B
FT,A-& B FAJA® B cut
cut FT,A
FT,A

Figure 1.2: Cut elimination of MALL

possible cut: a formula in the context can be cut. For example in the following derivation

F Xy, Xi “ - Xy, Xi “
- Xy, Xi,7X0 v F Xy, Xi, 727X
X1, X{,7X2,7X,
the cut occurs on X7 but the formulas introduced by the principal formulas are the two
?7X5. To deal with this possibility, some commutations have to be made on the rules

before applying the cut elimination cases that we have defined. In this specific case, it
corresponds to a commutation on the cut with one weakening

cut

— aZx
———ax — aX I—Xl,XlL
Xy, Xi - Xy, Xi T w —az
T w T w ~ }_XlaXl ,?XQ I—Xl,Xl
I—Xl,Xl ,?XQ '_XlaXl ,?XQ T cut
cut '_XlaXl ,?XQ

F X, X, 27X, 27X w
1,415 42, 742 - X1, Xi, 7 X0, 27X,

and we can now apply the cut elimination case of the axiom rule to finish the reduction.
Many proof rewritings of this kind have to be defined if one wants to study a complete cut
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v o </

FA FA ~ FA
F T, 1A A, 7AL . :
LA cu Faw
T, A A A - N
FTT1A FA?AL d mLA -4,4 cut
e cut T, A
@ @ ;; -0, A ;
Lo 7T, A 7T, 1A FA,?AL 244 .
T, A FATAR A O opaa P F T, A, 7AL .
-7, 1A manAt FT. T A cut
7T, A u —c
FTA €
: F T, A ;
? -?A,74%, B SRS K
Tia® TrAwaALE [ AT S T8
! . ! ! . Ccu
7 E2T.7A vé : cut FTA B
e, FT,A'B

Figure 1.3: Cut elimination for the exponential rules of linear logic

elimination procedure for LL sequent calculus. A full description of these commutation
cases can be found in Di Guardia’s thesis [DG24]. From these rewriting, one proves a
theorem of cut elimination.

Theorem 1.1.2. For each proof © of a sequent =T of LL, there is a cut-free proof © of
FT of LL such that m ~* 7.

Note that to be completely formal, the commutation cases have to be added to the
relation ~» to prove such a theorem. In this case, the relation ~~ is called weakly normal-
121ing.

1.1.3 Polarized linear logic

The notion of polarized linear logic appears in the context of proof search, with the
notion of focalization |[And90|. The idea is that, when one is looking for a proof for a
particular sequent, reducing the number of possible rules that can be used to prove this
sequent simplifies the research for such a proof. This is one of the benefits of the cut
elimination: since each provable sequent admits a cut-free proof, one does not need to
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P,Q
N, M

X | 1] 0 !
Xt | L | T | N®M | N&M | 7P

1> 1>

Figure 1.4: Grammar of the formulas of LLpo and LLP

consider the cut rule while looking for a proof of a sequent. Another way to restrict the
rules to consider is by polarizing the logic. In this context, it works by splitting the set
of formulas into two: the positive and the negative formulas. It is done by considering
reversible connectives and focalized proofs. A connective ® is said to be reversible if for
each provable sequent F I', A such that ® is principal in A, there is a proof of - I"; A where
the last rule is the introduction of ®. As expressed by Laurent [Lau02|, the reversible
connectives of linear logic are %,&, 1, T. In the polarized setting, they will correspond
to the negative connectives. To prove such a result, we consider a general proof 7 of, for
instance, - I'; A% B. We then have the following proof in LL

W HA AL “ + B, B+ “
FT,A® B FT,At® B+ A B #
FT.AB cul

FT.ANB

which shows that % is reversible, and similar constructions can be given for &, L and T.
With the idea of proof search, this property means that one can decompose the negative
connectives in a sequent without losing provability. Dually, the connectives ®,®,0,1 are
the positive connectives of linear logic. They are the connectives which are not reversible
in LLE Moreover, they are essential to define the notion of focused proof, which is crucial
in proof search. But to introduce focused proofs, one needs to define polarized formu-
las and proofs. In his PhD thesis, Laurent introduced two polarized systems for linear
logic [Lau02]. Both are based on the same grammar of formulas, given in Figure The
formulas P, @Q are built from positive connectives and the formulas N, M from negative
ones. For the exponential connectives, their polarity comes from Girard’s translation from
intuitionistic logic to linear logic. This translation uses ideas from polarized linear logic.
Fortunately, these polarities work well with our semantic use of polarized linear logic, as
it is shown in Section The logic LLpo has the same rules as linear logic, but the
formulas are restricted to their polarity. For instance, the rule ® has the form

FT,P FAQ
FT,A,P®Q

®

where P and @) are positive. It works similarly for every other rule of LL. From this
system, Laurent defined LLP [Lau04] by giving the following polarity to the exponential
rules form

T FT,N,N T, P N, N

W

FT,N FT.N ¢ FT,7P FN,IN ©

where N is a multiset of negative formulas. In LLP, one shows that each provable sequent
contains at most one positive formula. This allows to use the focalization technique for
proof search.

!'Note that we do not consider the case of exponential connectives yet.
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One possible application of polarized linear logic is about linear logic translations.
We stated earlier that linear logic is a refinement of classical and intuitionistic logic.
One way to see that is through translations between those systems. First, forgetting the
additivity or the multiplicativity of the connectives of LL, one easily defines translations
from classical linear logic to classical sequent calculus, and from intuitionistic linear logic to
intuitionistic sequent calculus. With these translations, each provable sequent in classical
(resp. intuitionistic) linear logic has an equivalent provable sequent in classical (resp.
intuitionistic) sequent calculus. The difficulty is to prove such a property the other way
around. Since the contraction and the weakening are restricted to exponential formulas
in LL, proofs in classical and intuitionistic logic cannot be directly translated. Girard
has defined several translations that we do not detail here, but we want to highlight the
following. Girard has introduced the calculus LC which refines classical sequent calculus
by having a deterministic cut elimination procedure [Gir91] This calculus is strongly based
on the notion of polarized formulas. One possible way to translate classical linear logic
into LL is to use LC and its polarities to translate it into LLP.

1.1.4 Categorical semantics

The purpose of the categorical semantics of a logic is to give a new understanding of the
syntax of this logic, using categorical language. Several definitions can be given for one
logical system. In the context of linear logic, many definitions of categorical axiomati-
zations have been given: Lafont categories, Seely categories, linear categories ... We will
focus here on Seely categories, as this is the axiomatization that fits well with differential
linear logic. A more complete presentation has been made by Mellies [Mel09].

1.1.4.1 Categorical definitions

In this section, we recall some basic notions of category theory, and used them to define
the object that we need to interpret linear logic in a categorical framework.

Definition 1.1.3. Let C and D be two categories. The product category C x D is the
category whose objects are the pairs (A, B) with A an object of C and B an object of D.
Its morphisms are the pairs (f,g) : (A1, B1) — (Ag, B2) where f : Ay — As is a morphism
of C and g : By — By is a morphism of D. The composition is defined by

(f2,92) o (f1,91) = (f20 f1,92091)

and the identity by
ida,py = (ida,idp).

A bifunctor if a functor whose domain is a product category.

Definition 1.1.4. A symmetric monoidal category is a category C equipped with a bi-
functor _® _: C x C — C and an object 1 together with the isomorphisms

e aspc:(A®B)®C~A®(B®C)
e My 1®A~A
e py:AR1I~A

e syup: AR B~B®A



Chapter 1 - Background: Linear Logic, Gradation and Differentiation 25

such that the following diagrams commute.
The pentagon identity

(A B)® (C® D)

(A®B)®C)® D A® (B (C® D))
aA,B,C@’ile T’L‘dA(@aB,C,D
(A® (BoC))® D fapech y A® (B® C)® D)

the triangle identity

QA 1,B

PA@% AX»\B

(AR1)® ® (1® B)

the hexagon identity

(A®B)®C 225 A (BoC) 2255 (B C)o A

SA B®ich/ lOCB,C,A

1dp®s
(BoA)eC 225 Be (A0 C) 224°B e (C @ A)
the unit coherence
A®1 o ® A
and the inverse law
A® B LY A® B

Remark 1.1.5. Note that restricting Definition of a symmetric monoidal category by
removing the isomorphisms s4 g, and keeping only the pentagon and the triangle identity,
one gets the definition of a monoidal category.

Definition 1.1.6. Let (C,&, T, ac, A\c, pc, sc) and (D, ®, 1, ap, Ap, pp, SD) be two sym-
metric monoidal categories, ! a functor from C to D, m? a natural transformation from
Q) @) to (L& ) and m® a morphism from 1 to !T. We say that ! is a symmetric
monoidal functor when the diagrams

(IA®'B)®!C —25 142 (IB®!C)

mi’3®idzcl l’id!A@mQB,c IA®!B —2 s 1B®!A
(A& B)®!C 1A® (B & C) mis| |
Mg C’l J’mix B&C' (A & B) B & A

(A& B)&C) —— (A& (B&C))
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IA©1 —™ 14 19!1B —22 1B
id[A®m0l T!PC m0®id!3l TD‘C
IA@IT —— (A& T) IT®!B —— (T & B)
myh T mT B

commute. If m? and m® are isomorphisms, we say that |_ is strong.

Definition 1.1.7. Let C and D be two categories, F' : C — C and G : D — C two
functors. If there are two natural transformations

e: FG — 1¢ n:lc - GF

such that
eFoFn=1p GeonG = 1¢g

then there is an adjunction between C and D. In this case, € is called the counit and €
the unit of the adjunction and we say that F' is left adjoint to G and G is right adjoint to
F, denoted by F' 4 G.

Definition 1.1.8. Let C be a symmetric monoidal category. Then C is a symmetric
monoidal closed category if for each object A of C, the functor _.® A : C — C has a right
adjoint. This right adjoint will be denoted A —o _.

Having such an adjunction corresponds to having the following isomorphism
C(A® B,C) =2 C(B,A — () (1.1)

for each objects A, B, C of C. Using this isomorphism on id4—.p : (A — B) = (A — B),
on gets a map
evap: A®(A— B)— B

called the evaluation map. From this map, on defines a morphism
(A—-B)®A 2% A®(A—-B) 25 B
and using, again, the equation we get a morphism

Oap:A—(A—oB)—B

Definition 1.1.9. A symmetric monoidal closed category is x-autonomous if there is an
object L such that for each object A the morphism 04,1 is an isomorphism. The object L
1s called a dualizing object.

Definition 1.1.10. A Seely category is a
o symmetric monoidal closed category (C,®,1,a, A, p,s)
o which is x-autonomous with a dualizing object L

e which has finite products, denoted by & with T as terminal object and w1 and wo as
projections

e with a comonad (!, der, dig)

o with two natural isomorphisms m? and m° making | a strong symmetric monoidal
functor from (C,&, T) to (C,®,1)
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and such that the following diagram commutes

2

IA® 1B Py (A& B)

J/digA&B

dig s Odig 5 (A & B)

J/!(hrl,!ﬂ-g)

NA@IB —— (1A & B)

A B

Proposition 1.1.11. Let C be a Seely categeory, with comonad (!, der,dig). One defined
the category C, whose objets are those of C and whose morphisms between X and Y are
the morphisms of C between !X and Y (C\(X,Y) = C(!X,Y)). Its identites are given by
der and the composition of two morphisms

i X—>Y g:Y —-Z

s given by
'f

X —%€ ., x v 9 7

This category is the Kleisli category of the comonad (!, der,dig), and it is Cartesian closed
when C s a Seely categeory.

Remark 1.1.12. The categorical axiomatization of linear logic as Seely categories is not the
only possible axiomatization. As said at the beginning of this section, Lafont categories
or linear categories are other possible frameworks. One other way to study the categorical
models of LL is to start from linear-nonlinear adjunctions. This corresponds to start by
considering an ajonction between a category L where MALL will be interpreted and a
category C for the exponential part. In the context of Seely categories, this adjunction is
the one between the Seely category C and the Kleisli category of the comonad (!, der, dig).

1.1.4.2 Interpretation of linear logic

Thanks to the previous definitions, we have all the ingredients necessary to interpret the
formulas and the proofs of linear logic in a categorical framework. We recall here what is
precisely presented by Laurent [Lau08]. Let us fix a Seely category C. First, we want to
interpret linear logic formulas as objects of C. We will denote by [A] the interpretation of
the formula A in the category C. To interpret MLL we need the monoidal closed structure
of C.

The variables are interpreted through a function v : X — C, which gives [X] £ v(X)
and [X1] £ [X] — L.

The units 1 and L are respectively interpreted by [1] £ 1 and [L] £ 1 —o L where
1 is the neutral of ® and L the dualizing object.

The tensor of linear logic is naturally interpreted by the monoidal product of C:
[A® B] £ [A] ® [B].

The parr is interpreted thanks to the linear implication [A % B] = [A+] — [B].
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The proofs of MLL are interpreted by morphisms in C. The interpretation of a proof
7 of a sequent - Aj,... A, will be written [7], and will be a morphism of type 1 —
[A1] & --- % [An]. We explain how to construct this morphism inductively by giving a
general construction for each inductive rule. We strongly use the x-autonomous structure
of C which allows to turn a morphism of type 1 — A % B into one of type A- — B or
Bt 5 Aor At @Bt — 1.

e The rule ax is interpreted by the identity id4 : [A] — [A].

e The cut takes two morphisms f : [I'] — [A] and g : [A] — [A] and composes them
giving f;g: [I'] — [A].

e The rule 1 is interpreted by the identity idy : 1 — 1.

e The rule L takes f : [I'] — [A] and composes it with d4 | to have f;04  : [I'] —
[A] & L.

e The tensor rule ® is interpreted by taking f : [I'] — [A] and ¢ : [A] — [B] and
applying the bifunctor _.® _to get fRg: [[[®[A] —» f®g.

e The parr rule does not change the interpretation of the proof; its premise is already
interpreted by a map f: 1 — [I'] % [A] ¥ [B].

We are then able to interpret MLL thanks to the symmetric monoidal closed structure and
the x-autonomy of C. Using the additive structure of C, we extend our interpretation to
MALL.

e The additive units T and 0 are interpreted by [T] = T and [0] £ T — L.

e The & is interpreted by the Cartesian product [A & B]] £ [A] & [B] and the & by
its negation [A @ B] £ (([A] — 1) & ([B] — 1) — 1).

For the proofs, we follow the same method as for MALL.

e For the rule T, we use the terminality of T which implies a morphism from [I'] to
T.

e For the &, we combine two morphisms f : [I'] — [A] and ¢ : [I'] — [B] with the
Cartesian product of f and g which gives (f, g) : [I'] — [4] & [B].

e For the rule @1, we take f : [A]* — [I'] and precompose it with the left projection
of the Cartesian product to get my; f : [A]* & [B]*+ — [I7].

e For @9, we make the same construction that we made for &; but using the right
projection .

We can interpret then interpret the additive fragment of linear logic using the additive
structure of Seely categories. Finally, let us define how to interpret exponential formulas
and proofs.

e The exponential connectives are naturally interpreted thanks to the functor !, we
define [!A] £ ![A] and [?A] £ [A] — L.

For the proofs, we use the comonad (!,der,dig) together with the strong monoidality of
the functor !.
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e For the weakening, taking a morphism f : 1 — [I'] and using the terminality of T
with the monoidality of !_ we define

!t[A]]

MA] T 1 > [T]

where t is the morphism coming from the terminality.

e For the contraction, we take a morphism f : [[A] ® |[A] — [I'] and use the diagonal
morphism A coming from the cartesian product & together with the strength of !_
to define

1A (m¢ )L
IA] —25 1([4] & [A]) 22 114] @ 1[A] —L [1]
which gives us the interpretation of the contraction.

e For the dereliction, we take a morphism f : [A] — [I'] and we simply use the unit
of the comonad which gives der; f : I[A] — [I].

e Finally, for the promotion rule, the definition is more tedious because we have to
work on the context, and not only one the conclusion. We decompose this context by
taking f : 1[A1]®- - -®![A,] — [A] and we use the multiplication of the comonad dig.
We give the precise construction in Figure but the main idea is to precompose

If by dig.

This concludes the description of the interpretation of linear logic by Seely categories.
Note that each part of the definition of a Seely category corresponds to a subsystem of
linear logic. One can then remove some axioms of Seely categories to get a categorical ax-
iomatization of this subsystems. The symmetric monoidal closed part corresponds to the
multiplicative part of LL, the Cartesian one to the additive part of LL and the strong sym-
metric monoidal comonad to the exponential part. One can also remove the x-autonomy
to get a model of intuitionistic linear logic.

For this interpretation of linear logic from Seely categories, one proves a correction
theorem, which states a compatibility between this interpretation and the cut elimination
procedure.

Theorem 1.1.13. Let m and 7' be two proofs of linear logic such that @ ~ w'. Then

[x] = [']-

This theorem is proved by treating every cut elimination case in an induction, and
using categorical diagrams for each case of the induction.

1.1.5 A concrete model: the category of relations

One of the most studied models of linear logic is the category of relations. It is simple
to define and to study, and has to nice property of being quantitative. We present it
here as an example of a Seely category. It may, however, frustrate the reader to have a
non-vectorial model to illustrate linear logic. This feeling should be relieved in Section (1.3
when we introduce Kothe spaces and convenient spaces as models of differential linear
logic, which are vectorial models are, in fact, models of linear logic since they are a model
of differential linear logic. The presentation that we give here follows what is done in the
linear logic handbook [Pro23].
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I[A1] @ [A2] ® ![As] -+ @ [A,]
MEA ], 145] @[ 45] ®idifa,]
I([A1] & [A2]) ® '[A3] - - - ® I[A,]

M, el Ag] 1431 ® @1 AR]

M Ay 1 &l An 11, [An]
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! (z’d,[[Alu®~~®(mﬁAn,lﬂ,nAnﬂ)_1)
I([A] @ ![As] @ [A3] @ - -~ @ [ An])
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Figure 1.5: Construction of the promotion in a Seely category

Definition 1.1.14. Let Rel be the category whose objects are sets and whose morphisms
are power sets of the Cartesian product: Rel(X,Y) = P(X xY). For R € Rel(X,Y) and
S € Rel(Y, Z) the composition RS is defined by

RS & {(z,2) e X x Z |y €eY,(z,y) €R and (y,2) € S}
and for each object X of Rel the identity idx is defined by
idx £ {(z,r) € X x X}.

The category Rel is a symmetric monoidal category with the Cartesian product as
its tensor product and a singleton as its unit. It is symmetric monoidal closed, with
X — Y = X xY and x-autonomous with | being a singleton. The category Rel also has
an additive structure, given by the Cartesian product defined by

X1 & Xy 2 {1} x X1 U{2} x Xo
which leads to projections 7; and terminal object T defined by
m = {((i,2),2) | v € X;} T20.
For two morphims R; € Rel(Y, X;) and Rs € Rel(Y, X5) we define the pairing as
(R1,R2) 2 {(y,(i,7)) | (y,z) € R; for i = 1,2} € Rel(Y, X; & X>)

Finally, we define a comonad over Rel to interpret the exponential structure. To do so,
we use finite multisets.
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Definition 1.1.15. A multiset m over a set X is a function m : A — N. The multiplicity
of an element x is the integer m(x). The sum of two multisets m and m’' over the same
set X is defined as the multiset m +m' : A — N where for each x € X, m 4+ m/(z) =
m(z)+m/(x). A multiset m is finite when it has finite support. It this case we may use a
list notation, where the number of occurrences of an element in the list is its multiplicity.

Now, one defines a comonad (!, der, dig) as follows:

for each object X, !X £ M (X), the set of finite multisets of elements of X;

for a relation R € Rel(X,Y),

'R 2 {([a1,...,an],[b1,...,bs]) | n € N and Vi, (a;,b;) € R}

for X € Rel, we set

derX £ {([CL],CL) | a € X} € Rel('X,X),

for X € Rel, we set
digx = {(mi+-+mp, [m1,...,my]) | n €N, mq,....,m, € Ms(X)} € Rel(!X,!X)
using the sum of multisets.

From this comonad, the Seely isomorphisms are interpreted by the bijection m?xy between

([x1, - zn)s Y1, - - - ym]) and [(1,21), ..., (1,2), (2,91), (2,¥m)]- and m® by the bijection
from the singleton 1 to {[]}.

1.2 Graded linear logic

Some extensions of linear logic have been defined since the original paper by Girard in
1987. One of them named, bounded linear logic (BLL) from Girard et al. [GSS91] is a
refinement of LL in the sense that the exponential connectives are now indexed by some
polynomials. While linear logic was about taking into account the resources consumed
by a program during its execution, this new polynomial represents a constraint about
the time of execution of the program as proved by Girard et al. Following this tech-
nique, Ghica and Smith have extended it to a system where the exponential modality is
parametrized by a semiring |[GS14]. This idea known as grading has been used to represent
coeffects [GKO™16,BGMZ14].

1.2.1 Syntax

Graded linear logic is a system that uses semirings to parametrize the exponential modality
of linear logic.

Definition 1.2.1. A semiring (S, +,0, X, 1) is given by a set S with two associative binary
operations on S: a sum + which is commutative and has a neutral element 0 € S and a
product X which is distributive over the sum and has a neutral element 1 € S.

Such a semiring is said to be commutative when the product is commutative.

An ordered semiring is a semiring endowed with a partial order < such that the sum and
the product are monotonic.
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In this section, we will sometimes use the term semiring instead of ordered semiring, as
every semiring we consider here is ordered. This algebraic structure can then be used to
refine the usual exponential rules of linear logic. An important point in our presentation
here is the fact that graded linear logic is usually presented as an extension of intuitionistic
linear logic, since it is used as a typing system. However, we chose to present it in the
context of classical linear logic, in order to fit with our previous presentation of linear
logic, and since it is the point of view that we will use in the next chapters.

Let S be a semiring. We define the logic BgsLL, which is parametrized by S, as follows.
The grammar is the one of MALL extended with two connectives that are indexed by the
elements of §

AB2X|X|ABB|A®B|A&B|AGB|1,A|7,A

where X are atoms and z € §. The inference rules of this system are the ones of LL except
for the exponential ones that are refined. These refined rules are as follows.

D, FT,7,4,7,A FT, A y
T, 704 TELL 7,4 © FT,7A
F7xD, A b FI,?7, A xﬁyd
F2yxxT, 1, A FT,7,A I

The capital X in the promotion represents a tuple of elements of S. If I' = A4,..., A,
and X = (z1,...,2,), 7x[ = 74, A1,... 7, Ay and y X X = (yz1,...,yx,) Taking the
semiring of natural numbers N with usual sum and product, one can, for example, under-
stand this parametrization as a way to count the minimal number of resources to produce
an output. Going back to a two-sided presentation, the weakening

I'FB
T, 0AF B

W

expresses that if we can produce B with I', we can also produce it with 0 times A. For
the contraction, if we need x occurrences of A and y occurrences of A then we need x + y
occurrences of A. The dereliction states that if we produce an output with A, we produce
it with one occurrence of A. The promotion is less trivial with this interpretation. Its
two-sided version is

oy At e A B
Lo ALy Ve Ap 1B

and means that if one produces B with z; times the resource A; for each i, then it is
possible to produce y time the output B if having y x x; times the ressouce A; for each i.
Finally, comparing this set of rules to the one of exponential rules of linear logic, one rule
is added. This is the rule that we call d;, the indexed dereliction. It uses the order of the
semiring, and states that if we can produce B with z times A, we can also produce it with
y times A if y is greater than z. Note that the neutrality of some elements of S reflects
the neutrality of some rules: in linear logic the weakening is the neutral of the contraction
and the dereliction is the neutral of the promotion. It is algebraically reflected here, since
0 is the neutral of the sum and 1 the neutral of the product.

We have taken the semiring of natural numbers to give simple intuitions about graded
linear logic, but, of course, other semirings can be used to index the exponential. If one
takes the semiring of polynomials, this system is (almost) equivalent to bounded linear
logic. Another possibility is to use the semiring of positive real numbers. In this case, the
system corresponds to ideas from differential privacy |GHH™13].




Chapter 1 - Background: Linear Logic, Gradation and Differentiation 33

1.2.2 Cut elimination

The logic BsLL being quite close to LL in its syntax, it is natural to try to adapt what is
done in linear logic to define its cut elimination. This approach works well, but two points
have to be solved. For the indexes, some equalities will be required, and one can wonder if
the structure of semiring is powerful enough to express these equalities. The second point
is about the indexed dereliction, which is not in LL. This question of cut elimination has
been studied by Breuvart and Pagani [BP15]. We give their solution to adapt the one
from linear logic in Figure

Each cut elimination case here has the same form of the one of linear logic. The only
differences are the indexations of the exponentials. The difficulty is to decorate these
exponentials correctly. For the cut between a promotion and a weakening, we use the fact
that 0 x x = 0 for each x € § and for the one between a promotion and a dereliction,
we use that 1 x x = xz. For the cut between a promotion and a contraction, the left
distributivity of the product allows using the same form as the one for linear logic. For
the cut between two promotions, it uses the associativity of the product of the semiring.

The last case is the cut between a promotion and an indexed dereliction. We give
the reduction in Figure This case works thanks to the monotonicity of the order
with respect to the product. From the cut elimination theorem of linear logic, one easily
deduces a cut elimination for BgLL.

Theorem 1.2.2. For each proof © of a sequent =T of BsLL, there is a cut-free proof ©’
of =T of BsLL such that ™ ~* 7.

Note that here, some commutation cases need to be considered to be completely formal.

1.2.3 Model

The categorical axiomatization of graded linear logic is given by Burnel et al. [BGMZ14).
They use bimonoidal categories [Lap72|, which gives a categorification of the notion of
semiring. They then use the notion of strong monads from Mellies [Mell2] to describe
the interaction between the category interpreting linear logic and the bimonoidal one.
This model as known as a bounded exponential situation. Gaboardi et al. gave a similar
presentation [GKO™ 16|, without bimonoidal categories, by expliciting the diagrams corre-
sponding to the interaction between the algebraic axioms of the semiring and the category
interpreting the formulas and proofs. Other equivalent approaches are possible, such as
the notion of stratified categories, which are used by Breuvart and Pagani to give an alter-
native definition of a model of BsLL [BP15]. We do not present here a detailed categorical
semantics with its conditions, but we only express the objects required to interpret BgLL.
We then give the example of Rel graded by a semiring.

Definition 1.2.3. Let S be a semiring. A bounded exponential situation consists of a
symmetric monoidal closed category (C,®,1,—o) with a bifunctor! _: S x C — C and six
natural transformations

m?:1— 1 mg’X7Y:!SX®!SY—>!S(X®Y)
Wx 'OX —1 Cst,X : !5+tX — 'SX X 'tX
dx : '1X — X PXx st - !stX — !s!tX

which satisfies some coherence diagrams, similar to those of linear logic but parametrized

(see [BGMZ14)).
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Figure 1.6: Cut elimination for the exponential rules in graded linear logic
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Figure 1.7: Cut elimination for the indexed dereliction in graded linear logic

Remark 1.2.4. To be completely formal, one should define how S is categorified. Moreover,
in the presentation of categorical models of linear logic that we gave, the category where
the formulas were interpreted were symmetric monoidal closed, Cartesian closed and *-
autonomous. Here it is presented differently due to the fact that BgLL is defined as a
multiplicative intuitionistic logic. Then, the x-autonomy and the Cartesian closure are
not required.

1.2.3.1 A graded version of Rel as a model of BgLL

We give here the example of a grading, based on the relational model. To do so, we need
to extend the notion of multisets which were used for the exponential functor of Rel.

Definition 1.2.5. Let X be a set and S a semiring. We denote by Sp(X) the set of
functions p : X — S whose support supp(p) = {x € X | p(x) # 0s} is finite. We use ||
to denote the function constant at Os and [x] for the function with value 1s at x and Og
elsewhere, which are elements of Sy(X).

Proposition 1.2.6. Let (X,-,I) be a monoid and S an ordered semiring. Then Sy(X) is
an ordered semiring with the following structure

Us;(x) =1 (1 s,y V)t o= p(x) +s v(z)
13f<X> 2 [1] ( XS5 (x) v):x Z p(xy) xs v(ws)
T1-T2=I

and the order defined by p <s (xy v iff for allz € X, pu(x) <s v(x).

From this new semiring, we define a new exponential comonad on Rel, through the
following exponential functor. For each object X of Rel, and each relation R € Rel(X,Y),

IS X
ISR

Sp{X)
{(u,v) € Rel(19X,19Y) | Ju € S§(R), u(z) = > yey H(z,y) and
v(y) = Lpex 12, y)}

1> 1>
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From this functor, one defines the following natural transformations

dery 2 {([z],z) |z € X} € Rel(!5X, X)
digy = {(m,M)|Vze X ,m(z) =3 ,csyn(x) x M(m)} € Rel(15X,1915X)

which gives a comonad as proved by Carraro et al. [CES10]. On extends this structure,
denoted Rel®, to a Seely category by defining the following natural transformations

wx 2 {([,»)} € Rel(1°X,1)
cx = {(u, (vi,12)) | u,v1,v2 € 19X, u= v +v2} € Rel(!I°X,1°X ® 15X)
m0 2 {(x,u) | ue!S1} € Rel(1,!51)

miy = (@ ey m@,y),y = Xpex ul@y)),p) | p e lr(X @Y)}

€ Rel(IX @ 19, 15(X @ Y)).

Note that, in order to prove that this structure is actually a Seely category, the semiring S
has to be a multiplicity semiring (see [CES10, Section 3.1] for the definition). The semiring
of natural numbers is the typical example of multiplicity semiring, and one can use it to
construct many more.

From the definition of !S_ and its associated natural transformations, we define a graded
comonad to give a graded model of BsLL based on Rel. To do so, for s € S and X € Rel,
we define

LX 2 {pe®X s> )}
zeX
and the functoriality and the natural transformations are defined through these restric-
tions. This gives a graded model of BgLL.

1.3 Differential linear logic

In the early 2000s, Ehrhard studied several vectorial models of linear logic such as finite-
ness spaces or Kothe spaces [Ehr05, Ehr02]. These frameworks are well suited to study
the notion of differentiation. From these considerations, he brought with Regnier this
notion of differentiation into the syntax of lambda-calculus to define differential lambda-
calculus [ER03] and into linear logic to define differential linear logic (DiLL) [ER06].

In linear logic, the dereliction rule allows to forget the linearity of a proof, going from
the linear world to the non-linear one. Semantically, it consists of considering a linear
morphism in the Kleisli category of the exponential comonad. Differential linear logic is
based on a codereliction rule, which is the syntactical opposite of the dereliction. Its role
is the opposite to the one of the dereliction: it allows going from the non-linear world
to the linear one. Semantically, it corresponds to taking the best linear approximation
of a non-linear map, which is its differential. Two other rules had to be added to the
syntax in order to express the cut elimination procedure of differential linear logic. These
rules are the coweakening and the cocontraction, which are the syntactical opposites of,
respectively, the weakening and the contraction.

1.3.1 Syntax

Originally, the syntax of differential linear logic was given in terms of proof nets, called
differential interaction nets. One crucial difference with this kind of proof nets and proof
nets of linear logic is that one needs to be able to perform sums of proofs in differential
interaction nets. This necessity may be understood from several points of view. Seman-
tically, we will interpret the contraction by the pointwise product of smooth functions
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and the codereliction by computing the differential at 0 of a function. Expressing the cut
elimination of these two rules will then correspond to compute the differential of a product
of functions. From the Leibniz rule of differential calculus, we have

D(fg) = D(f)g+ fD(g)

that we will use to express the reduction between a contraction and a codereliction but
this works only with sums of proofs. In the syntax, this sum can also be viewed as a form
of non-determinism. A contraction cell has two inputs, and to perform the reduction with
a codereliction, we must branch it to one of these inputs. We use this non-determinism,
and hence this notion of sum, to superpose the two branching possibilities that we have.
Note that we chose to illustrate this point with the example of the interaction between
the contraction and the codereliction but the sum appears in the interaction between
the dereliction and the cocontraction as well. We will detail this later on while giving
a precise semantics for DiLL. Recent work by Ehrhard shows how to get rid of this non-
determinism, in a framework named coherent differentiation. It is done by controlling
precisely the elements that are summed [Ehr23, Ehr24].

The grammar of the formulas of differential linear logic is the same as that of linear
logic. For the rules that we still present in a one-sided flavor, it extends those of LL with
three new rules

W FT,IA FAJIA FT,A _
c —= 1 d
FT,AIA FT,1A

H1A

the coweakening, the cocontraction and the codereliction. In its first version, differential
linear logic was presented as a promotion-free logic: the promotion was removed from the
set of rules. We denote by DilLLg this logic. In order to take into account the notion of
sums of proofs that we mentioned before, we also add two rules that provide an additive
structure to the set of proof trees
— FT FT
T —Fr

where the rule 0 allows to produce an empty proof (or 0-proof) for each sequent and the
rule + to sum two proofs that prove the same sequent.

Remark 1.3.1. Note that the rule 0 allows to prove every sequent. One can then trivially
prove false is differential linear logic. It can seem quite puzzling, since the consistency
property is usually crucial for a logic. However, DiLL is useful for its dynamics: it consists
of a logic where the cut elimination procedure underlies the resource analysis of linear
logic together with the usual rules of differential calculus. We then focus on the structure
of its proofs rather than what can be proved.

1.3.2 Cut elimination

For the cut elimination procedure of DiLL, many new cases appear compared to the pro-
cedure of LL. In the exponential rules of linear logic, the only one introducing a formula of
the form !A is the promotion. The only possible interaction was then between the promo-
tion and the other structural rules. Each new costructural rules introduce a !A formula.
They then interact with every structural rule. We give the cases involving the coweakening
in Figure the cases with the cocontraction in Figures [I.9 and and the ones with
codereliction in Figure From these cases, one deduces a cut elimination theorem.

Theorem 1.3.2. For each proof © of a sequent =T of LL, there is a cut-free proof ' of
FT of LL such that m ~* 7.
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Figure 1.8: Cut elimination cases with w in DiLL

Such a theorem has been proved by Pagani in terms of proof nets [Pag09]. In this
context, it has even been proved by Pagani and Tranquilli that the rewriting is strongly
normalizing, meaning that there is only one possible sequence of reduction [PT17].

Some semantic intuitions behind the rules and the cut elimination The cut
elimination cases from differential linear logic can nicely be described in terms of standard
differential calculus. To do so, one should keep one model in mind. It can be Rel, or
Kothe the category of Kothe spaces that we introduce in Section We chose here
to describe this rewriting in terms of smooth maps and distributions, the model Smooth
that we present in Section[I.3.5] In this model, formulas of MALL are interpreted by finite
dimensional real vector spaces, isomorphic to R", and exponential formulas by smooth
maps and distributions

[7A] £ C>=([A]',R) [1A] £ (C>=([AL,R))"
The exponential rules are interpreted as follows:
e the weakening introduces the smooth map cst; constant at 1;
e the contraction takes two smooth maps and computes their pointwise product;

e the dereliction takes a vector v and computes the smooth map = € A" — x(v);
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@ F 72 7AL, 745, B cut
@ FALA - 72,741 2AL.1B
FT, 1A F A, 7E,74% 1B cut
7 FT.A. 72,18 cut

Figure 1.9: Cut elimination cases with ¢ in DiLL
e the promotion takes a vector v and produces the Dirac at v denoted 9§, which is the
distribution such that for each smooth function f, §,(f) = f(v);
e the coweakening introduces g, the Dirac at 0;

e the cocontraction takes two distributions and computes their convolution product;
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v vV

FTA FAA 0 REAL AN
FT,A 1A ¢ g, 741
FT,A =

cut

'6 F24L 24514 FE74L 7241

F2AL 24% 14 FE, 7AL 7AL 2A4L cut
W FE.7AL 7AL 24L 741 cut
FALA FZ,74L, 745 74L
@ F A= 745, 74T cut
FT14 F AL S, 7AL
cut

where 'é stands for

Fa7al Y Thaeal
F24L 7414 ¢

Figure 1.10: Cut elimination case between ¢ and c in DiLL

e the coderelicion takes a vector v, and produces the distribution that takes a smooth
map f and computes Dy(f)(v), the differential at 0 of f taken at point v.

Every exponential cut elimination case can be expressed in terms of crucial equalities of
this framework. We describe some of them to highlight how DiLL captures differential
calculus. To do so, we present the interpretation of the cuts involving a codereliction.

The cut between d and w represents the computation Dg(cst;)(v) where v is a vector.
The rewriting works since Dy(cst1)(v) = 0, which is the case, since the differential of a
constant function is 0.

The cut between d and c represents the computation Do(f.g)(v) where f and g are
smooth functions and v a vector. The tree resulting in the cut elimination case in inter-
preted as follows:

_ kv 5 W
W FDOW® bre by o TR bpg
- 8 FDo(H)w).g . = Do(-)(v) " olf)
F Do(f)(v)-00(9) " 0o(f)-Dolg)(v)

= Do(f)(v).9(0) + £(0).Do(g)(v)

and the equality with the tree before the elimination highlights exactly the product rule
(or Leibniz rule) of differential calculus.

The cut between d and d represents the computation Do(z € A+ +— z(£))(v) where
¢ € At is a linear map and v € A is a vector. Using the isomorphism between A and
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LA N ~  Tr.A 0
FT, 14 FA, 74T
FT.A cut
FT,A L FAAN AN
1,14 d A 7AL
FT.A cut
T, A ; ;; ) ;
FTUA 9 A74L 2At FrA o FAM pazabiat
- W cu _ CuU
Fia W ~ravat FT,14 d Faat
T, A e FTA e
FT.A
FA, AL -
R T R A S FT,A A AL
FT,IA FA?AL cut
FT A cut FT,A
FT,A F?A,?7AL, B ~
Fra 9 oA valoB
FT.7A 1B cut
T, A ; i} ;
FT.a 9 Foa 24t B Fia Y boA74L B
FT.7A.B _ cut “AB cut
FT.7A.18 ¢ F7AIB
FTIATA ¢
FT,7A ¢

Figure 1.11: Cut elimination cases with d in DiLL
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AtL | this computation is equivalent to Dg(€)(v). The tree that we get after a rewriting
is interpreted by ¢(v) and the equality of the interpretations represents the fact that
Dy(¢) = ¢, so that the differential of a linear map is the linear map itself.

The cut between d and p represents the computation of Dg (8 £)(v) where v is a vector
in A, f is a linear map from !A to B and d; is a linear map from !A to !B that takes z in
IA, and gives d4(,) an element of !B which takes g € 7B and gives 0¢(,)(9) = g(f(x)) € R.
One way to see the interpretation of this cutEI is by the distribution g — Dgy(g o f)(v).
After the rewriting, it is interpreted as follows:

_Fv 4 T
" Do(,)(v) ‘ -/ cut " % " i cut
" Do(£)(v) Folf)
= Do(-)(Do(f)(v)) = dsu(s) ,

F Do () (Do(f)(v)) * 0505

Applying this distribution to a smooth function g € 7B, one gets

Do(x = dp0)(y = g(z +y)))(Do(f)(v)) = Doz — g(z + f(0)))(Do(f)(v))
= D0y (9)(Do(f)(v))-

This shows that this rewriting corresponds to the chain rule of differential calculus.

The cut elimination cases of the coderelicion rule represent then syntactically the
differential calculus rule to compute the differential of constant functions, linear functions,
product of functions and composition of functions. While we give intuitions in terms of
smooth functions and distributions, all of these interactions can be formalized categorically.
This is done in differential categories for example. We mention this at the end of the next
section.

1.3.3 The categorical semantics of DilLL

Defining a categorical semantics for differential linear logic consists of extending the se-
mantics of linear logic to be able to interpret the new costructural rules. We will base
our definitions on Seely categories, as it is the point of view that we chose to present the
categorical semantics of linear logic. Another presentation with exponential structures is
given by Ehrhard [Ehr18]. Following work by Fiore [Fio09], we extend Seely categories
to interpret the coweakening, the cocontraction and the codereliction. For the coweaken-
ing and the cocontraction, the constructions appear naturally extending the product to a
biproduct.

Definition 1.3.3. Let C be a symmetric monoidal category. A biproduct (&, T) of C is
given by four natural transformations

TNA%’T

A& A A& A

2This is not completely right. We present it this way here, as our point is to give intuitions about the
syntax but this interpretation lacks some formalism for the promotion rule.
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such that (A, u, V) is a commutative &-monoid and (A, n, A) is a commutative &-comonoid.
Moreover, we say that this biproduct is compatible with the symmetric monoidal structure
when the following diagrams commudte.

T®B (A& A)® B
nA@W wic@ AW Va®idc
AR B NTRB AR B A® B (m1®@idc,me®idc) A® B
n%) J As AsgB l VagB
T (A® B) & (A® B)

This allows interpreting the coweakening and the cocontraction of differential linear
logic. We recall from Section [I.1.4.2] that to interpret the weakening and the contraction,
we had to precompose the morphism from the premise with the following morphisms

1A 4 (77%24,,4)71 Ita mP0
CA:!AH!(A&A)*)!A(X)!A wy:lA 1T > 1

To interpret the coweakening and the cocontraction, we use the biproduct structure to
define

m2
CaIA®IA A 1Ak A) YA 1A Wl

From these new morphisms, the interpretation of w4 is exactly the interpretation of the
coweakening, and if we take f : [['] — !A and g : [A] — !A as interpretations of the
premises of a cocontraction, the morphism (f ®g); ¢4 : [['] ® [A] — !A interprets the rule.

For the codereliction rule, the method is different. One might hope that, since the
dereliction of linear logic comes from the unit of the comonad of the Seely category,
adding a structure of monad and using its unit should be the right way to interpret the
codereliction. This idea has been investigated by Kerjean and Lemay [KL23| KL24]. We
will detail it later in Chapter [3| Here, we do not use this idea because it is too strong to
describe only differential linear logic. The comonadic structure on !_ underlies both the
dereliction and the promotion rule. This is why, to axiomatize the codereliction we do not
use a monad but only a natural transformation with the right diagrams. We define d as
the following natural transformation

di:A— 1A
which satisfy the following diagrams:

A !B 228, 4913 —" 5 1(A® B)

1A
da der 5
id A ®derpg aA(X)B / \
A , A
id A

A® B

] _ (1.2)
A da 1A diga 1A

(PA)_1J TC!A

A9l — S IA®IA — 5 NA® 1A
daA®wa daA®dig 4
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The last challenge in the definition of the categorical axiomatization of differential
linear logic is the question of the sums of proofs. As we explain in Section the
structure of the proofs of differential linear logic needs to be endowed with a 0 proof
and sums of proofs. Categorically speaking, this corresponds to have an enrichment over
the hom-sets of C, meaning that each hom-set is endowed with a commutative monoidal
structure (C, +,0). This can be asked as a new constraint on C, but things work elegantly
here since such an enrichment arises directly from the biproduct structure, as shown by
Fiore [F1009).

Proposition 1.3.4. If a category C with finite products is endowed with a biproduct
structure, then it is enriched over commutative monoids.

Proof. Let us take C endowed with a biproduct structure (&, T). One defines a monoidal
operation + on C(A, B) together with its neutral element 0 as

Frg:A 2% aea Y peB Y2, B 0:4 "M, T "5,
where f: A — B and g: A — B are elements of C(A, B). O

Definition 1.3.5. A Seely model of differential linear logic is a Seely category equipped
with a biproduct compatible with the symmetric monoidal structure and a natural trans-
formation d that satisfies the diagrams of equation .

Remark 1.3.6. This presentation is one possible axiomatization of differential linear logic.
Differential categories [BCS06, BCLS20| can interpret DiLL. The main difference is that
the differentiation does not appear with a natural transformation d : !A — A but from a
deriving transformation D : 1A® A — A. This corresponds to give a general operation for
the differential, operating non-linearly on the variable along which we differentiate, and
linearly on the one we apply the differentiation function. It has the flaw of being further
from the syntax of DiLL. It requires more work to interpret DiLL from differential cate-
gories. This is why we did not choose to present it here. However, differential categories
are closer to intuitions from differential calculus. The commutative diagrams coming with
the deriving transformation correspond exactly to the rules of differential calculus that we
describe at the end of Section

Here as well, we have a nice theorem proving that the categorical semantics is invariant
over the cut elimination procedure of differential linear logic.

Theorem 1.3.7. Let ™ and 7' be two proofs of differential linear logic such that m ~ .
Then [r] = [7].

1.3.4 Kothe spaces as a model of DilLL

We present here one example of a model of differential linear logic where the codereliction
corresponds to an actual differentiation. It is possible to extend what we described in
Section to turn Rel into a model of DiLL but because of the implicity of Rel the
differentiation does not really match with the intuitions of approaching a non-linear map
by the linear one. The codereliction rule in Rel is defined from a deriving transformation,
which takes a relation R € Rel(!X,Y’) and transforms it into

DR = {((m,z),y) | m € Ms(X),z € X,y €Y, (m+ [z],y) € R} € Rel(IX x X,Y).

Kothe spaces is one of the first models of DiLL, and has been studied by Ehrhard [Ehr02].
It had first been introduced as a model of linear logic, and then used to extend the syntax
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of LL into DiLL. To define Kothe spaces, we fix X a set at most countable, a field K (which
can be R or C), and study the space KX of sequences of elements of K indexed by X.

Definition 1.3.8. If u,v € K¥ are such that Y,y [ujvi| converges, u and v are in
duality. For E C KX, we denote

Et2{ueK* |YoeE, uandv are in duality}.
For i € X, we define ¢; € KX such that (e;); =0if i # j and (e;);, = 1.

Definition 1.3.9. A Kothe space is a pair X = (X, Ex) such that X is at most countable,
Ex CK¥X and E)J-(L = Ex. Its dual X+ is defined by X1t =X and Exi = EXJ-.

A crucial remark is that when X is finite, Ex = KX, since E)Jg = KX for each
Ex C K¥X. For each Kéthe space (X, Ex), Ex is a vector space, as a sub-vector space of
KX. It is endowed of the normal topology £(Ex). This topology is defined from a family
of seminorms. We define (IV;), BL 88

No(a') =) |wiaf]

i€X

and the normal topology on Ex is the one induced by this family. We define a corre-
spondence between matrices and linear maps. From a linear map f : Ex — FEy we define
M(f) € KXY where M(f)yp = f(ea)y- From a matrix M € KXY f(M): Ex — KY is
defined by f(M)(z), = > .cx MapTa. Defining Ex_oy as the space of M € K¥*¥ such

that
Z Ma,bxaylly
aceX,bey

converges absolutely for all x € Ex, and y € Ey., (X,Ex) — (Y, Ey) is interpreted
by (X x Y, Ex_y). The correspondence given above provides an isomorphism between
Ex_.y and L(Ex, Ey). We denote by Kothe the category of Kothe spaces with linear
continuous maps as morphisms. To define the composition and the identities, we use the
correspondence with the matrices and naturally define the composition as the matricial
product and the identities thanks to the identity matrix. We now endow Ko6the with the
categorical structure required to make it a model of differential linear logic. The proofs
that these constructions fulfill the axioms of models of DiLL are done by Ehrhard [Ehr02].

The multiplicative additive structure on Kéthe The monoidal and Cartesian struc-
ture in Ko6the is defined naturally from usual constructions over vector spaces. For two
Ko6the spaces Ex and Ey, they tensor product is defined by

Ex ® By £ (Ex — Ey)" = {(za) (ap)exxy | (€a)a € Ex, (yo)o € By}

The double duality ensures that the space constructed is, in fact, a Kothe space. This
construction gives a monoidal closed structure on Kéthe. For the Cartesian structure,
which interprets the additive subpart of LL, we define is through direct sums. For X and
Y at most countable, X & Y is the disjoint sum of X and Y. The set Ex & Fy is defined
by

Ex & By 2 {z e K¥ | 11(2) € Ex and m(2) € By}

where the projections 7 represents the subsequence where one keeps the elements whose
index is in X (and similarly for mo with indexes in Y).
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The exponential structure on Kothe To define the exponential structure, we use
some ideas from Rel. The multiplicative and additive constructions on the set of indices of
Kothe spaces are the same as those we present for Rel. We then keep this idea here, and
the exponential of a Kéthe space will be a space of sequences indexed by finite multisets.
From a Kéthe space (X, Ex), and = € Ex, one defines z' such that

(m!)# TR H xé{(i)

i€eX
where p is a finite multiset, and (X, Fx) by the Koéthe space
IX = Mj(X) Ex={z'|zeEx} "

From this, one defines the weakening as w : Eix — K by w((z),) = z|; where [] is the
empty multiset, and ¢ : Eix — Eix ® Eix by c(2') =2' @ 2' = (:L‘LI:ULZ)MM.
Equivalently, the exponential of a Ki6the space can be defined from entire functions.

Definition 1.3.10. Let Ex and Ey be two Kothe spaces. A map h : Ex — Ey is entire
when there is a continuous linear function f : Eyx — Ey such that h(z) = f(z') for all
x € Ex. In this case, [ is called the power series defining h.

This notion of entire function corresponds to functions that are entirely determined by
their Taylor expansion, in the sense that they are equal to their Taylor series everywhere.
An entire map h : Ex — K can then be represented by its power series M € Eyx — K =
E(!X)L and we have

h(z)= > Ma".

HEM ¢ (X)

In this case, M, corresponds to aa—f(O) and M, to

La

el (0).

Finally, the comonadic structure over !_ is defined thanks to the matricial point of view.
The dereliction for Ex is defined by the matrix (0, o)) uerx aex Which is the matrix with 0
everywhere except when p = [a]. The digging for Ex by the matrix (3, s~ ar))uetx,menx
where Y (M) is the sum of multisets as defined in Definition

The differential structure on Ko6the The last step in the definition of Kothe as
a model of differential linear logic is the biproduct structure to define w and ¢, and the
natural transformation d. For the coweakening w : K — Eix, we define w(x) = () ,), the
sequence equal to x when the index is the empty set and 0 otherwise. For the cocontraction
C: Fix ® Bix — Ex,

(@) @ W= Y <’“+“ 2)%.@#2 with <5> =11 (aw’ffb?i v(a))!

v !
p1t+p2=p H1 a€eX

the binomial coefficient generalized to multisets. The natural transformation d : Ex —
FEix is expressed as follows:

~ | zq if p=[a] for some a € X
d((@a)) _{ 0  otherwise

and from this definition, composing d with an entire map gives, in fact, its derivative at 0.
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1.3.5 A smooth model with distributions

The models that we have overlooked so far are the categories Rel and K6the. These two
models have drawbacks. In the relational model, the objects are not topological vector
spaces; hence, the notion of differentiation is far from a smooth mathematical perspective.
The model with K6the spaces is made of discrete spaces, in the sense that Kothe spaces are
subsets of spaces of sequences. Hence they do not provide notions of continuity, and one
cannot perform usual functional analysis with this kind of space. We present here a model
with smooth maps and distributions over topological vector spaces. However, this model
has some drawbacks as well. It is not a model of classical linear logic: either we define it
as an intuitionistic model, or as a model of polarized differential linear logic. Moreover,
the model we present here in finitary: it is a model of DiLL without digging because one
cannot define the interpretation of formulas of type !!A. A possible alternative is to define
a model thanks to bornological spaces instead of topological ones. Such a model is defined
by Blute et al. [BET12|. It is neither polarized nor finitary, but it models intuitionistic
differential linear logic. We chose to present here a smooth model for polarized finitary
DiLL.

1.3.5.1 Distribution theory

First, we denote the space of smooth functions from R™ to R by C*(R™,R) or £(R"),
where a smooth function is defined as differentiable with a smooth differential. If a smooth
function f € C*°(R", R) has compact supportlﬂ f is said to be a test function and the set
of test functions from R™ to R is denoted by C°(R",R) or by D(R").

Definition 1.3.11. A topological vector space (or tvs) is a vector space E endowed with
a topology such that the addition and the scalar multiplication of E are continuous for this
topology. A tvs is a locally convex topological vector space (or lctvs) when each point is
contained in a convexr open set of the topology.

The topology of the spaces £(R™) and D(R") are defined through a family of semi-
norms. For a precise definition see [Tre67].

In what follows, we call the dual of a lctvs E the algebraic dual of E of linear forms
over F restricted to the linear forms, which are continuous with respect to the topology of
E. We denote this lctvs E’. Moreover, in the context of topological vector spaces, we say
that two lctvs F and F' are isomorphic when there is an isomorphism ¢ of vector spaces
between E and F such that ¢ and ¢! are continuous. Hence, E and F are isomorphic
and homeomorphic. Since D(R™) and £(R™) are lctvs (see [Tre67]), they have topological
duals. These dual spaces are endowed with the topology of uniform convergence over
compact sets. This topology is the one where open sets are generated by the sets Uk .,
formed with functions such that supg |f| < r, where K is compact and r > 0.

Definition 1.3.12. Let n be an integer. The space of distributions over R™ is the topo-
logical dual of D(R™) (the space of functions with compact support), denoted by D'(R™).
Similarly, the space of distribution with compact support over R™ is the topological dual of
the space of smooth functions E(R™), denoted by E'(R™).

A distribution should be seen as a generalized function, since for f € D(R™) and
g € E(R™), one can define two distributions Ty and T} by

(Tf ‘heERY) /fh> € &/(R") (Tg . h e D(RY) s /gh> e D'(RY). (1.3)

3where the compactness is defined with the topology induced by the canonical norm on R™
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Then, this definition rises that distributions (resp. distributions with compact support)
generalize smooth functions (resp. smooth functions with compact support).

Example 1.3.13. A very common example of distribution (with compact support) is the
Dirac distribution at 0. This distribution, denoted by &y, is defined by 6o : f — f(0). This
example will come back later.

The right way to consider a monoidal product between functions and distributions
is the notion of convolution product. This is a binary operation which can be defined
between two smooth functions, two distributions and a function and a distribution with
the right hypothesis on the support.

Definition 1.3.14. Let n be an integer and f € D(R™), g € ER™), ¢ € E'(R™) and
€ E'(R™). The convolution product over smooths functions or distributions is defined as
follows :

e The convolution between two smooth functionéﬂ one of them having compact support,
18

Frgiz R /f(x — #)g(t)dt € D(R™).

o The convolution of a distribution with compact support and a smooth function is

defined as
pxg:xr dly—glx—y)) € ERM).

o Finally, for two distributions with compact support, the convolution ¢ * i is the
distribution

d*:he€EMR) — ¢z (y— h(z+1y))) € ERM).

The hypothesis on the support is made to ensure that the integral is well defined.
Some important properties of this convolution product are proved, for example, in
[Hor63]. We summarize them in the following proposition.

Proposition 1.3.15. Let n be an integer.

o A fundamental property is that the convolution product is associative and commuta-

tie : for f,g € D(R™) and h € E(R™),

frh=hx*f (fxh)xg=fx*(h*g)
and for ¢, € E'(R™) and ¢ € D'(R"),
prp=px¢ (p*p)x1h=dx*(p*1).

o Let p € D'(R™), v € E'(R™) and f € E(R™). From the definition we have
(pxv)* f=¢x (= [)

since

(o) f=2 (o*Y)(y = f(z—y))
=z oz Yt flx—2z-1)))
=z ¢z (Y * f)lz - 2))
=¢* (Y= f).

41t is possible to define this operation on continuous functions, but we only need to consider it on
smooth functions and distributions for our purpose.
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The distribution dg from Example [1.3.13] is the neutral element for the convolution
product. For a smooth function f € £(R"),

b0 f(z) = do(y = f(x —y)) = f(z = 0) = f(x)

which leads to dp x f = f. Moreover, since §p has compact support, for each ¢ € £'(R")

(¢ 80)(f) = ¥(x = do(y = flz +y)) = d(z = f(z—0) =(f)

implying that v * dg = 1. Hence, Jq is neutral for smooth functions and for distributions.

Remark 1.3.16. In most contexts, distribution theory is introduced by defining the space
of test functions D(R™), and the space of distributions as its topological dual. Here
we also introduce the space of smooth functions and its dual, the space of distributions
with compact support. The reason is that we seek for a model of DiLL, and hope that
distributions can interpret exponential formulas. Since the dereliction rule states that one
can consider a linear map as a non-linear one, we cannot use spaces D(R") to interpret
?A formulas because linear maps do not have compact support (in general).

1.3.5.2 Topological prerequisites

Many topological notions have to be carefully defined and proved to give a smooth model
of DiLL. We do not detail everything, but we give some basic definitions, which are helpful
to partly understand the challenges here. For a more complete presentation, see [Ker18b].
Remember that, in this context, the isomorphisms mentioned are also homeomorphisms.

Definition 1.3.17. A Ictvs E is reflexive if the map

5 E — E
|z = (6.: L€ E — l(z) €ER)

s an isomorphism.

Definition 1.3.18. An Euclidean lctvs is a finite dimensional R-vector space with an in-
ner product, endowed with the topology coming from the usual norm ||_||2. Fach Euclidean
space E is isomorphic to R™ where n is the dimension of E.

The space FE is isomorphic to R" since finite dimensional vector spaces of the same
dimension are always isomorphic and their topologies are equivalent.

Definition 1.3.19. A Fréchet space (or F-space) is a complete metrizable lctvs. A space
which is dual to a F-space is called a DF-space.

Definition 1.3.20. Let E be a lctvs and X be a Banach space (a complete normed tvs).
A linear continuous map f : E — X is nuclear if there exists a sequence (ay), of E' in
the closed ball unit of E', a sequence (yn)n in the closed ball unit of X, and a sequence
(An)n in €1 such that

Vo € B, f(z) =) Anan(z)yn

If every linear continuous map from E to any Banach space is nuclear, we say that E is
nuclear.

To stay at an intuitive level, the idea behind the definition of a nuclear space is that
it is a space which looks like a normed space. Nuclear spaces, together with F and DF
spaces have nice properties for our purposes that we will describe now. First, they are
useful to characterize spaces of smooth functions and distributions.
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Proposition 1.3.21. For each n € N, the space of smooth functions E(R™) is a nuclear
F-space, and the space of distributions with compact support E(R™) is a nuclear DF-space.

Another crucial property in our quest for a classical smooth model is the reflexivity of
these spaces. This is stated in the following theorem.

Theorem 1.3.22. A Ictvs which is both nuclear and a F-space is reflexive. Similarly, a
lctus which is both nuclear and a DF-space is also reflexive.

In addition, we will need some constructions on these spaces that will allow us to
interpret connectives of linear logic as usual constructions on vector spaces.

Proposition 1.3.23 ( [Jar81|). The class of nuclear F-spaces is stable by Cartesian prod-
ucts and completed projective tensor products.

Proposition 1.3.24 ( [Gro66|). The class of nuclear DF-spaces is stable by completed
projective tensor products.

Finally, the following theorem is used to prove that the functor !_ that we will define
is strongly monoidal.

Theorem 1.3.25 (Kernel theorem [Tre67]). Let n,m € N. The spaces E(R™T™) and
E(R™) ® E(R™) are isomorphic.

1.3.5.3 Interpreting polarized differential linear logic

We denote by Eucl the category of Euclidean spaces with continuous linear maps. Thanks
to the usual tensor product, Cartesian product and duality on topological vector spaces,
Eucl is a x-autonomous symmetric monoidal closed category with finite products. It is
then a model of MALL. The x-autonomy property comes from the fact that the duality on
Euclidean spaces is reflexive. While this property is easy to get for finite dimensional lctvs,
it is much harder for infinite dimensional ones. And it is crucial to get a classical model of
DiLL. In general, nuclear spaces are not reflexive, but as we saw in Theorem nuclear
F-spaces and nuclear DF-spaces are. We then use this result to interpret exponential
formulas. One important point before trying to model differential linear logic by nuclear
F and DF spaces is the following remark.

Remark 1.3.26. We have stated that, in general, nuclear spaces are not reflexive. One
may hope that working in the category of nuclear F or DF space may be enough to define
a smooth model of classical finitary DiLL. However, the tensor product of a F-space with
a DF-space is neither a F-space nor a DF-space. Hence, it may not be reflexive. This is
the reason why we have to work in a polarized setting here. We separate the exponential
interpretations into two subcategories of nuclear spaces, which are stable by tensor and
Cartesian product.

Interpreting the exponential formulas We denote by NuclF (resp. NuclDF) the
category of nuclear F-spaces (resp. nuclear DF-spaces) with linear continuous maps as
morphisms. In this model, the exponential connectives are interpreted by

['A] = (c>([A], R)) [74] £ c>([A]', R)

and by Proposition [1.3.21| we have [!A] € NuclDF and [?A] € NuclF as we are in the
finitary setting. The formulas A are interpreted by Euclidean spaces which ensure that
the definitions of the well definedness of these interpretations. While being in a finitary
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AB 2 0|1|T|L|X|X'|A®B|A®B|A&B|A®B
NM & A|NB®M|N&M|?A
PQ £ A|lPRQ|P®Q|'A

Figure 1.12: The grammar of the formulas of classical finitary polarized DiLL

polarized setting prevents us from defining the exponential of infinite dimensional spaces,
the multiplicative and additive connectives over exponentials need to be interpreted. The
formal grammar for the formulas is given in Figure[I.12] The formulas A, B are interpreted
in the category Eucl, formulas N, M in NuclF and formulas P, @) in NuclDF. The parr
% in NuclF is defined as the tensor productﬂ and the & by the Cartesian product, which
is still in NuclF from Proposition For the positive formulas, the interpretations
of ® and @ are made through the negation: for example, A ® B = (A+ % B+)*, which
works thanks to the reflexivity of these spaces. Note that one can prove that !_ is a strong
monoidal functor, using the kernel theorem (Theorem

Interpreting the proofs To interpret the proofs in this model, we strongly use the fact
that the spaces we consider are reflexive. The interpretations are defined as follows:

R —=?4 TAR?A —7A d 14 — A"
W N .
1 —esty f®g — f.g ¢ = P
B R —14 B IAR!A — 1A 3 AT 1A
e : :
1 = oY LX) evy — (f = evy(Do(f)))

where ¢4 is the distribution ¢ whose domain is restricted to A’ and ev, the linear map
from A’ to R such that ev, : £ — ¢(x) where x € A. In this framework, we see that
the weakening is the neutral for the contraction and the coweakening the neutral for
the cocontraction, interpreted by the scalar multiplication between smooth maps and the
convolution product between distributions. These operations are well suited for our inter-
pretations, as we expressed intuitively in Section The syntax of the cut elimination
between the contraction and the codereliction represents exactly the differentiation of the
product of functions. The interpretation of the contraction is used to prove the kernel
theorem. For the cocontraction, the convolution is the natural monoidal operation on dis-
tributions. The dereliction as defined here is not exactly the rule that forgets linearity. It
is expressed dually, but one can see it as a rule from A’ to ?7A’, and that would correspond
to forget the linearity For the codereliction, we use the fact that the spaces we consider
are reflexive. Since the differential at 0 of a function is linear, the rule is well typed.

5Tt is true algebraically, but to be more precise, it is a completed projective tensor product, meaning
that the topology makes some canonical maps continuous, and completed in order to get a complete space
from this construction.
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Chapter 2

Indexed differential linear logic

This chapter adapts results published in [BKM23).
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This chapter studies differentiation in the syntax from two points of view: adding
costructural rules to graded linear logic leading to DBaLL, or indexing differential linear
logic leading to IDiLL. These two points of view are, in fact, equivalent. DB(LL comes
from syntactical considerations, while IDILL from semantical ones.

In Section[2.1] we first present the logic D-DiLL that has been defined by Kerjean [Ker18a]
which is on the basis of this work. It extends DiLL by adding a partial differential operator
to the syntax. We give the semantics associated with this logic, which is based on smooth
maps and distributions.

Then, we define in Section [2.2an extension of this system called IDiLL. The idea behind
this extension is to unify two notions: gradation and differentiation. It consists of grading
the syntax of D-DiLL, which consists of redefining the exponential rules by adding grades
to the exponential connectives. These grades will be elements of a monoid of linear partial
differential operators. We then give the semantics of this logic, which uses smooth maps

93
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and distributions again. This semantics is based on the interaction between differential
operators and functions and distributions.

Finally, we define in Section a graded version of D-DiLL, which we call DB LL.
The syntax of DB4LL is constructed from the following idea: as adding costructural rules
to LL gives rise to a logic that fits differentiation, we add costructural rules to graded
linear logic. This leads to a system which fits the action of partial differential operators,
with their parameters and solutions, when graded by a particular monoid. We show that
this syntax is equivalent to IDILL. We give a cut elimination procedure for DB4LL, which
induces one on IDILL thanks to the equivalence. We then prove that the semantics of IDiLL
with differential operators is coherent with this cut elimination.

Since DB LL is constructed from BsLL which has a well-known dynamics, it is helpful
to study the dynamics of DBa(LL. And the fact that IDiLL is close to D-DiLL which has
already been semantically studied [Ker18a], helps us to provide a semantics for IDiLL.

Here, we let the promotion rule out of the picture. Considering this rule in our sys-
tems corresponds to several challenges, coming with semantical, syntactical and algebraic
questions. Semantically, the promotion in linear logic is interpreted by the composition of
higher order functions. In our setting, it corresponds to finding the solution of the com-
position of two differential operators, from the solution of each operator separately. But
in the class of differential equations that we will consider, the set of solutions is not stable
by composition. Moreover, interpreting partial differential equations requires a canonical
basis to interpret the variables along which we partially differentiate. This corresponds
to a need for a canonical basis, which clashes with higher order formulas: at higher or-
der, the vector spaces are spaces of functions or distributions whose dimension is infinite
and do not have a canonical basis contrary to spaces like R™. The graded point of view
leads to several issues with the promotion as well. Syntactically, a logical system that is
both graded and differential gives rises to a lot of possible interactions between the rules,
which come with many algebraic properties on the indices. In graded linear logic, having
a promotion rule corresponds to having a product operation in the underlying algebraic
structure of indexes. The algebraic structure that we consider is composed of partial dif-
ferential operators. Defining a product operation on this set comes with some restrictions,
which is why we will limit ourselves to a monoid of operators here. All of these reasons lead
us to consider a promotion free logic, and, moreover, to limit ourselves to a setting where
the formulas are finitary. Partial solutions for these questions will be given in Chapters
and [4

2.1 D-DilLL: a differential linear logic indexed by a differen-
tial operator

In [Kerl8a], Kerjean defined a logic named D-DiLL, which mixes differential linear logic
with the action of a partial differential operator D. The goal of this logic is to extend DiLL
to the study of differential equations and their solutions. Such is system is developed with
the following analogy. In linear logic, the dereliction is interpreted by the rule that forgets
the linearity of a function. In differential linear logic, the codereliction corresponds to the
rule that linearizes a function, by differentiating it. This interpretation can be expressed
in other words. Considering the operation of differentiation as applying a differential
operator, one can see the dereliction as solving the differential equation associated with
this operator. Let ¢ be a linear map. The linearity of ¢ implies that its differential is £
itself. Since applying the dereliction does not change the linear map, but only its type,
another way of understanding this rule is to see it as a resolution of a differential equation.
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AB20|1|T|L|A®B|ABB|A®B|A&B
N,M2?N |[?pN|NBM|N&M
PQ='P|'pP|PRQ|PaQ

(a) The grammar of the formulas of D-DilLL

= FT.tpA A FT.2pA
FT,7pA FT,7pA FT,74 P

- FDUpA  FAM FT.IpA
FipA P FT,A, IpA p 1,14 9P

(b) The exponential rules of D-DiLL

Figure 2.1: The syntax of the logic D-DiLL

In fact, the solution of the differential equation of the differentiation with parameter ¢ is
£, which is the result of the application of the dereliction to £.

Following this point of view, D-DiLL consists of a system analogous to DiLL. If in
DiLL d solves the differential equation associated with the differentiation and d applies
the differential operator of differentiation, their counterparts in D-DiLL solve and apply
differential equations, but for a partial differential operator.

To do so, the class of differential operators that is considered has to be restricted.
We consider linear operators, as they fit particularly well with linear logic, and we ask
for constant coefficients on these operators. This condition comes from considerations on
solutions of differential equations that we detail in the next section. The detailed syntax
of this logic is given in Figure [2.1

2.1.1 Linear partial differential operators with constant coefficients

Definition 2.1.1. A linear partial differential operator (LPDO) is an operator D :
C>®(R™,R) — C>®(R™,R) that can be written as

D:fw— (x ER" — Z aa(x)aamf(a;)> with as € C*(R™,R).

31 Qn
ot ]t 0xh

Such an operator is a linear partial differential operator with constant coefficients (LP-
DOcc) when each aq is a constant function.

Some well-known examples of differential equations can be represented by LPDOcc.

Those are, for instance, the heat equation or the Laplacian equation. To lighten the
expressions, we will denote by 0 the operator

N olelf
i fe (“’”H ax?l...ax%"($)>

for each o« € N™.
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With this definition of LPDO, one can apply a LPDO to a smooth map, bEt it can be
extended to be applied to a distribution. First, for each LPDO D, we define D as:

D = Z aaaa _D Z |a‘a] 8&
aeN? aeNn
and for a distribution ¢, N
D(¢) : f = &(D(f))-

which is a distribution as well. Note that the operation ~: D D is involutive:

D= (—1)ll(—1)llad = 3 (-1)2la,07 = 3 000" =

aeN" aeN" aeN?

with the same notations as above. The idea behind the use of D instead of D comes from
the fact that a distribution can be seen as a generalized function. Taking a smooth map
with compact support f, one can define Ty : g — [ fg which is, in fact, a distribution.
One would then hope that, for each LPDO D, the definition of the extension of D to
distributions would give that D(7T) = T'p(y)- But by integration by parts, we have

/ 0" (N@)gla)dz = (-1 [ f(2)9(9)(w)dz
which gives

= /Za:aaaa(f)g = Za:aa (/aa(f)g) = %:(—wlaa/fa“g = /ff?(g)

That shows that Tp(y) = D(Ty) thanks to the definition of a LPDO applied to a distribu-
tion and the involutivity of ~.

The key theorem on LPDOCC comes from Hormander. It expresses the existence of a
highly general notion of solutions of differential equations: fundamental solutions.

Theorem 2.1.2 (Hérmander [Hor63|). Let D be a linear partial differential equation with
constant coefficients. There exists a unique distribution ®p € (C*°(R™,R))" such that
D(®p) = dg. This distribution is called the fundamental solution of D.

Each LPDO represents a differential equation. Having a fundamental solution for an
operator expresses a type of independence between finding a solution for this equation and
the parameter of this equation. From a fundamental solution, one easily computes the
solution for each parameter. Considering a partial differential equation (F) with constant
coefficients and a parameter g

a0y 0N f + -+ + 0, 0" f = g (E)

the equation (F) is associated to the LPDOcc D

n
D = Z aaiaai
i=1
and the function ®p * g is a solution of (F), as

10, 0% (B % 9) + -+ 10, 0" ®p x g = D(Pp * g) = g

thanks to Corollary which will be introduced and proved later on in this section.
We focus now on some properties of LPDOcc that will be useful to give a semantical
interpretation of the logics we will introduce.
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Lemma 2.1.3. Let D be a LPDOcc, and ¢ and ¢ two distributions. We then have,

D(¢p+ ) = D(¢) ¢ = ¢+ D(¥).

Proof. For this proof, we first need a result about LPDOcc applied to translated functions.
For each x;, we have

0 )
5 (@ [ 4+ 9))(z) = lim ftyt twt> f(z+y)

= - (N+)

This extends directly to composed derivatives: for each a € N™,
0z flz+y) =x— ) (z+y). (2.1)
We can now prove the wanted equality. Let D = )" aq0% be a LPDOcc. We have:
D(¢ 4)(f) = ¢+ b(D(f))

= ¢(z Yy = D(f)(z +y)))
=gz Yy Y (=D, 0*(f)(x +v)))

= d(@ = v _(—Daaly = 0*(f)(= +v))))

o

= d(@ = (Y _(~DMaad*(y = f(z + 1)) (by
= ¢(x = D) (y = f(z +y)))
= (¢ D))(f)

The other equality is then proved using the commutativity of the convolution
D(¢x1p) = D( x ¢) = ¢« D(¢) = D(¢) * 7).
which concludes the proof of the lemma. O

This lemma will be used again in the next section, as its main interest is to show
a proposition about the monoid of LPDOcc that we study in Section Note that
this lemma ensures the unicity of the fundamental solution. Let us take two fundamental
solutions ®p and ¥p. By Lemma [2.1.3 we have

q’D :CI)D*(S():@D*D(\I/D) :D(‘I)D*\I/D) :D(‘I)D)*\I/D :50*\I/D :\I/D.

In the proof of the lemma, we proved the equation This equation is useful to prove
another lemma that we will use to give a concrete semantics to D-DiLL.

Lemma 2.1.4. Let D be a LPDOcc and ¢ a distribution. We then have,
(5 % @) (D(f)) = o(f)-
Proof. Let D =) aq0% be a LPDOcc. Using equation from Lemma we have

(5 9)(D(f)) = d(x = 5y = fz +y)))
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= p(x = p(y = Y aad*(f)(z +)))

= ¢z = B> aad*(y — flz+y))) (by 1)
= ¢z = D(®p)(y = f(z +1y)))
=¢(x = do(y— flz+y))) (definition of ® 7)

= oz = flz+0)) = o(f)
which proves the wanted equality. ]
We prove similar results on the convolution of a function and a distribution.

Lemma 2.1.5. Let D be a LPDOcc, ¢ a distribution and f a smooth function. We then
have

D(¢) x f = ¢+ D(f) = D(¢ * [).

Proof. The proof works with a similar method as for Lemma We use a result
analogous to equation but suited for the convolution of a function with a distribution.
Let f be a smooth function. For each z;, we have

2y o —)(z) = i LE=E R 2 S22
— (i L) S )

= (1) ()l - 2)

This extends directly to composed derivatives: for each a € N7,
9*(y = flz—y) = (D y = 0*(f)(z - y)). (2.2)
Hence, for a LPDOce D = . aqd®, we have
¢+ D(f)(z) = ¢y = D(f)(z —y))
=y — > _ aad*(f)(x - y))

= 6> _aaly = 0*(f)(x —y)))

=) _(-1)aad*(y = flz —y))) (equation
=¢oD(y— flz—y))
= D(¢) * f(x)

which proves the first equality. For the second one, we have

ox; t—0 t
- lim oy = flx _y+tl‘i2) — oy flz—y))

lim ; (linearity of ¢)

:nm¢<yH(ﬂx_y+Wﬁ—f@—yD)
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lim ; (continuity of ¢)

=¢<yH ggi(w—y)>

:¢<thmf(x—y+txi)—f(x_y)>

which extends easily to
(¢ f)=¢x(0°f)
for each o € N”. Thanks to the linearity of ¢, we then have

D(¢x )= aa(z = ¢y = 0*(f)(x —y))) =z = d(y = D(f)(x —y)) = ¢ * D(f)

that proves the second equality and concludes the proof of the lemma. O

Applying the previous lemma to the fundamental solution of D gives the following
corollary.

Corollary 2.1.6. For a LPDOcc D and a smooth map f, we have

2.1.2 Spaces of solutions and parameters as exponential formulas

In order to define a concrete model for D-DiLL, we base ourselves on a concrete model
of DiLL. Since their syntax is quite similar, it should be possible to refine models of
DiLL to get models of D-DiLL. Moreover, since we want to take into account the action
of the LPDO D, we will take a smooth model to fully reflect the behavior of D. Two
natural models can be used: the bornological one introduced by Blute et al. [BET12| or
the topological one presented by Kerjean [Kerl8al. We use the second one as a basis
for the concrete semantics of D-DiLL, as distribution theory is well suited to study linear
partial differential equations (see Hormander [Hor63]). We have presented this model in
the context of differential linear logic in Section [1.3.5

Considering DiLL, one interprets exponential formulas in the smooth semantics by sets
of smooth functions and distributions

[1A] = c>([A], R [74] £ c>([4]',R)

which are linear topological dual to each other. In D-DiLL, some exponential formulas are
added to the grammar of the logic: the formulas !pA and 7pA (see Figure . These
new formulas come from the analogy that we made at the beginning of this section about
solutions and parameters of differential equations. Through this analogy, we want that the
dereliction d : A — 7A corresponds to solve a differential equation and the codereliction
d: A — A to apply a differential operator. This analogy cannot be made directly, as
there is a mismatch in terms of types. For the dereliction, for example, in differential
linear logic, one can only forget the linearity of a linear map, but solving a linear partial
differential equation can be done from a non-linear parameter. For the codereliction,
applying a linear partial differential operator does not necessarily lead to a linear map.
These two new exponential types settle the mismatch. The dereliction is extended to a
map dp : 7pA — ?A and the codereliction to a map dp : |pA — |A.
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Remark 2.1.7. Note that here there is a choice made on the types of the dereliction and
the codereliction. We will make a different choice in the next section when we try to unify
differential and graded logics. To be closer to the ideas of graded linear logic, we will have
to reverse those types, but keep their semantical interpretation.

The formula 7 p A represents the set of functional parameters of the differential equation
associated to D and !pA the set of distributional solutions of this differential equation.
Formally, this gives

IpA 2 D(C([A],R))’ ?pA £ D(C([A]',R)).

Here, the space !p represents the space of distributional solutions of D in the sense that
for a distribution ¢ € !p A,

~

D(¢): f € 2A = D(¢)(f) = ¢(D(f)) = ¢(D(f))

which is a well-defined distribution in 7A as ¢ applies to maps of the form D(f). Note that
replacing D by Dy the differential at 0 in these definitions gives back the interpretation
in the context of DilLL.

Remark 2.1.8. One can notice that, as differential equations always have solutions in
our case, the space of solutions [?pA] is isomorphic to the function space [?A]. The
isomorphism in question f +— ®p * f is given by the fundamental solution. The same goes
for the distribution spaces: [!pA] is isomorphic to [!A] through ¢ — D(¢).

About the order of the LPDOcc A specific issue in these semantical definitions has
been hidden so far. In Definition [2.1.1] each LPDO D is associated to an integer which
represents the dimension of the domain of the maps on which D can be applied. But the
definitions of 7p A and !p A have been made regardless of this dimension. This comes from
an abuse of notation on D.

Let D = " aq,0* be a LPDOcc on C*(R",R) and f € C*°(R™,R). If n < m, we
identify each n-tuple o = (ay, . . ., ay,) to the m-tuple padded by zeros (a1, ..., a,,0,...,0)
when we apply D to f. If n > m we restrict the n-tuple to its first m elements.

Polarity of the formulas The formulas of D-DiLL are polarized. This is for the same
reasons as for the smooth model from Section This logic is guided by this model, as
one wants it to represent well the interactions between a LPDOcc and smooth functions
and distributions. To define it as a model of differential linear logic one has to consider a
polarized finitary version of DilLL, so the formulas in D-DiLL are polarized and finitary as
well. The exponential formulas must be separated between the nuclear F-spaces and the
nuclear DF-spaces in order to define the interpretation of MALL connectives over them,
and to keep a classical model where the spaces are reflexive. Hence, we have the same
polarities here for the formulas of DiLL. Moreover, the new formulas made of !p_and 7p_
are polarized as well. For an Euclidean space E, the space D(C*°(E,R)) is in NuclF
(as a subspace of C*°(E,R)) and by duality (D(C*°(E,R)))" is in NuclDF. Hence, the
formulas 7p A are considered negative, while the formulas !p A are considered positive. And
the constructions of MALL can be applied while leaving this model classical by keeping
the spaces reflexive. Finally, the Seely isomorphisms of !_ can be extended to !p_.

Theorem 2.1.9. The mapping 'p_ : Eucl — NuclF where

[ A€ Eucl — D(C*®(A,R))
"D-- { (e EBucl(4,B) — (pelpAm— (f— ¢(fol))
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1s a functor. Moreover, there are natural isomorphisms
mh ap:'DA®IB = Ip(A& B).

Proof sketch. In this context, |pA®!pB and !p(A& B) are not isomorphic. It comes from
what we explained earlier about the order of the LPDOcc. As when a LPDOcc applies to
a space of dimension higher than its order, it is considered padded by zeros, !p(A & B)
can be considered as the space where the operator does not apply to the variables coming
from B. This is not completely formal, as the case where the dimension is lower than
the order of D is not considered. To improve that, the order should be added to the
index of the exponential, but that would make this calculus much heavier. To prove the
theorem, one combines this idea of padding with zeros, together with the kernel theorem

(Theorem [1.3.25]). O

2.1.3 The exponential rules of the logic D-DilLL

In D-DiLL, each exponential rule has an interpretation in terms of smooth functions and
distributions, which takes into account the action of a LPDOcc. These rules represent the
behavior of the new connectives !p_ and ?p_, with their interactions with the connectives
I_and ?_. Their interpretations are the following:

e The weakening wp is interpreted by:
JR = D(C*®(R",R))
A E N D(estq)

which follows the interpretation of the weakening of DiLL, but turning it into a
function which is, in fact, a parameter of the differential equation associated to D.

e The coweakening wp is interpreted by:
. {R«%bA
Wp :
1 = ®5%d=Cp

as in differential linear logic, but making it a solution of the differential equation
associated to D thanks to the convolution with the fundamental solution.

e The contraction cp is interpreted by:
TDPA®RTA — 7pA
Cp :
feg = f.g

the pointwise product, as in the smooth model. The well typedness comes from
the question of the order of a LPDOcc and uses the natural isomorphism from
Theorem [2.1.9

e The cocontraction Cp is interpreted by:
. DAR!A —IpA
D
PR = Q)

which is the same as the interpretation of this rule in the smooth model of DilLL.
This rule is well typed since

¢+ P(D(f)) = ¢z = ¢y — D(f)(z +y)))
and v applies to maps of the form D(f).
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e The dereliction dp is interpreted by:

1A —=1pA
dp:

which consists, in fact, in solving the differential equation associated to D by using
the fundamental solution ® . It is well typed, since the distribution ® 5 * ¢ applies
to functions of the form D(f) with f € 7A since

5% o(D(f)) = o(f)
by Lemma [2.1.4

e The codereliction dp is interpreted by:

- 'pA — 1A
dp: Iy
{¢ —~ D(9)

which applies the differential operator D to the distribution. It is well typed as

~

D(9)(f) = ¢(D(f)) = o(D(f))
and ¢ applies to functions of the form D(f) being in !pA.

Note that the dereliction and the codereliction, which represent the interaction between
the new spaces !|pA with the usual ones !A are interpreted by the isomorphisms between
these spaces, given in Remark

2.1.4 The cut elimination procedure of D-DiLL and its computational
content

The cut elimination procedure of D-DiLL is very similar to the one of DiLL. Syntactically,
the (co)weakening and the (co)dereliction give to the connectives !p and 7p the same
structure as ! and ?. Some technical issues appear with the (co)contractions, since the
mix indexed and non-indexed connectives. But these issues are solved by applying almost
the same rewriting as in DiLL. However, the interest of this procedure arose with the
semantics. Considering again the smooth model, the procedure represents, in fact, some
crucial equalities about LPDOcc and smooth functions and distributions.

e The cut between wp and wp corresponds to

(D(cst1)) = D(®5)(esty) = doesty) = 1

5 D

D

e The cut between cp and wp corresponds to

5 (D(f)-9) = 25(D(f.9)) = do(f.9) = £(0).9(0) = ®5(D(f))-do(9)

where the first equality is based on the Seely isomorphism and the second one uses

Lemma 2.1.41

e The cut between wp and cp corresponds to

¢ * Y(D(cst1)) = D(¢ =) (estr) = (D(§) =) (estr)
= D(¢)(csty(esty)) = D(9)(cst1)p(cstr) = d(D(cstr)).v(csty)

using again lemmas on distributions and LPDOcc together with the definition of the
convolution product.



Chapter 2 - Indexed differential linear logic 63

e The cut between dp and dp corresponds to

which is the definition of D applied to a distribution.

e The cut between cp and cp is the same as the one for the smooth model in DiLL as
the interpretation of the contraction is still the pointwise product, and the one of
the cocontraction is still the convolution product.

2.2 IDiLL: a semantical gradation of differential linear logic

As we saw in the previous section, LPDOcc are well suited to be incorporated into differ-
ential linear logic, in order to extend it to differential operators. As Theorem ensures
the existence of a fundamental solution, one can give a semantics for the dereliction as
a resolution of a differential equation. But this class of operators has other interesting
properties. In particular, one that connects the convolution of fundamental solutions and
the composition of differential operators. For each LPDOcc Dy and Ds, we have

(I)Dl *x (I)D2 = ®D1OD2'

Since the convolution of distribution is the interpretation of the cocontraction in the
semantics of D-DiLL, one may try to use the former equality to generalize D-DiLL into a
system where several differential operators are expressed. In such a logic, the cocontraction
rule would then produce an exponential formula indexed not only by a single LPDOcc,
but by the composition of two LPDOcc.

FT,Ip, A FAIpA
FT,A Do, A ©

Note that, in the case of the smooth semantics of D-DiLL, we have that [l;4A] = [!A]
where id is the identity differential operator. In this sense, this new contraction rule is
an actual generalization of the one from D-DiLL. This composition at the level of the
indices and the importance of the identity operator hint at a logic with an underlying
monoid of differential operators. We will see in this section how to define such a logic,
and that bringing some symmetry compared to D-DiLL simplifies both the syntax and
the semantics. We describe in Section 2.2.1] the behavior of the monoid of LPDOcc that
we use, and we then define the semantical interpretation of the exponential formulas in
Section 2.2.2] and the one of the rules in Section [2.2.2] based on the model with smooth
functions and distributions.

2.2.1 A monoid of linear partial differential operators with constant
coefficients

We first study a natural algebraic structure for LPDOcc.

Proposition 2.2.1. Let D; and Dy be two LPDOcc, and ®p,, ®p, their respective fun-
damental solution. Then we have the following equality

®p, *Pp, = Pp,op,-

The proof of this proposition uses the following lemma.
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Lemma 2.1.3. Let D be a LPDOcc, and ¢ and ¢ two distributions. We then have,
D(¢x ) = D(¢) x ¢ = ¢ x D(1h).

From this lemma that we have proved in the previous section, we can prove the equality
between the convolution of fundamental solutions and the fundamental solution of the
convolution.

Proof of Proposition|2.2.1 Let Dy and Dy be two LPDOcc, ®1 and @4 their fundamental
solution. We have

(Dl o Dg)(q)l * (I)Q) = (I)l * ((D1 o DQ)(CI)Q)) (Lemma 213
= @1 x (D1(D2(22)))
= @y % D1(do) (definition of ®3)
= Dl(q)l * 50) (Lemma 213
= Dy (®y)
=do (definition of ®q)
which proves that ®1 * ®5 is the fundamental solution of Dq o Ds. O

Thanks to this proposition, we will define a logic where the exponential are indexed
by LPDOcc.

Proposition 2.2.2. Let D be the set of LPDOcc, and id the identity operator. Then
(D, 0,id) is a commutative monoid.

There are two possible ways to prove this proposition. A direct proof uses Schwarz’s
theorem, which states that partial derivatives are commutative. Another way is to notice
an isomorphism between LPDOcc endowed with composition and multivariate polynomials
endowed with the polynomial product

" D = R[Xy, ..., X,
X, @00 =Y, an XL XS

Proposition becomes then a consequence of the commutativity of the polynomial
product. This isomorphism between differential operators and polynomials will be crucial,
in particular in Chapter

2.2.2 The spaces of solutions and parameters

For the interpretation of the exponential formulas, we follow intuitions from D-DiLL. How-
ever the generalization of the (co)derelictions leads to a switch of point of view regarding
how to interpret !|pA and ?pA. Following the idea that !A and ?A in D-DiLL corresponds
to ;44 and 7;5A and that the generalization of IDILL consists of replacing the identity
operator by a general LPDOcc, one would naively generalize dp and dp to

FI,?pop, A FI ! pop, A
FT,7p,A ¢ FT, 00, A
in IDILL. This clashes with intuitions from graded linear logic. Such rules would correspond

to forget about the operators that have been applied, while graded linear logic keeps track
of the information added in the proof. We then take a dual point of view in order to stick
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AB20|1|T|L|A®B|ABB|A®B|A&B
NM=2?2pN|NBM|N&M
PQ=pP|PRQ|PaQ

(a) The grammar of the formulas of IDiLL

T FT, 70, A, 7p, A FT, 75, A
T, 704 " FT,7p0m A © FT,7p00,A 1
i FT b A F A A FT, 1, A
F 1A FT,A oA © FT, pon, A 9

(b) The exponential rules of IDiLL

Figure 2.2: The syntax of the logic IDiLL

with the intuitions of the graded point of view. The new dereliction and coderelicion have

then the form
FI,?7p, A FI,Ip,A  _

FT, 700, A U FT,pon, A O

Note that these rules are denoted here d; and dj as indezed dereliction and indexed codere-
licion as they have the same form as the similar rules in BgLL.

This change of perspective leads to changes in the semantical interpretation of the
spaces !pA and 7pA. We want to keep the idea that d; solves a differential equation and
d; applies a differential operator. They will then be interpreted as in the smooth model
of D-DiLL described in Section In order to have the following semantics

d]' ?DlA _>?D10D2A 81‘ !DlA _>!D10D2A
f = ®p, x f ¢ — Da(o)

we then define the semantics of the exponential formulas as

'pAl = {D(6) | ¢ € (C=(IAI'.R)'} = D(I!A])

and
[?pA] = {g € C*([AL,R) | 3f € C*([A],R), D(g) = f} = D ([?A]).

With these dual definitions, the space !pA represents then the distributional parameters
of the differential equation associated with D and ?pA the space of functional solutions
of this equation. In this context, we highlight a point similar to Remark for D-DiLL.

Remark 2.2.3. One can notice that, as linear partial differential equations with constant
coefficients always have solutions, the space of solutions [?pA] is isomorphic to the func-
tion space [?A]. The isomorphism is not the indexed dereliction, but its dual f — D(f).
For the space of distributional parameters, we also have a map dual to the indexed codere-
liction given by ¢ + @5 * ¢ which is an isomorphism between [!pA] and [!A]. While our
setting might be seen as too simple from the point of view of analysis, it is a first and
necessary step before extending IDIiLL to more intricate differential equations. If we were
to explore the abstract categorical setting for our model, these isomorphisms would be
relevant in a bicategorical setting.
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Notation 2.2.4. We sometime remove the brackets on the semantical interpretation of a

formula to lighten the expressions. To avoid confusion, we will use A, ?p B, ... to represent
the exponential formulas and !E,?pF, ... for the mathematical spaces interpreting the
formulas.

2.2.3 The smooth semantics of IDiLL

We define a concrete model of IDILL based on smooth maps and distributions, together
with their interaction with LPDOcc. This model is, of course, highly similar to the smooth
model of DiLL from Section[I.3.5land to the one with LPDOcc of D-DiLL from Section2.1.3
There are, however, some differences, due to the gradation and to the fact that we had to
twist the interpretation of the exponential formulas.

e The weakening is interpreted by

R — ?idA
W :
1 +—ecsty

which is the same interpretation as in the smooth model of DiLL. Since the weakening
in IDILL is the neural element for the composition, it is not indexed by a general
LPDOcc as in D-DiLL but by the identity operator. Its interpretation is then also
the same as in D-DiLL, with D = id.

e The coweakening is interpreted by

_ R — 'sz
W
1 — (50

Similarly to the weakening, this is the same interpretation as in DiLL and as in
D-DiLL with D = id.

e The contraction is interpreted by

. {?D1A®?D2A —)?DIODQA (2 3)

|\ f®yg = ®pop, * (D1(f).-D2(g))

Here, the interpretation changes from DiLL and D-DiLL. We still use the pointwise
product, but we also use the operators D; and Do and the fundamental solution of
D1 o Dy. This is due to the fact that, for f € 7p, A and g € ?p, A, we cannot ensure
that f.g is in ?p,op,A. In fact, by definition D;(f) and Da2(g) are in ?A, but this
does not say anything about Dj o Ds(f.g) since the composition of LPDOcc does not
behave well with the product of functions. We then use the fundamental solution to
have

Dy o Dy (®pyop, * (D1(f)-D2(g))) = Di(f).D2(g) € [?4]

by Corollary which proves that ¢(f ® g) € [?p,op,A] and the well typedness
of the interpretation.

e The cocontraction is interpreted by

z. !D1A®!D2A — !DloDQA
PR Y = QxY
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which is the same as for DiLL and D-DiLL. It works thanks to Proposition A
distribution ¢ in !p, A has the form @5 * ¢ with ¢/ € ?A. Similarly, ¢ is !p, A has
the form & B, * " with 9" € 1A. The interpretation of the rule gives then

(05, * &) * (B, x V) = @ *+ O, + (¢ % Y)) = @ 5—pp (¢ %))
which is in [!p,op, A] since ¢/ x 9" € [!A].
e The indexed dereliction is interpreted by

d[ . ?DlA — ?DlngA
f = ®p, * f

which solves the differential equation of Ds. It is well typed as D1 o Do(®Pp, * f) =
D;(f) which is in [?A] since f € [?p, A].

e The indexed coderelicion is interpreted by

(_:|[ ) !D1A — !D10D2A
¢ — Da(¢)

and is well-typed by definition.

2.3 DB/LL: a syntactical differentiation of first-order graded
linear logic

Adapting BgLL to study the dynamics of IDILL makes sense for several reasons. The
logic IDILL is built from semantical considerations, using the formalism of DiLL together
with an analogy between LPDOcc and the operator of differentiation. It generalizes D-
DiLL using the fact that the composition of LPDOcc and the codereliction rule are highly
related (thanks to Proposition . The necessity of the composition, as the operation
on the indexes for the contraction, naturally leads to compare it with the sum of indexes
in BgLL. Naively, one could hope to define a semiring of LPDOcc, having the composition
of operators as the sum of the semiring. This would be important in the study of the
dynamics of IDILL, as the one of BgLL is well known. However, this appears to be a
complicated question that will be detailed in Chapters [3| and

We define the logic DBy(LL with its grammar and its rules in Figure It is
parametrized by a monoid M, which has several properties that will be detailed in the
next section. Its grammar is the same as in graded linear logic, and its set of exponential
rules consists of six rules. There are the structural rules of BsLL where we have removed
the promotion and the dereliction. This is because with a promotion, the underlying alge-
braic structure has to be strongly restricted and this clashes with a potential semiring of
LPDOcc. This is studied in Chapter 4. Removing the promotion implies restricting our-
selves to a monoid, removing the product operation. Then the dereliction is also removed,
as it would be indexed by the neutral element of the product that we do not consider here.
To these three structural rules, we add three costructural ones by dualizing the first rules.
The logic DB4LL is the syntactical differential of first order BgLL in this sense. DilLL
brings differentiation in the syntax by dualizing the structural rules of LL and the same
process is done here.

In Section we study the notion of monoid that we will need in the definition of
DB LL, which contains a particular algebraic decomposition. We prove that the monoid
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AB20|1|T|L|A®B|ABB|A®B|A&B|7,A|lLA (x e M)

(a) The grammar of the formulas of DB LL

S FF,?IA,?yAC F0A z<y
FT,70A FT, 74y A FT,7,A I
- FF,!xA FA,!yAE FF,!IA ;cgya
1A FT,A, L, A -T,1,A 4

(b) The exponential rules of DB (LL

Figure 2.3: The syntax of the logic DBLL

of LPDOcc endowed with the composition satisfies this property. In Section we
detail the cut elimination procedure of DB LL and prove its convergence. We show that
DB LL and IDILL are, in fact, equivalent logics which gives us a cut elimination procedure
for IDILL. We then study the semantical side, defining how to extend the relational model
to DByLL in Section and proving that the smooth semantics of IDILL is coherent
with its cut elimination in Section 2.3.4

2.3.1 Monoidal considerations

In the syntax of BgLL, each exponential rule corresponds to axioms of the definition of the
ordered semiring S, as indexes of the exponential connectives. The weakening introduces 0,
the neutral element for the sum. The sum itself comes with the contraction. Similarly, the
dereliction introduces 1, the neutral of the product, which is in the promotion. Finally, the
indexed dereliction uses the order. The axioms of an ordered semiring appear in various
ways. For example, the commutativity of the sum is mandatory with the definition of the
contraction, while the distributivity of the product over the sum is needed to define a cut
elimination procedure.

These considerations on the axioms of a semiring will be detailed in Chapter 77, as
we will need to refine them. However, the algebraic structure that we need here is a bit
different. First, as we let the promotion out of the picture in this chapter, the product rule
do not need to be considered. Hence, its neutral element as well, since its algebraic content
needs to be related to a product. Moreover, as explained in Section the computational
content of the dereliction and of the codereliction appears through other rules with LPDOs:
the indexed dereliction and the indexed coderelicion. This also explains why the neutral
of the product is not mandatory, as we do not need the dereliction in this setting.

This leaves us with three rules: the weakening, the contraction and the indexed dere-
liction, together with their differential counterparts. The algebraic structure that we look
for has then three elements in its definition: a sum, with its neutral element, and an order.
We require the sum to be commutative, as in BgLL. This is mandatory, since we work
implicitly with the mix rule, we do not want to focus on the order of the rules in ¢ or
in ¢, which are the rules where we use the sum. In the cut elimination of DB4LL, some
properties on the sum will be needed. We present them in the next section.
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2.3.1.1 On a decomposition over the monoidal operation

Apart from the fact that we do not require to have a product for the indexes, the huge
difference between BgLL and DBsLL comes from the interaction between the new rules.
In BsLL, the interactions between the exponential rules are the interactions between the
promotion and the other exponential rules [BP15|. In DB4LL, there is no such interaction,
since there is no promotion rule, but the structural rules interact with the costructural
ones. For most of these interactions, one can easily adapt what has been done for DiLL, as
we will see in Section But one particular case requires a more careful study: the cut
between a contraction and a cocontraction. To perform the elimination of such a cut in
our setting, the algebraic structure underlying the indexes will need to have a particular
property: the additive splitting.

Definition 2.3.1. A commutative monoid (M, +,0) is additive splitting when for each
x1,%2,x3,Ts € M such that x1 + x2 = x3 + x4, there exist x13,%14,223,T24 € M such
that

1 =213+ %14 T2 = X233+ X24 T3 =113+ 223 T4 =214+ X24.

This property can be graphically represented by the following drawing

xl,g x174
x273 :1:274

where we represent the elements x; ; as the intersection (in an informal meaning) of
the elements x; and x;.

This property appears in a work by Carraro et al. [CES10], but at the semantical level.
By studying enrichments of the relational model, they need the additive splitting property
on the underlying algebraic structure.

Example 2.3.2. The monoid (N, +,0) is additive splitting.
Proof. Let x1,x2, 23,14 € N such that x1 + x2 = 3 + £4. We define
r13=min(r1,T3)  T14=T1—T13 T3 =T3—T13  Ta4 = Tg — T23.
The elements x1 3,214 and 23 are in N by definition. For x9 4, since
To4 = To — To3 = Ty — T3+ T3 = T — T3 + min(z, x3)
we have to study two cases:
e if min(xy,z3) = 21, then 294 =22+ 21 — 21 =22 € N;
o if min(xy,z3) =23, then 294 =290+ 21 —23 =23+ 24 —23 =24 €N
which ensures that these elements are well defined. This construction directly implies that
T1 =213+ %14 Tg = X23+ T24 T3 =13+ 223-
Moreover, we have
Tra+ o4 = (21 —213)+ (X2 —223) =21 + 22 — (13 + T23) = T3+ x4 — T3 = T4

which proves the additive splitting property. ]
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Remark 2.3.3. One can note that, in general, this decomposition is not unique. For
example, for (N, +,0) again, the previous proof gives one possible decomposition, but the
same proof also works with

r13=0 T14 = 1 T3 = T3 To4 = Tg — T3

when z9 > 3. It gives then two distinct decompositions when z; and x3 are non-zero.

In order to study DB 4LL graded by LPDOcc, we first study the monoid of multivariate
polynomials and show that it fulfills the additive splitting property.

Definition 2.3.4. We define inductively the monoid of multivariate polynomials as:
PO =R Pn—i—l - Pn[Xn+1] Pw - UnZOPn

and the product operation as, for P,Q € P, such that

P= Y aX* Q= Y bX’ PEHQ=) absX*’
)

aeNw BeN(w) a,B
Theorem 2.3.5. The monoid (P,,H,1) is additive splitting.

To prove this theorem, some results about rings of polynomials will be necessary.
Even if in this section, the algebraic structures that we consider have only one operation,
polynomials are mostly studied as elements of a ring.

Definition 2.3.6. Let R be a non-zero commutative ring.
1. An element u € R is a unit if there is v € R such that uv = 1.

2. An element x € R\{0} is irreducible if it is not a unit, and not a product of two
non-unit elements.

3. Two elements x,y € R are associates if x divides y and y divides x.

4. R is a factorial ring if it is an integral domain such that for each x € R\{0} there

s a unit u € R and p1,...,pn € R irreducible elements such that x = upi . ..p, and
for every other decomposition vqi ...qm = up1 ...py (with v unit and q; irreducible
for each i) we have n = m and a bijection o : {1,...,n} — {1,...,n} such that p;

and qq(;) are associated for each i.

It is a well-known fact that the ring of real multivariate polynomials is factorial
(see [Bos09, 2.7.7]). We use the decomposition coming from this property to prove that
the monoid (P, H, 1) is additive splitting.

Proof of Theorem [2.3.5 Let Py, P, Ps, Py € P, such that Py B P, = P3sE P;. Let n be an
integer such that Py, Py, P3, Py € R[X1,...,X,], which exists by definition of P,. Using
the factoriality of the ring (R[X1, ..., X,],0,+, 1, X), there are decompositions

Py =u;iQi1 X -+ X Qip, for1<i<4
such that u; are units, and @; ; are irreducible. We then have

PHP =uuQii.. . Qin @21 -..Q2n,
= uzus@3,1 ... Q305041 ... Quny
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and since ujue and uszuy are units, the factoriality implies that there exists a bijection

o:{(1,1),...,(1,m1),(2,1),...,(2,n2)} = {(3,1),...,(3,n3),(4,1),...,(4,n4)}

such that Q;; and Q,((; j)) are associates. We denote v;; the unit such that Q,((; ;) =
v;,jQ; . Then, we define

Lis={(1,k) |1 <k<nyand o((1,k)) = (3,k)}
La={(1,k)|1<k<nyando((1,k) = (4,k)}
Is={(2,k) |1 <k <ngand o((2,k)) = (3,k)}
Ly ={(2,k)|1<k<ngand o((2,k)) = (4,k)}.

We can finally define the four polynomials

Pig=u ] Q P2,3=% I v II @

17611’3 xel1 3Uls 3 $€Ig’3
-1

Py = H Qz Py = UZZI H Vg H Qz

z€l1,4 z€li.3Ul2.3 x€lr 4

which gives the desired decomposition for P;, P» and P3 by construction. For Py, we first
have that

uu2Qr1 .- Qin Q21 - .- Q2.ny
=uzugQ31 ... Q303041 .. Qany

=ugug (V11Q11) -« (V1.0 Q1my) (v21Q21) - - - (V2,25 Q2.15)

= uzuy H Uy H U | (Qu1--- Q1 Q2,1+ Q2ny)

x€l1 3Ul2 3 x€l1 4UI2 4

which implies

Upu2
U3u4
x€ly,4Ul2 4 xely 3Ul2 3

so the decomposition works for Py, as

1
Ug2U1
Pigax Poy= H Vg H Qz

us
z€l1,3Ul2 3 x€l1,4Ul2.4
=u| ]I w II @
x€ly,4Ul2 4 z€l1,4Ul2 4
= Py.

O]

Thanks to the isomorphism between multivariate polynomials and LPDOcc introduced
for Proposition we get that LPDOcc with the composition is additive splitting as
well.

Corollary 2.3.7. The monoid of LPDOcc endowed with composition (D, o,id) is additive
splitting.
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2.3.1.2 Endowing monoids with an order

After studying some properties of the sum of a monoid, we focus on the order. It is used
in the rules d;y and d;. The vocabulary of this section is based on [DK09].

Definition 2.3.8. A commutative monoid (M, +,0) is
e ordered if it is equipped with a partial order < such that
r<ly=sr+z2<y+z
for all z € M;
e positively ordered if for each x € M, x > 0;

e naturally ordered if it is equipped by the order < defined by

r<y&sSIzeM, z+z2=y.

Note that a naturally ordered monoid is in particular positively ordered, as 0 +x =z
for every element z of the monoid.

Remark 2.3.9. In the context of a naturally ordered monoid, the indexed (co)derelictions
can be expressed with another form, using the sum instead of the order:

FT,7.A <y
FT,7,A

FT,7,A
FT, 7,24

FIILA xﬁya _ FVIA
FT,1,A I FT, LA T

d 7 = d I
which can be seen directly from the definition of naturally ordered. This allows us to

connect DBasLL and IDILL, as this equivalent form is exactly the one that we gave for
IDILL.

2.3.2 Cut elimination

Our main motivation for unifying graded and differential linear logic was to use previ-
ous work on BgLL to define the dynamics of our logic indexed by differential operators.
However, in graded linear logic, the interactions between the exponential rules are only be-
tween the promotion and each exponential rule. In DB LL, each structural rule and each
costructural rule can interact together. While some of these interactions have a behavior
similar to the one in DiLL, the indexed (co)derelictions have a completely new behavior.
Moreover, since in this framework we consider M naturally ordered, some cases cannot
be naturally described. For example

¥ %

FT,7,A y FALAE (2.4)
FT, 70004 1 R AL AL T
FT,A

cut

with x +y = z+t. Noticing the fact that each rule makes the index bigger, if the indexes
z and y cannot be related through the natural order, no direct reduction is possible.

To be more concrete, let us take (D, o,id) as our monoid, and define z = 8%1 =t and

Yy = 8%2 = z. It verifies x oy = z o t. The fact that we do not have z < z nor z < x leads

to think that there is no direct way to eliminate this cut.
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A first approach to tackle this issue would by to push these indexed (co)derelictions
in the subtrees m; and ms, in order to find another level of the proof to eliminate the
cut. But this technique, inspired by subtyping ideas, is not always working. For example,
no commutation is possible between a weakening and an indexed dereliction, since an
exponential formula has to be introduced before having an index that grows. One may
notice that the proof tree can equivalently be rewritten as follows.

%

FT,7,A @ W
_— W I
FT A TA FloA” 5 (2.5)
FT,7,A,7,A 1 A LAY FuAl EI
FT, 70y A C AL AL
FT,A cut

This cut may be similar to the way cuts between contractions and cocontractions are
eliminated in differential linear logic.

The indexed (co)weakenings The fact that indexed (co)derelictions and (co)weakenings
cannot commute leads us to introduce two new rules, the indexed weakening w; and the
indexed coweakening wy

FT - W
FrnLA FLA

which generalizes the graded weakening and coweakening. They will be crucial in the
definition of the cut elimination procedure of DBasLL. These two rules can easily be
expressed in DB yLL by:

EI —W
FT A w wr & FlgA -
— w2 FT,7%A Fra W a2 A g

which gives the following proposition.
Proposition 2.3.10. The rules wy and wy are admissible in DBa(LL.

Another remark about these indexed (co)weakenings is that they can replace the in-
dexed (co)derelictions when the monoid M is naturally ordered, thanks to the following
equalities.

-T,7,A
FT,7,A — W
T _d = FI,7,4,7,A

EL, 7y A m c T gy A ! FT, A

i FTLLA L bT,A4 A
)

This implies that, if one defines a logic with the graded rules w,c,w,c, it has the same
expressivity to add d; and d; or to add w; and w; (when the monoid is naturally ordered).
However, the rules d; and d; are difficult to study syntactically, since their shapes do
not exist in DiLL. Hence the interactions may be very different than those from the cut
elimination of DiLL. By expressing them thanks to the indexed (co)weakening, we avoid
this issue and the difficulties are only on how to index the exponential.
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FT . ~
W —_— W
FT,7,A 0 At FT
T cut
B eV
FT,7,A4,7,A e FDAT,A FLAL _
FT.7A C Al ! 7 ——cut AL M
Tts oy t FT.7.4 SLAb
Cu
FT )
FD,A FALA FE -
C = o 1l
F, A, 'x+yA = =, ?z+yAJ'
FT.AZ cut

v 7

- = Wy
FD,LLA RS, 7,AL . @
p— Cu

FTE

I
FT,2,7,AL AL A
FT,2,A

cut

Figure 2.4: Cut elimination for DB/LL: indexed (co)weakening

The cut elimination cases

Theorem 2.3.11. If M is a naturally ordered commutative monoid that is additive split-
ting, the logic DBy LL enjoys a cut elimination procedure.

Remark 2.3.12. The procedure given in [BKM23| combines ideas from subtyping with
this intuition where the indexed (co)derelictions are pushed into the tree together with
the use of the indexed (co)weakening. Here, we give a much more factorized version of the
procedure, thanks to the fact that w; and Wy can express the action of d; and dj.

We give the cut elimination cases involving wy or wy in Figure These cases give
rise to trees that have the same shape as those from the cut elimination of DiLL. They
are indexed by elements of M. Note that no particular property on M is required to
make these cases work. The last case is between the contraction and the cocontraction.
It is given in Figure For this one, we use the decomposition given by the additive
splitting property. The shape of the reduction is the one of the contraction/cocontraction
cut but the difficulty comes from the indexation. Like in the proof tree two sums
may be equal but coming from non-equal elements. Thanks to the additive splitting, we
have a way of decomposing such elements which gives a way to index the exponential for
this cut elimination case. Note that the naturally ordered condition in Theorem
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Defining and as follows:

axr axr
70 AL, A F Ty A L A
b Py AL, 70y AL L, A FT, 2., AL, 7, A

tT2,3
F T, %, AL, 7, AL, 7, AL

) T X2,3 ) " T2,4

7, AL 1, A T AL A
1 1 1 1 1
= FT, 7 AL 7, AL 7, A T AL T AL A
CUu

FT, 70, AL, 2y (AT, 70 AL 7, AL

) " T2,3 ) " T2.4 ) tx1,3

FT, 2, AL, 2, AL 7, AL

) *X1,4 ) *X2.4 ) * I3

cut

C

We give the interaction as:

</ VAR,

1 € —_
'_P)?IlA 7?ZEQA ¢ '_A7'3/3A l_:,!a;4A c ~cut

T, ?mﬁngJ— FAE tai—a, 42,4 cut
FT,AZ
T, ?xlAAJ-, ?x2’4AJ-, ?mgAJ- FALA
cut
T, A,?GEMAJ-, 220 4AJ' ; ;
. . C
FT,A, ?MAL = 15,4
FT.A = cut

Figure 2.5: Cut elimination for DBLL: contraction and cocontraction

does not appear directly in the cut elimination cases. But they are mandatory to express
translations on d; and d;, which is why we do not need to give the cases for these rules.

2.3.2.1 The equivalence between IDIiLL and DBLL

We first recall Corollary proved in Section [2.3.1.1

Corollary 2.3.7. The monoid of LPDOcc endowed with composition (D, o,id) is additive
splitting.

Using this corollary, and endowing this monoid with its natural order, we consider
DBplLL which is then graded by LPDOcc. The rules of DBpLL are then the same as
those of IDILL. The difference is in the grammar: IDILL is polarized, while DBpLL is not.
However, the cut elimination cases do not break the polarities, as they do not build new
formulas. Taking a proof tree from IDILL, one can translate its indexed (co)dereliction
thanks to indexed (co)weakening, and apply the cases from DBLL to eliminate the cuts.
Thanks to the admissibility of w; and wy in DBpLL, the cut free tree obtained after the
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reduction can be retranslated into a tree of DBpLL that is, in fact, a cut free proof of
IDILL which proves the same sequent.

Theorem 2.3.13. The logic IDILL enjoys a cut-elimination procedure.

2.3.3 The relational model

A natural model to consider for DB4LL is the relational model. As shown in Chapter
Rel is a model of LL, of DiLL, and can be extended to a model of BsLL. To have a model
of DBaLL, the interpretation of the formulas and of the structural rules are the same as
those of BsLL from Section What is left to do is to define the interpretations of
the rules w, ¢ and d;. This is done thanks to the reverse relation

wx = {(a,b) | (,a) ewx}  ex £{(a,;b) ] (b,a) ecx}  dx ={(a,b) ]| (b,a) €dx}.

Using what is done to extend the relational model to a model of BgLL, this gives a
model of DB LL.

2.3.4 Coherence between the smooth semantics and the cut elimination

After defining the smooth semantics with functions, distributions and LPDOcc of IDiLL,
we saw that this logic enjoys a cut elimination procedure thanks to DBasLL. A crucial
point to study is the compatibility between this model and the cut elimination procedure
~+. In denotational semantics, one would expect that a model is invariant with respect
to the computation. In our case, that would mean that, for each step of rewriting of ~,
the interpretation of the proof tree has the same value. To do so, let us consider the
interpretation in the smooth model of the indexed (co)weakening. The indexed weakening
applies the indexed dereliction to cstq, the smooth map introduced by the weakening. The
indexed coweakening applies the indexed codereliction to dg, the distribution introduced
by the coweakening. Their semantics is then

R —7pA _ R —1pA
Wy Wy ~
1 — ®p*esty 1 — D(do)

which are well typed by construction. From this, let us study each exponential commuta-
tion case involving wy or wy.

e For the cut wy/wy, the semantical interpretation corresponds to
D(80)(®p * csty) = o(D(Pp = cst1)) = do(csty) = 1

which is the neutral interpretation of a sequent, so this case lets the interpretation
invariant.

e For the cut c¢/wy, the interpretation before the cut elimination is

Dy 0 Ds(80)(®p,0p, * (D1 (). Da(9))) = do(D1(f)-Dalg)) = D1 (f)(0)-Da(g)(0)

where f isin [?p, A] and g is in [?p, A]. The interpretation after the cut elimination
is

D1(80)(f)-D2(80)(9) = do(D1(£))-00(D1(f)) = D1(£)(0).D2(g)(0)

which shows the invariance.
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e For the cut ¢/wy, the interpretation before the cut elimination is

(111 * ¢)(q)D1OD2 * CStl)
= 111(1’ = ¢y — Pp, * (Pp, xcst1)(z+y))) (Proposition
x— ¢y — @p,(z— ®p, xcsti(z+y—2))))

(
1/} T+ (;5 Yy — (I)Dl (CSt(@D (est1) )))
(

x — ¢(y — Pp,(cst1).Pp, (cst1))) (by homogeneity of ¢)

(
(
z — ¢(y — ®p, (Pp,(csty).csty)))
(
(

x = ¢(Pp, (csty). cstap, (cst1)))

x+— ®p, (csty). ¢(05tq>D2 (cst1))) (by homogeneity of ¢)

CSt‘Ppl (cst1) ¢(65t<1>D2 (cstl)))

o
(
(
(
(v ¢ Cslap, (cstr). <I>D1(cst1)))
(
(
(
(

QZS(CStCDD cstl))'CStthI (cst1))

cstq,DQ(CStl)).w(cst@Dl(Cstl)) (by homogeneity of 1)

I
S U N

—

where ¢ € [!p, A] and ¢ € [!p,A]. The one after the cut elimination is

Y(Pp, * cstr).¢(Pp, * csty)

=Y(x — Pp,(y — esti(z —vy))).¢(x — ®p,(y — csti(z —y)))
= (x — ®p,(cst1)).¢(xz — Pp,(csty))

= 1/1(05%131 (cstl))-¢(05t©D2 (cstl))

and that proves the invariance for this case.

The last case to consider is the one between a contraction and a cocontraction. This case
takes slightly more work. It relies on the density of {0, | z € E} in |E. First, let us study
the dual rule of the contraction.

Lemma 2.3.14. The dual of the contraction law corresponds to
¢, py : D1 0 Da(8,) € \prony E > (D1(6,) @ Da(6y)) € !p, E@ Ip, E.

Proof. Because we are working on finite-dimensional spaces F, an application of the Hahn-
Banach theorem gives us that the span of {§; | z € E} is dense in !E. As such, the

interpretation of ¢’ can be restricted to elements of the form Dl/o\Dg(éw) € !pop, E. Also
remember that for a linear map ¢ : £ — F, its dual /' : F/ — E’ computes as follows

' heF'w— (xeEw— h(l(x))eFE
Indeed, consider ¢ € (?p,op,E)’. As all the spaces considered are reflexive, one has:
(?D10D2E), = {DI/O\ZDQ((Z)) ‘ 'E}

and as such there is ¢ € |F such that £ = Dl/o\Dg(cb). As such, for any f®g € ?7p, EQ?p, E
one has:

(Loc)(f®g)=(¢oDioDs)(®pion, * (D1(f) - D2(g)))
= ¢(D1(f)-Da(9))
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Considering ¢ = §,,, we obtain

(Loc)(f®g)=0dz(Di(f).D2(yg))
= 02(D1(f)) - 62(D2(9))
= ((0z 0 D1) ® (6z 0 D2))(f ® g).

Hence ¢’ corresponds to ¢, p, : !pjop, £ — Ip, E® Ip, E. O

For this case, suppose that we have Dy, Do, D3, Dy € D such that Dy o Dy = D3 o Dy.
By the additive splitting property, we have D1 3, D14, D23, D2 4 such that

Dy =Dy130D1y4 Dy = D330 Doy D3 = Dy30Ds3 Dy=Di40Dgg4.
The diagrammatic translation of the cut-elimination rule in Figure [2.5|is the following.

! !
C ®C
Dy ,3,D1,4 < "D2 3,D2 4

!D1E®!D2E !D1,3E®!D1’4E®!D273E®!D2,4E

JVEDlvDQ

'DioDs = DyoDs E

!
JCD31D4

!D3E® !D4E =

€Dy 3,09 3®CDy 4,Dg 4

!D1’3E X !DQ,SE [} !D1’4E X !D2’4E

Remember that the convolution of Dirac operators is the Dirac of the sum of points, and
as such, we have: . . -
¢ : (Da(02)) ® (Dp(dy)) — (Dp © Da(Gz+y))-

We make use of Lemma to compute easily that the diagram above commutes on
elements (l/?\l(ém)) ® (5\2(53/)) of Ip,F ® !p,F, and as such it commutes on all elements
by density and continuity of ¢ and ¢’. The last step is to prove that the translations of
d; and d; are invariant as well by the smooth model. In fact, these translations are used
to rewrite the proof tree before the procedure to a proof tree of IDILL. For the indexed
dereliction, the translation for a smooth map f € [7p, A] is interpreted by the contraction
with an indexed weakening

®pyop,*(D1(f)-Da(®py*est1)) = @pyop,*(D1(f)-Da(cst1)) = ag®pyop,*(D1(f)) = ao®p,*f

which is the interpretation of the indexed dereliction.

Remark 2.3.15. Note that we do not get the exact interpretation of the indexed dereliction.
To get it, we need the property that ag = 1. To do so, we just need to refine the monoid by
dividing every LPDOcc by its coefficient ag, and forbidding the operators having ag = 0.

For the indexed codereliction, the translation is interpreted by
¢ % Ds(60) = Da(¢ + d0) = Da(9)

for ¢ € [!p, A] and we found the interpretation of the indexed codereliction. We can the
conclude with the following theorem.

Theorem 2.3.16. The interpretation of each morphism w,w, c,c,d; and dj is compatible
with the cut elimination procedure.
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A double indexed differential
linear logic

The definitions and results in this chapter are partially given in a preprint.
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This chapter presents an extension of the logic IDIiLL to higher order. In the previous
chapter, the promotion rule has been removed from the syntax of the logics that we have
defined. Adding this rule comes with difficulties at the level of the syntax, of the semantics
and of the underlying algebraic structure of the indices. It is however a desirable rule,
as it gives the possibility to consider higher order objects and to have a more complete
framework. The solution to these difficulties used in this chapter consists of adding a
duality operation on the set of indices of the exponential connectives. It corresponds to
have two copies of the semiring, which can be used as indices. Compared to polarized
linear logic, the exponential connectives are not splitted into !_ which is positive, and 7_
which is negative. The connectives ! + and ? + are indexed by positive elements of the
semiring while ! - and 7 - by their duals which are negative. The common point with
polarized linear logic is that this allows to restrict the usual exponential rules regarding
whether the formula uses a positive or a negative index, including the promotion. This
idea of a new duality comes from the use of the higher order Laplace transform, which has
been used in models of DiLL by Kerjean and Lemay [KL23].

The higher order Laplace transform The Laplace transform consists of a morphism
of function spaces, which is a powerful tool to solve differential equations. Its usual form
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Negative
AL A
Structural 1 ()t i i ()t | Costructural
A 7. AL
R B
7777777 positive

Figure 3.1: Double indexed formulas related by the Laplace transform and the negation

" f:ﬁﬂ@%@i(xewﬂé/fﬁaﬁﬁ). (3.1)

However, the use of integration does not generalize easily to functions acting on an ar-
bitrary (and potentially infinite dimensional) vector space f : E — R. The key to the
higher-order generalization of Equation [3.1]is to then replace the use of integral with the
use of distributions. Indeed, when the domain of Laplace transform is seen as a space of
distributions, one can generalize Equation [3.1] as:

g:wemwi@eALH¢ueAHJ®0614 (3.2)

Then £ (¢) when ¢ € !A is indeed an element of ?A, which is a non-linear function acting
on A’. Considering the Laplace transform of morphisms of DiLL, Kerjean and Lemay have
shown that
ZL(W) =w L) =c Z(d) =d.

In other words, the Laplace transform turns the costructural rules into the structural
ones. This led us to see Laplace as a transformation orthogonal to the negation: the
negation turns smooth maps into distributions, while the Laplace transform acts on the
indices instead, transforming a negative one into a positive. The use of two copies of the
same semiring allows having this orthogonality in the syntax. We express how those two
transformations work together on formulas in Figure 3.1

Syntactically, this having those four kinds of exponential formulas, with two orthogonal
translations, gives the possibility of having a promotion rule. The issue in the syntax
with the promotion is that when it has interactions with the costructural rules, and it
is indexed, this implies new algebraic axioms on the semiring which does not match well
with the ideas of differentiation. But with the four kinds of exponential formulas, these
interactions are not possible anymore: there are no cuts between the promotion and the
costructural rules, since the formulas produced are not the negation of each other anymore.
This allows even to define a copromotion rule, based on the categorical codigging defined
by Kerjean and Lemay |[KL23| which is the morphism dual to the digging. In addition,
the Laplace transform fits well with the theory of linear partial differential operators, as
it transforms differential equations into polynomial ones.

In Section 3.1 we define the logic DIDILL, which is based on a relaxed notion of
semiring that we call weak semiring. It corresponds to the algebraic structure having
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exactly the algebraic axioms needed to perform the cut elimination. The grammar of
DIDILL uses exponential formulas indexed by positive and negative elements of a weak
semiring. Then we give the definition of the Laplace transform and of the negation on
these new formulas. We define the exponential rules of DIDILL, which are the ones of
DiLL but graded, where the indices are polarized. There is, in addition, a copromotion
rule, which is built from the codigging. From these rules, we express the cut elimination
cases between the exponential rules, which are either between structural rules and the
promotion or between costructural rules and the copromotion. In Section we give
a first model of DIDILL. This model uses LPDOcc and Ko6the spaces. We define a weak
semiring of LPDOcc, which is an extension of the monoid of LPDOcc from Chapter [2] where
we add an operation of multiplication. Then we show how those differential operators can
be applied to elements of Kéthe spaces. To do so, we have to endow the Kothe spaces
with a map that will represent a choice of some elements of a basis of the space. This is
needed to interpret the variables along which we will differentiate. Using this, we show
how the rules of DIDILL are interpreted as morphisms between Kothe spaces. Sadly,
we have not been able to interpret the copromotion in this setting for non-convergence
reasons, but we get that Kothe spaces and LPDOcc form a model of DIDILL without the
copromotion. In Section we give a second model of DIDILL based on smooth maps
and distributions. It uses a framework from Ouerdiane et al. where the smooth maps
are bound by Young functions, which are real convex functions [GHORO00|. Using the
Young functions as indices, we are able to give a model of DIDiLL which is smooth and
has higher order constructions. To do so, we need to give an alternative version of DIDiLL
where the connectives and the rules are polarized. This model also allows to interpret
the copromotion rule, following what was done by Kerjean and Lemay on the codigging
operation [KL23|.

3.1 DIDILL: a Double Indexed Differential Linear Logic

In this section, we define and study the calculus DIDiLL. This calculus will have exponen-
tials indexed by elements of two copies of an algebraic structure, which is weaker than a
semiring. We define the notion of weak semiring.

Definition 3.1.1. Let (S,+,0) be a commutative monoid, 1 an element of S, and x an
associative binary operation on S (the product). When the product is right-distributive
over the sum, 0 is left-absorbing and 1 is a left-neutral for the product, i.e.

(x+y)z=xz+yz Oxz=0 Ixx=u

for each x,y,z € S, and < is a partial order such that the sum is increasing monotone,
(S,+,0,x,1,<) is a weak semiring.

Compared to usual semiring, a weak semiring does not require distributivity on both
sides, 0 to be right-absorbing, or 1 to be right-neutral. Beware that, in graded linear
logic, this restriction is not required, and that it uses the usual definition of a semiring.
The additional axioms on the general definition of a semiring are used to interpret the
commutation cases in proof nets (see [DG24, Part 1.3] for an example of commutation that
corresponds to an algebraic axiom of a semiring, but not required in our weaker definition)
which are not necessary here. On the contrary, distributivity on both sides does not hold
in the semirings interpreting DIDILL in Section [3.2]and Since we seek for a logic where
the indices can be interpreted by differential operators, which do not fulfill every axiom of
a semiring, this weaker notion is crucial here. In addition to being an algebraic structure
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AB21|0|T|L|A®B|A®B|A®B|A&B (MALL formulas)

| 7o+ AL+ A 7,-A|1-A (exponential formulas)

(a) Formulas of DIDiLL

(7o A)T 21 AF (lg+r A)t 2 7, AF
(7,-A)F 21,4t (l-A)t 22 .44
L1+ A) £ 14 A Ll A) 27,4 A
LA E2LA LA 27, A
(b) Syntactical transformations of DIDiLL

T ——W
FT,7-A Flo- A"
1,7, A7, A DA FALA

C C
FT, 7 1y A FT, A, 4, A
A FD,LA
FT,7, A B
FI,7,-A <y q FI,L,-A <y 3
FT,7,-A ! FT,L-A I
1y Y
"l AB F1,-AB
F 7 x-A B P A 7e B "

(c¢) Exponential rules of DIDiLL

Figure 3.2: The logic DIDILL

which models LPDOcc, this definition corresponds to the minimal set of axioms needed
to have a cut elimination procedure.

Let us now detail the sequent calculus of the logic DIDILL. To the connectors of MALL,
we now add 4 families of graded connectors: 7,+A, 7,- A, |,+ A and !|,- A, where x ranges
over a weak semiring (see Figure . We denote by polarity the upper index + or —,
and simply denote by index the lower index x € §, where § is a semiring. We call 7 - and
! — negative exponentials while 7 + and ! + are positive. This division between two classes
of exponential connectives is crucial for this logic. It solves the difficulties coming with
the promotion rule, and also allows adding a copromotion rule, a rule added to differential
linear logic by Kerjean and Lemay [KL23| that we will detail later. While adding these
polarities to the connectives seems to be a syntactical operation, it follows intuitions from
the so-called Laplace transform, which is a well-known operation in functional analysis.
These intuitions will be detailed in Sections B.2] and [B.3] within the framework of two
concrete models. We give in Figure the transformations at the level of the formulas
induced by this Laplace transform denoted by .Z(_), and by the negation. As usual, we
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define inductively the involutive negation such that (?,+A4)* = 1,- A+ and (I,+ A)*t =
?,~AL. The Laplace transform and the negation have a similar behavior, but Laplace
does not change the polarity of the index while the negation does.

We now define the rules of DIDILL as the rules of MALL to which are added the
exponential rules in Figure|3.2c| For the promotion rule, ?x. A represents 7., A1, ..., 7, An,
for X = (z1,...,2,) and A = Ay,..., A,. Then, y x X = (yx1,...,yx,). Notice that the
structural and costructural rules act on negative exponentials only. Also notice that, to
be as general as possible, we present this logic graded by a weak semiring with an order.
However, in the concrete models that we present in Section and Section the order
is defined through the sum: x < z when there is y such that = +y = z. We explain our
choices regarding the copromotion rule p in the next section and detail the cut-elimination
cases in Section

3.1.1 Coddiging and copromotion

The costructural rules of differential linear logic bring some symmetry to linear logic.
Each costructural rule is the symmetrical to a structural one in linear logic. However, the
promotion rule had a special status, since it was the only one without any costructural
counterpart. This gap has been solved by Kerjean and Lemay by studying a particular
concrete model of differential linear logic [KL23|. This model consists of spaces of func-
tions and distributions whose growth is controlled by some real functions. We present
precisely this model in Section by turning it into a model of DIDILL. The semantical
interpretation of the promotion rule of linear logic is built using a morphism called the
digging, which consists of taking a distribution and turning it into a distribution of distri-
bution, using the Dirac construction. This digging operation dig gives to the functor !_ a
comonadic structure, as it is a comultiplication. In their article, Kerjean and Lemay have
noticed that, in the model there were considering, one could define a codigging operation

dig given by
— |E —>FE
dig : 5 1
¢ = Zn n!¢

where ¢*" stands for the distribution ¢ convoluted n times with itself. This new operation
dig is a multiplication over !_ and together with the codereliction it gives !_ a monadic
structure. This gives then a solution to the lack of symmetry at this level in differential
linear logic. However, this rule is not well-defined in every model of DiLL. In fact, a
model of DiLL has a codigging when every function is equal to its Taylor expansion at 0.
This works for the model that we present in Section thanks to its strong conditions of
convergence, but not for Kéthe spaces, for instance. We will detail this in Section

After the semantical study of Kerjean and Lemay of this codigging, an important
question is the one of the existence of a copromotion rule, which would solve the lack of
symmetry of DILL at the level of the syntax. While the promotion was defined syntactically
and then semantically interpreted by the digging, here we use the codigging, which is
semantical, to define the copromotion. The promotion rule can be decomposed into two
rules: the functoriality of the bang (!f) and the digging (to simplify here, we call digging
the digging generalized to a sequent. This has been done properly in Figure .

I+ A
r-A , B . — hroa f
rriAf rrp d8 P AR g

One can then define a copromotion rule that will be dual to the promotion, but one major
restriction has to be done. To be able to define a cut-elimination procedure for DIDILL, we
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had to restrict for only a one-formula context in the copromotion p. This comes from the
binary flavor of ¢, compared to the unary one of c. In the cut elimination case between
p and ¢, the promoted part is duplicated and then recombined through contractions.
Adapting this idea in the costructural case is possible, but the recombination works only
with exactly one formula in the context, because of the binarity. This gives the following
rule:

?AF B |
p= ??AF?BZL %p
—~arop dieg HIA?B

which is presented in our graded polarized setting in Figure [3.2d This rule is built by
duality using the functoriality of 7_ and the codigging. One important point here is that
this version of the copromotion comes from some choices. We might hope for another
version in the future, but this is the only one which allowed us to prove cut elimination .
Notice that here, p and p do not interact through cut elimination, as they do not
involve dual connectors. Grading, and involving the Laplace transform into structural
rules, is thus a way to safely include p as a syntactical rule in DiLL presented as a sequent
calculus. We have not developed a proof-net version of our calculus: DiLL fits well in
this formalism but Graded Linear Logic does not. Note, however, that a tentative to
symmetrize promotion was already explored in proof nets by Gimenez |Gim09].

3.1.2 Cut-elimination

In LL and in DiLL, there are only two exponential connectors, the ! and the 7, which are
dual to each other. Then, in LL, each structural rule w,d, c interacts with the promotion
rule in the cut elimination, but they do not interact together. When one considers DiLL,
three costructural rules w, d and ¢ are added. This adds many cases to the cut elimination:
the principal formulas of costructural rules are of the form !A, and then each costructural
rule interacts both with the promotion and with every other structural rule.

In the rules of DIDILL, the principal formulas of the costructural rules have the form
l,— A, while the ones of the structural rules have the form ?,- A+. But l,~ A is not the
dual of 7, - A™ | since the negation changes the polarity of the index. This implies that the
number of possible interactions through the cut rule is very reduced compared to DiLL:
w,C and d cannot interact with w,c and d. The only cut elimination cases to consider
are the ones involving a promotion rule or a copromotion rule. Moreover, the promotion
and the copromotion cannot interact together for similar reasons. The cases have to be
refined, compared to what is done in LL or DiLL since we use graded exponentials. These
cases with the promotion were presented in the graded but not polarized case by Breuvart
and Pagani [BP15]. We present the same cases with our connectives indexed by polarized
elements of a weak semiring in Figure [3.3

The other cut elimination cases are the ones with a copromotion. Those are new, but
they should be similar to the ones with a promotion. We do not provide the categorical
semantics of DIDILL here, but it would hopefully consist of the one of DiLL together
with dual axioms for the copromotion which would be dual to those for the promotion.
Following this remark, the cut elimination cases with a copromotion are strongly similar
to those of the promotion. We provide them in Figure Some variations should still be
noted. First, a natural difference comes from the binary flavor of the costructural rules.
This appears in the cut elimination case between a copromotion and a cocontraction which
is then similar to the interaction between a promotion and a contraction but has a binary
form. The second difference comes from the restriction we have made on the context of
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Figure 3.3: Cases with the promotion
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Figure 3.4: Cut-elimination cases for the copromotion
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the copromotion. This context has only one formula, which simplifies the cut elimination
cases compared to those of the promotion.
Now, we focus on the cut elimination procedure for DIDILL.

Conjecture 3.1.2. The logic DIDILL enjoys a cut elimination procedure where the rewrit-
g 1s weakly normalizing.

This conjecture is based on a translation from the proofs of DIDILL into the proofs of
LL. This translation has the property that each rewriting step in DIDILL corresponds to a
rewriting step in LL. Let us describe this translation.

We define a map 7T that transforms formulas and proofs of DIDILL into formulas and
proofs of LL. For atoms and MALL connectors, T is the identity, and for exponential
formulas we define:

Tl A) £ 1(T(A)) T, A) £ 2(T(4))
T4 A) £ (T(4)) T(20A) £ 2(T(4)).

Then, for the proofs, T is the identity for each rule, except for the costructural ones. T
transforms d, dy, p respectively into d,d; and p. For the coweakening we define
— Mmixg

and for the cocontraction

A () (W)

FT,-A FALA | T ETMLITA)  ET(A).7T(A4)
FT,A 4 - T(T), T(A), 7T (A), 7T (A)
’ T, T(A), 7T(A)

which concludes the definition of 7. This map is such that if © ~»., 7’ in DIDILL, then
T (7) ~cut T(7") in LL. This property is easy to prove, except for the cases p/w and p/c.

>

T

mixy

9 !x—er

e For the cases with the promotion, it is obvious, since 7 only forgets the indices.
These cases are then the same as those in LL. The only difference is for the cut
between a promotion and an indexed dereliction. Since this rule does not exist in
LL, this case cannot be compared to one in LL but 7 forgets the indices so 7 (dr)
just corresponds to the identity in LL.

e For the copromotion with d,d; and p, 7 transforms them into the cases between
promotion and d,d; and p.

e For the case p/w, 7 transforms it into a special case of the cut p/w. Applying T to
the tree before the cut elimination gives

7B, A o
T(m)= F7B,1A B
C7B cut
while after the cut it gives
— Mmixg
T = W
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and we actually have T (m) ~»¢yt T (7') in LL.

e For the last case, which is between a copromotion and a cocontraction, we have to
use a commutation between mize and cut. For such a cut, in a proof 7, T (7) is

FT,245 0 R A7AL
7B, A FT,A?A+ 74+
B4 " FT, A, 7AL
FI',A,?B

mizo

cut

which reduces in LL to the proof m

7B, A FT,?4+ FA?AT
7B, A B4 " FT, A 7AL 74T
ToBA " FT.A,7B.7AL
T,A.7B, B
T.A.7B

mixs

cut

cut

while 7 ('), where 7~y ', 18

A S A
F7B,14 © FT74t —7BA " A4l
-T,7B cut - A 7B cut
FT.A.7B.7B

FT,A,’B

mixs
C

which is equal to m; modulo the following commutation rule between mizs and cut
(see |Pro23| p. 50]) by applying it twice.

However, since the cut elimination of linear logic is not strongly normalizing, it does
not imply a normalization property for DIDILL. One can imagine that the finite chain of
reduction on a translated tree cannot be obtained from our translation. We, sadly, have
not been able to prove that DIDILL enjoys a normalizing property, but we think that a
precise study of the cases implying that the cut elimination procedure of LL is not strongly
normalizing should give the recipe for a proof of Conjecture [3.1.2

3.2 Grading DIDiLL with LPDOs

After studying the syntax of the logic DIDILL, we present in this section a first model
for this logic. This goal of this model is to define a framework where the exponential
are indexed by LPDOcc. This would, in a sense, extend the model of IDIiLL which uses
smooth functions and distributions from Section However, it is not possible to
use the smooth model to provide a model of DIDILL indexed by LPDOcc. The reason
comes from the definition of linear partial differential operators and from the promotion
rule. With a promotion rule, we have to be able to consider higher order objects, such
as spaces of smooth functions whose domain is another space of smooth function. For
instance, if a formula A is interpreted by R™, the formula (!!4)* will be interpreted by
C®(C>*(R™,R),R). In IDILL we have restricted the grammar of the formulas to forbid such
formulas, allowing only finitary formulas. But since there is a promotion rule in DIDiLL
this restriction is not possible anymore, the construction of the promotion is strongly
based on the ability to have non-finitary formulas. This is what clashes with LPDOcc: an
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element f of (I'!4)* is a function whose domain is an infinite dimensional vector space.
Contrarily to a space like R", it does not have a canonical basis, and even building linearly
independent families may be hard in such spaces. But this is something crucial to interpret
the action of a LPDO on f. For

5 Hlel
B Za:aa(?ar?l ... 0xpn

we need to define an interpretation of the x; as elements of the domain of f to compute
D(f). While the z; are interpreted by elements of the canonical basis of R” when it is the
domain of f, this is then much harder when f is in the interpretation of a non-finitary
formula.

For this reason, the model presented in this section is built using Kothe spaces. Intro-
duced by Ehrhard |[Ehr02]| as a model of (differential) linear logic, we have presented these
spaces in Section [1.3.4l Ko&the spaces are spaces of sequences, built on countable sets,
that can represent the smooth functions that are analytic. This makes them the perfect
candidate for a model of DIDILL graded by LPDOcc. It is discrete, in the sense that it
uses sequences, based on a countable set, and from this countable set we can interpret the
variables along with the differential operators can differentiate, and it is powerful enough
to represent some smooth functions.

In Section B.2.1] we extend the monoid of LPDOcc from Section 2.3.1.7] to a weak
semiring. Here we build an operation on polynomials which is right distributive over the
product of polynomials using a form of composition. Then, we use again the isomorphism
between multivariate polynomials to deduce a weak semiring of LPDOcc having the usual
composition of differential operators as the sum operation. In Section we refine the
definition of Kothe spaces. In order to use the countable sets of the Kothe spaces, we pair
topological vector spaces F with an injection ¢ : N — E. This provides an interpretation
of the partial derivatives e involved in any differential operator, or more generally for
the variable X; of a polynomial, interpreting x; or X; as ¢(7). In Section we define
the action of LPDOcc and polynomials over Kéthe spaces. This gives us a definition for
the exponential connectives of DIDILL in the model of Koéthe spaces graded by differential
operators. Finally, we express how the exponential rules are interpreted in this setting,
using the interpretation of the rules of DiLL and defining the Laplace transform over
graded Kothe spaces. Beware that non-indexed dereliction d and codereliction d, as well
as the copromotion p are sadly not interpreted in this model.

3.2.1 A weak semiring of LPDOcc

In Chapter [2| we have defined a monoid D of LPDOcc, whose monoidal operation was the
composition of operators. We have used the fact that this monoid is isomorphic to the
one of multivariate polynomials endowed with the polynomial product to prove properties
on D. To extend D to a weak semiring, we use a similar isomorphism, and we start by

extending Definition
Definition 3.2.1. We define by induction:

PO =R Pn—i—l - Pn[Xn+1] Pw == UnZOPn

and we give the following operations for each P,Q € P, such that

P= Y aX* Q= > bXF

a€eNw) BeENw)
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we define PHQ = P x Q, the usual product of polynomials, and PX Q) as a composition:

PHQ =) aubsX*"’ PRQ=) a.Q".
a,f «a

where QI° denotes the multiplication of Q by itself |a| = 3., i times. We denote

P=>"(-1)llagxe.
(6

In this definition, the addition H is still the product of polynomials, and the new
operation X is a form of composnlonEI of multivariate polynomials. We recall that the
use of P is necessary to interpret differentiation on distributions. The (=1l coefficients
resulting from an integration by part when distributions are considered as generalized
functions.

Using the multinomial theorem, we prove the following.

Proposition 3.2.2. (P,,H,X, 1, X1) is a weak semiring.

Proof. The fact that (P, H, 1) is a commutative monoid comes from the well-known result
that the product of polynomials is commutative. The polynomial X; is an obvious left
neutral for X (as would any X;), and 1 an obvious left absorbing element. The product
X is associative. Let P,Q, R € P, with

pP= z”:%Xai Q= i b, X
=0

J=0

Then, we have

R(QRR)=PR (Y by R

7=0

. N o
=3t

i=0 J=0

n

|| ko ke 1oko| o+ +knm | Brm|

=Y aq, > (k:o b g R

i=0 kot +km=|a]| ’ T

with the multinomial theorem, which proves one side of the associativity property. For
the other side,

(PRQ)XR = (Za Q'%)&R

n m |O‘z‘
= Zaal > by XPi X R
7=0
levs]
_ i a Z ‘O‘i‘ pho pEm xkoBo+-+kmBm X R
B o ko, ... km) Po " Bm
J ko+-+km=|oy| T

Tt is a form of composition, as there is no natural definition for the composition of multivariate
polynomials. For the form chosen here, P K @ consists is replacing every variable in P by Q.
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n
. ‘aZ’ k ]Cm ‘k} ﬁ +"'+k7nﬁ7n|
=Y e, 3 Lol b R

=0 07...7 m

k0+~--+km:|ai\
n
_ Z a Z |al| bko bkm Rk0|50|+"'+km|/3m|
& ko, ... km ) P07 Bm
i=0 ko+-4km=|a| LR

with the same method, which proves the associativity.
For the right distributivity, let P,Q, R € P, with

P = En:aaixai Q= ibﬂjxﬁj.
=0

=0

n

(PHQRR=|)_ iaaixaibﬁjxﬁj X R

i=0 j=0

M:
NE

aa,bg, X0 | R

7

i

%

Il
o
.

Il
o

. bﬂj RYiTBj

3II

Ms nMs

(o, R g, R”

Il
o

7

07

( aaiRo‘i)Eﬂ > by, RP
j=0

1=0

=(PXR)H(QXR)
concluding the proof that we have indeed a weak semiring. O

Note that we strongly use the fact that we only ask for a weak semiring. The axioms
that are in the definition of a semiring but not in a weak one are the fact that 0 is
right absorbing for the product, 1 is right neutral for the product, and the product is
left-distributive. Those axioms are not satisfied here:

e taking P =2, PK1 =2K1 =2 # 1 (1 being the 0 element, it is not right absorbing);

e taking P = Xo, PX X = Xo K X; = X # Xy (X; being the 1 element, it is not
right neutral);

o taking P = X + Xo, @ = X3 and R = X4, we have
PR (QBR)= (X1 + X2) X (X3Xy) = X3X4 + X3Xy =2X3X,
and
(PRQ)B(PRR) = (X1 + X2) K X3) B ((X1 + X2) WXy) = 2X3H2Xy = 4X35Xy

which gives a counter-example for the right distributivity.
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One may remark that X; being, in fact, left neutral for the product. This is also the case
for each X;. Other possibilities could have then been taken for the definition of a weak
semiring of multivariate polynomials. Finally, this weak semiring of polynomials gives, in
fact, a weak semiring of LPDOcc, with the following definition.

Definition 3.2.3. Considering P € P,,, we define P(0) as

olal
P=> a.X{.. X" Zaaa T
. .

In particular, for P,Q € P, one has (P B Q)(0) = P(9) o Q(9) and 1(0) = id.

3.2.2 Kothe spaces

We have already introduced the K&the spaces in this manuscript. However, we refine here
this notion by defining indexed Kothe spaces, adding an injection from the base space
of Kéthe sequences to the natural numbers. This injection will model a family of free
vectors, along which we will differentiate when applying a differential operator. Let us
recall the definition of a K&the space, of linear logic constructions over those spaces and
extend those definitions with the new injection that we add. For a set X, we write for
E c KX:

E+ 2 {u e K* |Vv e E, Z |ty | converges}
zeX

This acts as an orthogonahty, meaning that for any E one has E C E++ and E+ = B+,

As in Section we define the Kothe spaces using this orthogonality.

Definition 3.2.4. A Kothe space is a pair X = (X, Ex) such that X is at most countable,
Ex C KX and E)J-(L = Ex. Its dual X+ is defined by X1t =X and Eyi = EXJ-.

From this, we endow K&the spaces with a map from X to N to represent a free family
of variables.

Definition 3.2.5. We consider indexed Kothe spaces E = (X, p, Ex) where ¢x is an
injection from X to N*. When i is not in the image of ¢, then one assigns ¢p~1(i) = 0.
One can think then as X = (¢~ *(1), 67 %(2),..., 01 (n)(,...)), the last (... ) being optional
whether X is finite or infinite. As the use of ¢ is to handle partial derivatives with respect
to ¢~1(i) (see Definition , when 1 s not in the image of ¢ one will consider functions
defined on X as constant with respect to the i-th variable.

In what follows, we may just say Kothe space to mean indexed Kothe space. Consider
E = (X,¢,Ex) and F = (Y,9, Fy) two Kéthe spaces. We now recall the constructions
making Kothe spaces a model of linear logic and refining them with the use of a formal
ordering of their bases.

e The space E — F of linear continuous maps from Ex to Fy corresponds to the
subset of KX*Y of all M such that the sum:

/
E M; iy
1,J

is absolutely converging for all z € E and i’ € F-. The cardinal on X xY is defined
as x : (x,y) — 22@~1(2¥(W) _ 1), This is an injection when ¢ and 1 are injections.
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The tensor product of two perfect sequence spaces Ex and Fy is the perfect sequence
space (E — F1)L. In particular, E+ ~ E — K, where an element ¢ = (¢;); of B+
acts on x = (x;); in E as ¢(x) =), {;x;. The cardinal on X x Y the same as above.

The product and coproduct constructions on K&the spaces, interpreting & and @,
are defined as the product and coproduct of topological vector spaces and preserve
perfect sequence spaces. Their bases are enumerated as above.

The interpretation of exponentials formulas in Kéthe spaces embodies the intuition
that non-linear proofs should be represented as analytic functions. Consider a set
X and M(X) the set of all finite multisets of X. If u € M(X) and = € E, we write:

oy - Hm¢(I)M(I)

reX
and 2' the element of KM(X) such that (z'), = 2*. Then one defines:
IE = (M(X),{z'|x € E}*).

Let {p1,...,pn,...} denote the list of the prime numbers, ordered with the usual

order on N. Then the cardinal on M(X) is defined as x : p+— [[,cx pé‘zg)), which
gives an injection by unicity of the integer factorization.

The addition of an enumeration of their bases does not change the categorical structure
of Kothe spaces, for the simple reason that two different enumerations on the same base
are always isomorphic. Let us now detail how to combine the notion of indexed Kothe
spaces and LPDOcc.

3.2.3 DIDiLL indexed by polynomials

Consider DIDILL indexed by the semiring (P,,H, X, 1, X;). We interpret MALL formu-
las of DIDILL and non-indexed exponentials as the refinement of the interpretation by
Ehrhard [Ehr02] recalled in Section The non-indexed exponentials are not directly
needed for interpreting DIDILL, but they will be used in Definition to define the
interpretation of the indexed exponentials.

Definition 3.2.6. Consider (X, ¢, Ex) a Kithe space. Consider P =3 o o X® € Py,
f:E =K a function and ¢ : '\E = (E = K)* a distribution.

For x € E, denoting \; the coordinate of x along x; such that x =", \;x;, we define

P(z) £ Z aan)\?"'

aeNw

P - f denote the analytic function x — P(x) - f(x), where _- _ is the scalar multipli-
cation.

P - ¢ denotes the distribution g — ¢(P - g).

P(0)f denotes the partial differential operator P(0) applied to f, according to the
basis X : o
o f
P : a = .
O)f 12— Zo;a o~ 1(1)°1 .. 9~ (n)on ()
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Parameters

?P,A:{fyage?A,f:P-g}L!p—Az{sblHwG!A,qb:P(a)(dJ)}

)+ ()+

lprA={¢| W elAdp =P ¢} — tp+A={f13g€?4,9=P(O)(f)}

Solutions

Figure 3.5: Laplace and duality acting on exponentials graded by polynomials

e P(0)¢ denotes the distribution gboﬁ(@). This is the standard definition of differential
operators applied to distributions.

Note that, if the indexed Kothe space (X, Ex, ¢) is such that m is not in the image of
¢ and x,, appears in P, following the convention of Definition functions of X will
be considered constant with respect to x,,.

Example 3.2.7. As an example, let us detail how differential operators act on entire
functions f : E = K. Consider (X, Ex) a Kdthe space. Consider P € P, and write f
as f(z) = Z#GX fuzt. For p € X let’s write p; the (possibly null) coefficient of z; in p.
Then for a € E g—a{i(a) =, f“ui% and as such, with the notations of Deﬁmtionm

we have:
(PO)() () = Y iy [[ 0 + )

Now that we know how to apply polynomials and partial differential operators to Kéthe
spaces, let us define the interpretation of DIDILL formulas in this context.

Definition 3.2.8. We interpret as follows graded exponentials:
[2p-Al=P-(7AD)  ['p-A] = PO)(IA]
[peAl = (P)7H-(LAD)  [7p+A] = P(O)"H([?A])

These definitions and their properties are summarized in Figure [3.5] where the struc-
tural rules apply to the connectives on the left and the costructural on the connectives
on the right. This also defines four functors acting on the category of Kothe spaces and
linear maps:

?p-E=P-(?7E) p-E=PO)(E)
lp+ E=P L. (1E)  ?p+E = P()"'(?E)

We now turn to the heart of the interpretation of each exponential rule of DIDILL. As
we will see below, the costructural rules d7, € and w are interpreted as in IDiLL [Ker18al,
representing the action of differential operators. The structural rules, however, are inter-
preted more elegantly than in IDILL, as d;, ¢ and w now represent operations on polyno-
mials. Furthermore, a new and important addition to IDILL is the interpretation of the
promotion rule, representing the composition of higher-order analytic functions.
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The interpretation of the exponential rules of DIDILL follows the usual smooth inter-
pretation of DiLL rules (see Section [1.3.5)), as the latter adapts easily to the bi-graded
case.

e The weakening rule w is interpreted by the introduction of the polynomial constant
at 1, which is indeed a function of [?,- N] = {1- f|f : N* = K}. The coweakening
w is interpreted as the introduction of the Dirac at 0, which is indeed an element of

- N] = {goid | 6: (N = K)1).

e The contraction c is interpreted as usual, as the scalar multiplication of f; € [?p- N]
and fy € [?o- N] leads indeed to a function in [?p-,o- N], since P gi.Q go =
PQ- (91-92). The cocontraction ¢ is interpreted as usual by the convolution product,
and the convolution ¢ o P(9) x ¥ o Q(0) equals indeed (¢ * 1)) o (P(J) o Q(9)) =
¢ x 1o (P x Q)(0). Note that, contrary to IDILL’s model (see Equation [2.3), here
the interpretation of the contraction follows the usual one (see Section [L.3.5), and
grading appears naturally.

e Remember that the order on P, is interpreted with respect to the additive law:
P < @Q if there is H such that ) = H x P. Indexed dereliction dj is interpreted by
the composition by a polynomial: to a function f = P - f’ it maps H - f. Indexed
codereliction d; is then interpreted as in IDIiLL by the precomposition of a distribution

¢ o P(9) with H ().

Non-indexed (co)dereliction Non-indexed dereliction d and codereliction d are, how-
ever, not interpreted in this model, mainly because the usual differential at 0 used in the
semantics of DiLL is not an element of the indexing semiring. Indeed, since the 1 element
of the semiring is X1, the interpretation of d would map an element z = > A\;x; to a map
x1 - f with f € 7E. Following the usual interpretation in Kothe spaces, the interpretation
would be the function y = > Nx; € E+t > AN, If Ay = 0, this interpretation cannot
be factorized as 1 - f. Likewise, interpreting d would mean writing = + (f — Dqo(_)(z))
as a distribution ¢ o D with D a LPDOcc. As f +— Dy(f) is clearly not a linear partial
differential operator, this tentative fails.

Promotion and digging Graded promotion requires the definition of a new form of
composition. Consider informally two functions f = P-f': A= Bandg=Q-¢': B= C.
The idea is that the composition g o f should be defined pairwise on polynomials and
functions: ¢of = (Q X P) - (¢’ o f'). Note that when @ = P = 1, this is the usual
composition. When A = B = C = K and f' = ¢’ = csty, then this is also the usual
composition of univariate polynomials. This composition is associative and has (1 -id) as
left and right neutral.
We now define the graded digging:

!Q+|gp+E — !Q+!p+E
¢ = (Q-f € TpEL
pQ,p = f'(P-g' € ?p-E*
= ¢(r € B4

= (QEP)(x) - f'(¢'(2)))))

Consider a linear map £ € [!x+ N1] —o [P] interpreting a proof of - ?x- A, P. Then
the proof resulting from a graded promotion rule is, as usual, the composition !gf o ug p.
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We now study a graded version of the Laplace transform interpreted in Kothe spaces:

— . !PfE — ?P*E
o { ¢ = ((eEt— ¢(xeEw— @) (3.3)

. !p+E — ?P+E
$+' { ¢ = (L€FE-w p(xc Ewsef@)) (3.4)

This is a straightforward adaptation of Equation Through a careful computation of
the Laplace transform on a Kothe space, and using strongly the fact that E and E+ have
the same basis, one proves the following proposition.

Proposition 3.2.9. For ¢ € |p- E we have that £~ (¢)(¢) is well-defined for every £ €
E*, and that £~ (¢) € 7p-E.

Proof. Consider P € P, (X, ¢, Ex) a Kéthe space. To simplify the notation, and up to
completion by 0, let’s denote X = (7;);en where we have then z; = z4-1(,) for all z,1.
Consider ¢ € !p- F, that is there is ¢ € |E such that ¢ = ¢ o P(J). Then we have, in
particular, ¢ € |E. Let us show that £~ (¢)(¢) is well defined, for which we need to show
that ¢ can be applied to .2~ (¢)(¢) :  — €“®), meaning that z — e/®) is in {z'|z € B} .

—_—

The linear function in {x'\x € E}* corresponding to .2~ (¢)(¢) is exactly (£~ (4)(¥)) :
z' @) Tt is linear in ', as writing z = (\;); and £ = (¢;); one has

eamzza;‘:,_z (Zm,) S

|
m emion Mt
Let us show that £~ (¢) is indeed in 7p- E.

L7 (P(0)(¢)) = £ ¢o P(0)(x + ™))

:<£€EL)'—>¢(a:€E|—><Z \alng a; m;))

«

= 0 (D [T U ™) - (27 (@)(0)

«

On the Kéthe space E+, the basis is also X, and now (¢(z;); represents the coefficients of
¢ along this basis. Hence, >_,(—1)1*I T £(x;)™ = P(¢) and

L7 (P(0)(¢)) =P - (L (9))
Hence £~ maps an object in !p- E to an object in 7p- E. O

One shows likewise that £ is well-defined. This shows that the diagram in Figure
is well-defined. Tt commutes thanks to the involutivity of (_)* in K6the spaces.

Sadly, looking in particular at the proof of proposition [3.2.9] we see no reason why
£~ or £ should be isomorphisms. As such, we cannot obtain the graded codigging as
the reverse image by the Laplace transform, as done in Section It seems that, as is
usual Kothe spaces [KL19, Section 5.1], graded Kéthe spaces offer no interpretation for
the copromotion.
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3.3 A Smooth Higher Order Model of DIDiILL

The previous section provided a higher order model where we were able to interpret linear
partial differential operators. However, we are also interested in smooth models. With
Ko6the spaces, we were studying spaces of sequences, which are then discrete even if they
represent some smooth functions. It was crucial in order to have spaces where we can
interpret the variables of differential operators. In this section we take another point of
view and provide a model made of smooth functions and distributions. We extend to
higher order the smooth and polarized model of DiLL made of Fréchet and DF-spaces,
which was previously restricted to first order. For this extension, we have to grade the
exponentials by Young Functions. These functions will act like bounds, and will allow
us to ensure some convergence properties. In this sense, DIDILL is the right framework
to propose a higher order smooth model, as we need the gradation for the higher order
constructions. We will still need a restriction of DIDILL: formally, the logic we will use is
a polarized version of DIDILL, in the fashion of polarized linear logic as we have presented
it in Section This was already the case in differential linear logic; spaces of smooth
functions and distributions are a model for a polarized differential linear logic.

Section [3.3.1] defines the spaces %y and ¥, which are spaces of smooth functions bound
by a Young function. These spaces were defined by Ouerdiane et al. to prove a duality
theorem using the Laplace transform [GHORO00]. Kerjean and Lemay have used those
spaces as a concrete model to interpret the codigging rule [KL23]. In Section we
define the polarized version of DIDILL. We show that the spaces .%y and ¥ are a higher
order model of the polarized DIDILL in Section where we use a weak semiring of
Young functions.

3.3.1 The spaces .%y and ¥

Before defining the spaces %y and %), we need some topological definitions. Some of the
definitions we give are close to those from Section [I.3.5

Definition 3.3.1. A Hausdorff and locally convex topological vector space (lcs) is a K-
vector space endowed with a Hausdorff topology making scalar multiplication and addition
continuous, and such that every point has a basis of convexr open neighborhoods.

The lcs we consider are on C. To get a classical model of differential linear logic, one
wants to interpret the formulas by reflexive spaces, which is spaces such that £ ~ E”.
But those spaces have poor stability properties: they are not stable by tensor product do
not generalize well at higher order. This is why we use Fréchet spaces and nuclear spaces
as in Section For a smooth model of DIDILL we use the same recipe, basing our
approach on finding the right elements of NuclF and NuclDF to interpret the exponential
formulas. The key to construct a higher model of DiLL based on NuclF and NuclDF
is, in fact, to consider a good decomposition of these objects. It will allow to construct
Fréchet spaces of smooth maps over DF spaces, and as such a higher-order smooth model
of DiLL, but graded and polarized.

Proposition 3.3.2. [Jar81, Chapter 21] The topology on any NuclF space N can be
defined through a countable family of Hilbertian norms |_|,, p € N, and if one denotes N,
the Hilbert space resulting in the completion of N with respect to |_|,, we have that N is
the limit of all Ny, while N' is the colimit of all (Np)':

(N, =N Uy =N

p
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Now, contrary to the work done in Section or in [BKM23|, exponentials in the
current model will be graded by Young functions.

Definition 3.3.3. A Young function is a real continuous function 6 : R — Ry which

is convez, growing, and such that 6(0) = 0 and lim @ = +o0. We define the convex
conjugate (or just conjugate) of a Young functions 6 as the function

0" : x — sup(tx — 0(t)).
>0

The conjugate of # can be thought of as an inverse when 6 is defined through a measure.
Indeed, if 0 = [ pu(t)dt, then 0* = [ u~1(t)dt. It also has the following property.

Proposition 3.3.4. The convex conjugate of a Young function is a Young function.

Proof. Let 6 be a Young function. 6* is continuous by continuity of the sup and of 8. For
xRy, 0%(x) >0xxz—0(0)=0s06*: Ry — R;. Now, for 1,29 € Ry and 0 <r <1,

0 (rx1 + (1 — r)ze) = sup(tray + t(1 — r)xe — 6(t))

= ;Eg)(rm + (1= r)tws — rO(t) — 0(t) + r0(t))
= sup(r(ta1 — 0(1)) + (1= 1) (kw2 = 0(0))

< igg(r(t:ﬁ - 0(t)) + iglg((l —7)(tzz — 0(1)))
= rsup(tey — 6(1)) + (1= r) sup(tws — 0(0))

=70 (x1) + (1 —7)0"(z2)
which proves the convexity of 8*. For x1 < xo in Ry, we have that
t.fCl — H(t) § txg — Q(t)

for each t > 0 so 6*(x1) < 6*(x2). Finally, 6*(0) = sup;>o(—6(t)) = —6(0) = 0 and for
each tg > 0,z > 0,

6*(x) _ supzo(tz —0(1)) _ tox —0(to) _,  6(to)
X €T - €T 0 T
SO o+ 0
i T@) S, 0t) _
r—+oo I €T

for each tg which proves that limg 1 G*T(x) = +4o00. That concludes the proof that 6* is

a Young function. O

Following work from Ouerdiane et al. [GHORO00| we can now define the spaces .%p and
%y, that are spaces of smooth maps bounded by a Young function.

Definition 3.3.5 ( |[GHORO00|). Consider a Young function 6 and a Banach space B. Let
Exp(B,0,m) denote the Banach space of holomorphic functions from B to C such that
there exists K > 0 such that:

1£(2)] < Kefmll=l),

The space Ezp(0, m,p) is Banach when endowed with the norm :

1-llogn = f = sup{|f ()]~ | = € BY.
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This defines two types of functions with exponential growth, depending on whether
they take their arguments on a NuclF lcs N or on a NuclDF lcs N'.

Fo(N') & (| Exp((N,)',0,m) Gy(N) £ | Exp(Np, 0,m).
m,p

m,p

Through an isomorphism with spaces of formal power series, one can show that Zy(IV)
is a nuclear Fréchet space [GHORO00, Prop 2]. As such, its dual .#j(N), i.e. the space of
distributions acting on .%y(INV), is a nuclear DF space. As linear morphisms are bounded,
4 : NuclF — NuclDF and %y : NuclDF — NuclF are indeed functors. We have an

isomorphism between those spaces using the Laplace transform and the convex conjugate.

Theorem 3.3.6. [GHORO00, Thm 1] Suppose that 6 : R™ — RT is a Young function.
For the conjugate Young function 0%, we have that the Laplace transform results in an
isomorphism:

ot { FHN') = Gy (N) 35)

® = ((eN'w— ¢(z e N et eq))

As usual in lcs, the contraction rule is interpreted by the scalar multiplication of
functions. It has the right type at the level of indices.

Proposition 3.3.7. The scalar multiplication of two functions f1 € Fy,(F') and fo €
Fo,(F') belongs to Fg, 19, (F").

Proof. Consider p,m € N. Let us show that there is K € R such that for all =z €
F') 1 f1(2) fo(x)] < Ker(mllzllp)f2(mllzlle) - This is immediate, as there are K; such that
|fi(z)] < K;e?itmllzllp) for both indices so K = K K» gives the correct inequality. O

Taking the dual equation we get:
L7 9. (N) ~ Fy(N') (3.6)
Applying it to Proposition we get the interpretation of the cocontraction c:

Proposition 3.3.8. The convolution of two distributions ¢1 € 9 (F) and ¢ € G (F)
belongs to g(’ewre*)* (F").
1 2

In their paper [CEOO02, Lemma 1], Ouerdiane et al. also describes a convolution
operator of type .Z)(F') @ Zy(F') — F,(F'). That is, on .#’, the convolution does not
change the indices. Applying the Laplace isomorphism (equation , we get a scalar
multiplication of type % (F) ® 9% (F) — %(F). From this, we get a slogan: grading
with 0 acts only Fréchet spaces, leaving DF-spaces unchanged. As Fréchet spaces interpret
negative connectors [BKM23|, while DF spaces interpret positive connectors, this justifies
the choice of upper indices + — chosen for the indices of the exponentials in DIDILL. Our
slogan then becomes: grading acts on negative exponential connectors, leaving positive
exponential connectors unchanged.

We also recall what will be the interpretation of promotion, following a proposition
proved when studying the codigging [KL23|, Prop V.8], while considering the composition
of linear functions f : %y (N1) — Nz and g : Fy (N2) — N3

Proposition 3.3.9. For any Young functions 61, 60> we have a natural transformation in
the category NuclDF:

B s F {0\ (P) = (4, (7, (P)).



100 3.3. A Smooth Higher Order Model of DIDiLL

This gives us the multiplication rule for a semiring of Young functions that would index
DIDiLL. Work by Ouerdiane et al. [CEOO02] [KL23|] uses a codigging acting on distribu-
tions of type .#,. To interpret DIDILL (see Figure , we, however, need a codigging
acting on ¢;. From the exact same proof as in the literature [CEOO02, Theorem 1], using
the isomorphism £, one gets a convolutional exponential interpreting the codigging of

type:
e+ (% (G5 (P))) = Gy, 017 (P). (3.7)

3.3.2 A polarized DIDiLL

This section introduces DIDiLLp, a polarized refinement of DIDiLL. This refinement is
needed to use the spaces %y and 9. As expressed in the previous section, the results that
we have on %y and ¥ are strongly based on the spaces they act on. We need to know
if the spaces N or N’ are in NuclF or in NuclDF to get results on %y and ¥. This
is the reason for this polarized refinement. We restrict the spaces where all exponential
connectives can be applied to get the correct typing with the mandatory properties.

We define the logic DIDILLp in Figure [3.6] with its formulas, which are then polarized
in Figure its refined syntactical transformations (the negation and the Laplace trans-
form) in Figure and its refined rule with the polarized formulas in Figure We
now briefly compare DIDILLp with Polarized Linear Logic |[Lau02] that we have presented
in Section [I.1.3] It refines Linear Logic by specializing the action of the connectors to
so-called positive or negative formulas. Its grammar is as follows:

PQ21|0|PRQ|P®Q|IN
NMET|L|INB®M|N&M|?P.

The syntactical use of polarization is in proof search: negative connectors are those whose
introduction rules are reversible, while the introduction rule of positive connectors are not
reversible. But the polarity also has a semantical meaning, notably in game semantics,
where two players face each other to define a strategy, interpreting a proof. In a smooth
model of DiLL, which is detailed in Section this notion comes at plays as the invo-
lutive duality interpreting the negation acts between two different kinds of vector spaces.
Polarization also finds its way back in DIDILL as we split exponentials, having positive
and negative versions of both ! and 7.

Some versions of polarized linear logic feature shift connectors T and J. These are
connectors which change polarity in a covariant way, used for focusing, and that are
traditionally included in the grammar of polarized proof systems when the exponential
connector does not change the polarity of the formulas [MT10].

PQE1|0|PRQ|PHQ|!IP|IN
NMET|L|IN®M|N&M|?N|TP

Consider, for example, an exponential connector | mapping negative formulas to negative
formulas. Then to interpret minimal logic into the polarized grammar thanks to the usual
call-by-name translation, one needs a shift, as the formula !N — M = (IN)L % M is not
well constructed if % applies only to negative connectors. The arrow is then translated as
N = M =1(IN)*2% M.

In DIDILL, exponential connectors do not change the polarity of formulas, even if we
have four of them. The key is that the role usually played by shift connectors T and { is no
longer necessary, thanks to the class of unpolarized formulas denoted A, B in Figure [3.2
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NM:=T|L|NSM|N&M|?- N|l,-N
AB:=N|P|A@B|A®B|A3B|A&B

(a) Formulas of DIDILLp

(?0+P)t =1, Pt (l+ Pyt =7, Pt
(?7-N)F =1+ N* (L-N)*" =7?,+N*
L2+ P) =14 P L1+ P)=72,4+P
L(?,-N)=1,-N Z(,-N)="7,-N

(b) Syntactical transformations of DIDILLp

T —w
FT,7-N Flo-N
-1,7,-N,?, N FT,, N AL N
FT, 74y N © FT,A L, N ©
FT,N d FI'LN  _
FT,7,-N FT,I,-N
FT,7,-N <y d FI,L-N <y i
FT.?7,-N ! FT,1, N !
Sl NP F1,-N,P
F 7y x N1+ P F 1 e N, 70 P

(¢) Exponential rules of DIDILLp

Figure 3.6: The logic DIDiLLp
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2, NI = / Z- LN =%
[[. 0 N]] g@([[N]] ) Fréchet Nuclear spaces [[.9 N]] ge* ([[N]])

w,c,d, i O] O] w,c,d, ji
['o+ P] = Z5([F]) Z [?6+P] = % ([P]")

—
DF Nuclear spaces

Figure 3.7: Laplace and Duality acting on exponential graded by exponential growth

For example, compared with the previous translation, the call-by-name translation of the
arrow is simply N = M = (!y-)* % M, which is well-defined (omitting indices).

Remark 3.3.10. Notice that shifts do not have a natural interpretation in our standard
model of Fréchet / DF-spaces, interpreting respectfully negative and positive connectors.
There is no natural covariant way to transform a Fréchet space into a DF-space and,
conversely, without drastically changing their topology. However, the constraint on the
interpretation of MALL connectors is also much softer in topological vector spaces than
in polarized linear logic. Indeed, taking the example of the tensor product, while the
projective tensor product of DF-spaces is indeed a DF-space, the projective tensor product
of a Fréchet space and a DF-space can also be constructed, making it a simple topological
vector space. Hence, one can construct a category of formulas A, B on which every MALL
operation is defined. Then, compared with the previous translation, the call-by-name
translations from minimal logic to DIDILLp is simply N = M = (!~ N)+ % M, which is
well-defined (omitting indices). This, however, has its limits, as one cannot translate fully
LL into DIDiLLp (consider indeed the impossible translation of !(11 — !1), as 11 — 1
would need to be strictly positive or negative for an exponential to be applicable).

3.3.3 A model for DIDiILL

In this section, we build a denotational model for the polarized version of DIDiILL exposed
in the previous section. This model is based on the spaces %y and %. It uses the results
we have on those spaces, namely the fact that we have isomorphisms between the spaces
of functions and of distributions using the Laplace transform. These isomorphisms act on
the 6 functions, and hints for using the convex conjugate to relate two copies of a semiring
of Young functions. We sum up how the interpretation of the exponential formulas are
related in this model in Figure[3.7] In order to define this model, we seek a weak semiring of
Young functions to intepret the indices, then we give the interpretation of the exponential
formulas and of the exponential rules that will follow the usual interpretations of those
rules in models of DiLL but taking into account the Young functions.

Definition 3.3.11. Let us define the set
©2{0:R, — R, |0 is a Young function}

i.e. 0 is continuous, convex, growing and such that 6(0) = 0 and limg_, 1 oo @ = 4o00. We
define the addition H on © as the pointwise addition of functions and the multiplication

as 01 Xy 2 2 — 6, o0 ef2(2)

This cannot be turned into a weak semiring, because of the neutral elements. The
neutral of the addition H is the function csty, which is constant at 0. It is not a Young
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funcl ion, as
csto(x

Tr——+00 €T

=0.

For the multiplication, its neutral is the logarithm since
ORIn =z — o™ =0(z) and Nk = z — Inoe?@ = g(z)
which is also not a Young function as it is not convex, not defined at 0 and

i ) )
Tr— 400 €T

However, the operations of sum and product that we have defined fulfill the axioms of a
weak semiring.

Proposition 3.3.12. The operations B and X over © fulfill the axioms of associativity
and commutativity of a weak semiring.

Proof. Addition is straightforwardly associative and commutative. The multiplication is
associative

01 X (05 K 03) = 0) 0 22" () = (9, K 0) K 65

thanks to the associativity of the composition. The multiplication is right distributive
over the sum as

(01 B 0y) KO3 = (01 +02) 0e” =0y 0e + 0y 0e% = (0, K63) B (62 K 03).
O

Even we do not have a weak semiring of Young functions, we still can interpret the
exponential connectives. The functions csty and In are not Young functions, but the spaces
indexed by those functions still exists. The issue is that the Laplace transform is not an
isomorphism anymore when it is indexed by the identities (see [GHORO00, Lemma 3]),
hence preventing us of interpreting the (co)weakening or the (co)dereliction. Following
the results of Section we define the intepretation of the exponential connectives with
spaces %y and 9.

Definition 3.3.13. We interpret the four exponential connectors as follows. The inter-
pretation is summarized in Figure where the set of indices is ©, of the functions csty
and In.

e 79+ P, where P is a positive formula, is a positive formula interpreted by Gp«([P]’).

o o~ N, where N is a negative formula, is the dual of 29+ (N+) and a negative formula
interpreted by 9. ([N]).

e 79— N, where N is a negative formula, is a negative formula interpreted by Fo([N]').

e 1y P, where P is a positive formula, is the dual of ?p— (P+) and a positive formula
interpreted by F,([P]).

Colluding syntax and semantics, we can see how the Laplace transform and the duality
act on these connectors

ZL([lg+ Pl) = [?6+ P] Z([lo-N1) = [?-N]
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where 6 is a Young function (and not the function cstg or In). The motivations behind the
choices of the spaces in Definition [3.3.13] are to get these isomorphisms, which is why we
have used the function #* for some interpretation. These isomorphisms are then exactly
interpreted by the Laplace transforms . and .Z~, respectively given in equation
and equation Let us show that the interpretation of the exponential rules in smooth
models of DiLL (see Section adapts well to this graded setting.

e The weakening rule w on a function corresponds to the introduction of the constant
function on [P]’, which is indeed an element of % ([P]).

e The coweakening w is interpreted as the introduction of dy, which acts linearly and
continuously on every .%(P).

e Contraction ¢ and cocontraction ¢ are interpreted by scalar multiplication and con-
volution, as detailed in Proposition and Proposition [3.3.

e The indexed dereliction d; has an immediate interpretation and no computational
content, as for #’ < 6 in the semi-ring, that is § < 6’ pointwise, we have (¢')* < 6*
pointwise, and thus [?¢+P] = Yoy« ([P]) C [?6+P] = %+([P]). The indexed
codereliction dp works likewise by inclusion.

e For the promotion, consider the interpretation ¢ € E(ﬁél [N],[Q]) of the sequent -

75~ N, Q. Then by the functorality of % , and precomposing by iy : ﬁ(’%egl) (IN]) —

(Z4,(Z, (IN]'))) described in Proposition one get a linear map in
E(ﬁé(heel)(ﬂ]\fﬂ’),ﬂéQ([[N]]’)) interpreting the sequent =7, .- N,! + Q.

e The interpretation of the copromotion rules work likewise, thanks to the natural
transformation fi described in equation

e Consider a Nuclear Fréchet space N = lim N, then d : N — ?;- N maps ¢ € (N')’
to the same map in 4 (N’), and there is indeed a K such that ¢ is bounded by
KeUHl) = K| ]|, on every N,.

e Likewise, the map d : N — !;- N mapping a vector v to f — Do(f)(v) is well typed,
as Do(_)(v) acts continuously on .Z/ (N).

When the rules introducing identities to the indices ((co)weakening and non indexed
(co)dereliction) are removed, the cut-elimination rules of DIDILL are preserved, as they
follow the usual interpretation of calculus in smooth models of DiLL.
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This chapter takes an orthogonal point of view on what we presented in Chapter |3l To
extend our indexed differential linear logic to higher order, we have refined the indices with
some kind of polarization inspired by semantic considerations using the Laplace transform.
Here, we try to achieve the same goal but using syntactical conditions. Concretely, we
add a promotion rule to IDiLL, which enables us to construct objects at higher order
and see what other conditions our formal system has to respect to get a working logic.
Building such a system comes with new cases in the cut elimination procedure. Those
cases induce several algebraic conditions on the indices. The cut elimination corresponds
to an equality between formulas, which comes with an equality on the indices. Studying
those cases, the algebraic structure of the indices has to fulfill several new axioms such
as the discretness of the semiring, or a particular decomposition over the elements. In
Section we define the logic GgDILL. It is based on the notion of differential semiring,
which represents the algebraic conditions needed on the indices. We then give the cut
elimination cases of GgDILL in Section We do not prove any theorem on a potential
cut elimination procedure, but we shortly explain which kind of property should be true
for such a procedure. Having graded rules may change a lot the dynamics compared to
non-graded differential linear logic: the shape of some cut elimination cases has to be
redefined. Especially while DiLL strongly uses the notion of sums of proofs, in GsDILL
the sums of proofs are not possible. In Section we explain the link between the notion
of differential semiring and the cut elimination cases. We then give some examples and
counter-examples of differential semirings.

105
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4.1 The syntax of Graded Differential Linear Logic

We define here graded differential linear logic, which is an extension of DB LL to higher
order. Being able to perform higher-order constructions means that we add the promotion
rule to this logic. Adding a promotion rule alone in a graded setting does not really make
sense. At the level of the indices, having a graded promotion means that we perform a
multiplication (see Section . Hence, it should come with the rule introducing the unit
element of this multiplication, which is the dereliction rule. Since we are in a differential
framework, we also add a graded codereliction rule. We have then a logic where the
exponential connectives are indexed by elements not just of a monoid but also of a semiring.
The grammar of the formulas of our graded differential linear logic (GsDILL) is the same
as the one of BsLL, and the exponential rules are given in Figure 4.1

FT FI,7,A,7,A FT, A
W R et iy 5 d
ET,70A T, 7,4A FT,71A
. DA FALA FD,A
Flod " - —c¢ =i d
FT,A L, A FT,1,A
FI, 7, A <y q FI,ILA <y 3 F7xDl, A b
1 I —_92 1T 11 A
FT,7,A FT,1,A F?,exD, 1A

Figure 4.1: Exponential rules of GgDILL

Remark 4.1.1. The extension to the higher order that we define here uses the promotion
rule. It may also be extended with a copromotion, as we did for DIDILL in Chapter
but this is not something we have studied so far. Relaxing polarization implies to already
consider many cases, some of them being very different with their version in differential
linear logic. Moreover, the copromotion has not been studied a lot yet. The codigging has
recently been introduced by Kerjean and Lemay |KL23| as a categorical operation, and
we have defined the copromotion in the previous chapter but making some choices on its
form. We hope that the system presented in this chapter can be extended to include a
copromotion rule.

These exponential rules are based on a set of indices, having a particular algebraic
structure. This structure is usually a semiring for graded logics, but as we saw with our
notion of weak semiring (see Definition this may need to be refined. For DIDILL, we
have introduced weak semirings for two reasons: it was the set of algebraic axioms corre-
sponding exactly to those needed to perform the cut elimination cases, and it was weak
enough to have the set of LPDOcc fulfill those axioms. Graded linear logic uses semirings
as it has the axioms needed for cut elimination and also some other that correspond to
commutation rules useful in proof nets. For GgDILL we have to define a new, relaxed
notion of semiring because of the new interactions coming from the cut elimination cases.
We chose to give a minimal definition: our relaxed definition has axioms only based on
the cut elimination cases. It may allow us to grade our exponential connectives with more
interesting semirings, and as for DIDILL we prefer this possibility compared to having a
system closed to what is done in proof nets. Let us now give our relaxed definition of
semiring, called differential semiring.



Chapter 4 - Graded differential linear logic 107

Definition 4.1.2. A differential semiring S is the data of two operations + and X ,two
elements 0,1 € S and a partial order < such that

1. (8,+,0) is a commutative monoid, which means that + is associative and commu-
tative and 0 is its neutral elements: for each x € S, x+0=2x =0+ x;

2. § is additive splitting, meaning that for each x1,xs,x3, 24 € S such that r1 + xo =
x3 + x4, there exist x13,%14,%23,224 €S such that

T =213+ T14 To =23+ T24 r3 =213+ 223 T4 =T14+ T24;
8. 0 is left absorbing for the product, that is for each x € S, 0 x x = 0;

4. 11s a left neutral for the product, meaning that for each x € S, 1 X x = x;

5. the product is distributive over the sum, which means that for each x,y,z € S,
(r+y)z=2z+yz x(y+ 2) = xy + xz;
6. the product is associative, meaning that for each x,y,z € S,
(zy)z = 2(y2);
7. S is naturally ordered, which means that the order is defined by
<y & JzeS, z+z=y;
8. S is discrete, that is if x,y € S such that xt +y =1 then x =0 or y =0;

9. S is integral domain, meaning that is x,y € S such that xy =0 then x =0 ory = 0;

10. S is multiplicative splitting, which implies that for x,y,r,z € S such that x4y = rz,

there exist elementsry,...,1x and z1,...,z1inS and a set U C {1,... k}x{1,... 1}
such that
l
T:ZH Z:ZZj T = Z Tizj Yy = Z TriZj;
i—1 j=1 (i,5)eU (4,4)¢U

11. S satisfies a non-unity property, which states that if vy =1 then x =1 = y.

Compared to the usual notion of semiring, some conditions are weakened. For example,
we only ask for distributivity on one side, as well as for the neutrality or the absorbance.
But some conditions are also stronger than what is required in a usual semiring. The
condition of discretness or the multiplicative splitting for example are new axioms.

4.2 The cut elimination cases of graded differential linear
logic

In GgDILL, there are a lot possible cut elimination cases. Some of them have already been
studied in previous chapters. Since GgDILL is an extension of the logic DB4LL defined in
Chapter [2, some techniques used for the cut elimination of DB4LL will be reused here. In
particular, we introduce again the rules w; and w; that were introduced in Section [2.3.2]
These rules are defined by



108 4.2. The cut elimination cases of graded differential linear logic

FT W

T A w w A FlgA -
—=——w; = FI,74 ET A I £ 0 d
I, 7A TT.7,4 9 v 1A

We recall that these rules are equivalent to d; and d; when the semiring order is defined
through the sum. It is the case here and it makes the cut elimination cases easier to define.
Let us consider now which of these cases are new and which ones have been studied before.

1. The interactions between the structural rules and the promotion have been given by
Breuvart and Pagani (see [BP15] or Figure [1.6).

2. The interactions between the structural monoidal rules (w, wy, ¢) and the costructural
monoidal rules (w,wy, €) are given in our definition of the cut elimination procedure

of IDILL in Chapter [2] (see Figures [2.4] and [2.5).

This lets us four new kinds of cases to consider:
3. the interactions between the dereliction and the costructural rules;
4. the interactions between the codereliction and the structural rules;
5. the interaction between the promotion and the indexed weakening;

6. the interactions between the promotion and the costructural rules.

4.2.1 The interactions between the dereliction and the costructural rules

These interactions have been studied in DiLL in their non-graded version. We extend them
to the graded framework, giving a rewriting of the same shape and decorating it at the
level of the indices, introducing algebraic axioms.

e The cut between d and w cannot exist: the dereliction introduces formulas 71 A and
the coweakening formulas !gA which cannot be dual to each otheifl]

e The cut between d and w; can exist, as wy introduces a formula !, A where x can be
any element of the semiring, including 1. For this case, the reduction is the same as
the one of DiLL, which uses the 0 (or empty) proof

FT, AL y B
FT. 7 AL 1A Wft = E
FT cu

e The cut between d and ¢ is not similar to the one in DiLL. In differential linear logic,
the dereliction introduces a formula ?A+ from Al and the cocontraction contracts
two occurrences of 1A into one. To eliminate this cut in DiLL, one cuts ?A+ with
the occurrences of ! A, but since there are two occurrences, it gives two parts of the
proof tree that are combined using the sum of proofs (see Figure . Here, the
graded flavor brings a major difference: the sum of proofs is not needed anymore. A
dereliction introduces 71 A+ while a cocontraction sums the indices of the exponential
formulas. This means that this cut corresponds to the situation

They can, in fact, be dual to each other, but this would mean that 0 = 1 in the semiring we consider
which implies that every elements of the semiring are equal, and then the logic collapses to differential
linear logic.
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FT, AL FALA S FELA
D, 7, AL FAE 1A ©
FT,AE

cut

where either = # 1 or y # 1. In this situation, ?; A+ cannot be cut with both !, A
and !y A and this is why the sum of proofs is not needed anymore. However, to be
able to eliminate this cut, we need a new axiom on the semiring. We need to assume
that © +y = 1 implies that x =1 and y =0 or x = 0 and y = 1. We say that the
semiring is discrete. Using this axiom, the reduced proof is

FT, A+ ]
FT, 7 A" FA LA .
FT,A cu
—_—— W
FT,A, 720A+ FE, ly—0A
FT,A, = cul
or
T, AL
FT, 7 AL FE lmA
FT.2 cut
—_— W
FT,E, 20AL FA,lL—oA .
FT,A = e

depending on the value of x and y.

e The cut between d and d is the same as its non-graded version

FA, AL
FI,A ’ LA FA AL

ot —
FT,7A FALAL ~ -
1 T A AL cut FT,A

cut

and does not need any algebraic axiom.

4.2.2 The interactions between the codereliction and the structural rules

They are similar to the cases between the codereliction and the structural rules. They use
the same axiom, the axiom of discreteness, to perform the cut elimination case between
the codereliction and the contraction.

e The cut between d and w cannot exist for the same reasons as the one between d
and w.

e The cut between d and wy is here again reduced using the empty proof, similar to
the cut d/wy in DilLL

FT,A _ FA
—=7 4 d W — 0
|—F,!1A H A,?lA " ~> |_F’A
FT,A e
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e The cut between d and c changes from DiLL, as it removes the use of the sum of proofs
for similar reasons to the one between d and ¢. We use the axiom of discreteness
once more, as a way to branch the formula produced by the codereliction into one
of the premises of the contraction. Before the rewriting, this case has the following

shape:
LT A F A, 7, AT 7, AL
[ | C
FT, LA 9 F A7, AT
FT.A cut

After the rewriting it can then have two forms, depending on the value of the index
of the formulas in this premise, which are

FrA
FTLA Y F A% At At
W cu
F1oa W FT, A, 20AL
FT,A cut
when x =0 and y = 1 and
FTA . FLA Y A7 A7, oAt t
1T A cu
FT,1,4 9 F A7, AL
FT,A cut

when z = 0 and y = 1, which are the only two cases thanks to the discreteness.

4.2.3 The interaction between the promotion and the indexed weakening

It is not exactly a new case. The indexed weakening being the application of a weakening
and an indexed dereliction, this case is

A e A BT
+ ?yxlAl,...,?yann,!yB I—F’?y_BL

cut
L 2y Aty Tye, A
which corresponds to
k-
A T AnB o FLBBE
- ?yfﬂlAl? K ?ya:nAn; !yB FT, ?yBJ‘
cut

FT, 700 Ay Ton A

) CYT1 ) S YTy

and the interaction between p and dj is already studied in the cut elimination procedure
of graded linear logic. Applying the rewriting defined in this procedure, we get

F 20, AL, e An, B FT
F 2041, ..., 2045, 0B FT,?7B* .
T 20An . oA cu
T, 2ye Al - - - 204, dj
dr

F T, 2y AL - Tyan A
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Since we work in a setting using indexed weakenings instead of indexed derelictions, we
use the equivalence between those two rules, which is

FT,7,A
? — ¥ w
% dp = FI7A7A !
) oty FT, 7, A
to rephrase the tree after the rewriting step as
l_?xlAl?"‘7?InAan FT

p W
F 704y ToAn 0B SnoBt
T, 70A1,..., 704, Wy
F7 ?0A17 ?ymlAla ceey ?OAn c
F T2, AL, To Ay

Wy

C

F T, 2y AL - Pyan An

4.2.4 The interactions between the promotion and the costructural rules

Those cases are new in some sense. In the non-graded setting, they have been studied for
the cut elimination procedure of DiLL. However, some of these cases are quite different
when the exponentials are graded. We have partly presented it in the long version of our
paper defining IDIiLL [BKM26].

e The cut between p and w uses the integral domain property, which states that when
x and y are elements of the semiring such that xy = 0 then either z = 0 or y = 0.
This cut case is

) 2. AL 2. By, ..., By, C
T W 1
FlA = 2y AL, 2y By -y Ty, By 1y C
F 22 B, - - Tyzn By 1y C

cut

with yx = 0. If y = 0 it is reduced to

F1,c W "
? |

w

F 20B1,-..,20Bn, 1oC

which is correct since for each ¢, yz; = 0 using that y = 0. This rewriting corresponds
to a simple decoration of the same case in DiLL. When x # 0, the integral domain
property implies that y = 0 and the reduction is given by

FloA ¥+ 72AL, %, B1,...,7% By, C
“ 7 Br T B O
F 2y B1, - - Yyen B, 1y, C

cut

e The cut between p and w;y is new. Moreover, since the interaction between p and d;
has not been studied either, we cannot use it. This cut before the rewriting is
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1
-2, AL, 2., B1, ..., 7%, Bn,C
1
- 20 AL, 2ye Bl - -, Pye, B, L, C
F 202 B1,- - Tyen B, 1, C

W1

F 1 A

cut

To deal with this cut, we rewrite the proof to get a case that we know: the cut
elimination case between p and w. To do so, we will need to use carefully indexed
(co)weakenings, but we will use them after the cut. This gives the following rewritten
tree.

 F 2. AN % By, 1, By, O
FloA Y E2AL, 2B, ..., %8, oC

cut
F?0B1,...,70Bn, 1cC
01, s 0Pns -0 W
. Wy
F e By oy Tyzn Bny T0B1, - ., 70 Bp, 10C c
: C — Wj
F ?yer B, - > Pywn B 10C SLC

7y Bly - s Zyan By 1, C

e The cut between p and € has been studied in DiLL when the rules are non-graded.
But being graded completely changes the shape of the rewriting. This interaction is

(VAR <

1,1, A FAA F2,AL % By, ..., B, C ) (4.1)
FT,A b yA  C F2.AN 2By, ... 7, Ba, WC
+ Fa Av ?TtlBla s 7?Ttana ‘TC

cut

with x+y = rz. The difficulty comes from the fact that we have to relate the sum and
the product of the semiring. To do so, we use the multiplicative splitting property
of the semiring. It implief] the existence of elements r1,...,r; and z1,..., z in the
semiring and of a set U C {1,...,k} x {1,...,l} such that

T = E T z = E Zj T = E riz; Yy = E Tizj.

i=1 j=1 (i,5)eU (1,5)¢U
To give more intuition about this decomposition, we represent it graphically by

) S 1
= rz z ~ : DD.D 2
nmim

2Note that several versions of this property exist. One of them simplifies the decomposition by using
only six elements of the semiring (see [CES10] or [Mun24]). Here we take a more technical version of this
splitting but which is weaker. Our version is strong enough to deal with this cut elimination case and may
be weak enough to be satisfied with more semirings.
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where we decompose the value of r horizontally and the one of z vertically. Thanks to
these decompositions, the products between the r; and the z; have to be assigned to
either x or y (using black or white in our graphics) and by summing those elements,
we recall the value of z and of y. To describe the cut elimination between p and ¢
we will use the rule ¢t, dual of the cocontraction, defined by

W W FAl A Y e atoa
A x )y T Yy Y E

FD %oy A - F T, 704y A F oy AT 7,47, A
FT,7,A4,7,A ¢ FT,7.4,7,A

cut

Now, from the proof tree 73 in equation we define, for each 1 < ¢ < k the proof

tree m3; by

F? AL 2 B, ..., %, Bn,C

[I>

1
217

T3, _

C
? L2 L2 ?
F TS piement 5 S iangoy w0 TaBL - 14, Ba, O

AL) ?Tit1B17 crty ?'I’itnBTLv 'T'ZC

p
=7 AL ? .
2 GlGgeuy T g1, gUy Ti%

where we use ¢t to split the sum 2221 zj = z into two sums: the elements z; such
that r;z; is in the decomposition of x and the others (which are then in the decom-
position of y thanks to the multiplicative splitting). We need one last intermediate
step before giving the rewriting. That is, defining a new tree 745 that will recombine
the elements of x and of y thanks to the trees m3; and (co)contractions.

v

FTy,1,C FTy0,,C

C
= F11F27!T1+T20 @

F T, C
EST YN e ¢

(1>

1 1 ‘ ¢
F2.AL 2, AL 2 By, ... %, Bn, ,C

where we have used the notation I'; to represent the context of the conclusion of the
trees m3;. Using, at first, the cocontractions allows us to concatenate all of these
contexts, and to obtain a formula !, ..y, C which is !, C thanks to the decomposi-
tion of r. For the contexts, we use contractions to recombine every formula. Each I';
has in its context the formula ?Z{jlww)}” } At and contracting all of these formulas

gives 7, AL since

Z rzj |+ + Z TRz | = Z riz; =%
(3,1)eU (3,1)eU (3,5)€EU

and similarly contracting the formulas 7 A+ produces ?yAL. In addition,

210 ¢ U iz
each I'; contains formulas 7, By, for 1 < m < n, and contracting them produces
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?rt,, Bm using
Pity + -+ et = (114 -+ 1Rt = Tl

which is allowed by the right distributivity of the semiring. This shows that our
proposed form for the conclusion of 7§ is correct. Finally, we are able to give the
form of the rewriting for this cut case, using m4:

V i

; ; A LA =2, AL 2 AL 2 By, P, B, 1 C
T, 1, A F 2. ALY 24, B, Teg, B,y 1 C
= ?TtlBl7 ) ?Ttanv 'TC

cut

cut

Note that this form of the rewriting is similar to the one in DiLL, but we had to use
many additional contractions and cocontractions to recombine the indices correctly.

e For the cut between p and d, the shape will be the same as for DiLL and we only
need to decorate in correctly. But for this decoration, we will have to use a new
algebraic axiom. The tree before the rewriting is

/ \

F?20C1 ..y 72, Cny 7B A 0 %7
+ ?yxlclv s 7?y$nCna ?yxB, ‘yA FT, !1BJ‘
F T, 2, Chs - - Tyen Oy [y A

cut

where xy = 1. We are then able to use the non-unity property to assume that
x =1 =y. Using this, we can use the rewriting of DiLL and decorate it.

</ v Vi

F?22,C1, .y 70, Cny 72B, A ~ T, B+ g PG 7,C B A
w
F 20C1, -, 20Cn, 208, loA FBt FT,1, B+ 7,1 %, G B WA S
2001, -, 20Chn, loA e FT.%,Cr 0, O hA e

}_ F) ?Ocla 711017 ceey ?UC’rL7 ?zncna 'IA c

FT, 75,01, 70 G A C

This decoration is straight forward: the use of the coweakening forces us to index
by 0 in the promotion. The rest works by simply applying the rules.

This concludes the definition of the new elimination cases that need to be considered in

GgDILL.

4.2.5 Discussion on a cut elimination procedure

We sadly do not give any proof that the cut elimination cases that we gave led to some
rewriting strategies that converge. However, we hope that adapting work by Pagani and
Tranquilli may lead to a weakly normalizing rewriting relation [Pag09,PT17]. Those papers
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study the cut elimination procedure of DiLL using proof nets. Pagani proved that the cut
elimination procedure is weakly normalizing [Pag09] and Pagani and Tranquilli extend
this result to show that the rewriting is strongly normalizing (quotienting the rewriting
by some cases) [PT17].

The proof of strong normalization is based on several techniques. The proof sketch used
by Pagani and Tranquilli, that may hopefully be applied for GsDILL, starts from the fact
that that DiLL weakly normalizing, then they define a system equivalent to DiLL and prove
that in this system the weak normalization implies the strong one and they deduce that
the rewriting procedure of DilLL is strongly normalizing. The equivalent system replaces
the rules of dereliction and codereliction with the rules of annihilation and creation. This
is something that can be done in graded sequent calculus as well by defining those new
rules as

FT,A FT, 4,74

FTLA L FALA L, ot FTLA7,A e
= | | el Refiet B tlielll L 2 B

FL,A A 0 F1h4 mA L4 ¢ o= F0nALA

FT, 2.1 A
FT,A, 1A o FT,7,41A

and there are in fact equivalent to have a dereliction and a codereliction using
W FT,A
|_F7A AN l_F,A '_'()A W |_F7A A :

7W
—d = ——d = FT,A4,7A
FILLA FT,LA 9 VLA d ﬁ

The quantities used by Pagani and Tranquilli on proof nets should be definable on
sequents, but the main difficulty comes from the new cases and, in particular, the cut
elimination case between the promotion and the cocontraction.

4.3 About differential semirings

The notion of differential semiring that we give in Definition is new. It comes from
some equalities that appear at the level of the indices during the cut elimination procedure
as defined in Section [4.2]

4.3.1 From cut elimination to algebraic restrictions

We have seen that to perform some cut elimination cases, we had to use several of the
axioms of the definition of a differential semiring. Actually, these axioms are exactly what
is needed to define every cut elimination case of GgDILL. Let us see where each algebraic
condition from Definition [4.1.2]is used.

1. We need + to be a commutative operation to be able to define the contraction and
the cocontraction. Otherwise, the order of the formulas in a sequent could change
the index but in the logic we consider we do not care about this order. Furthermore,
we must have 0 as the neutral element of the sum to define w; and wy: since we
operate in a naturally ordered semiring, 0+ x = z implies that 0 < = for each x € S,
and this is essential for defining w; and w;. Note that we could have asked for 0 to
be neutral on only one side, but the commutativity of the sum implies that it would
then be neutral in general.

2. The additive splitting property is required for the cut between a contraction and a
cocontraction. This is explained in Chapter [2] when we define the cut elimination
procedure of DB LL.

3. Having 0 left absorbing for the product is required for the cut p/w, which was already
present in BgLL, and for the cut p/wj, which is new.
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4. The element 1 needs to be left neutral for the product to perform the cut between
the promotion and the dereliction. Here again, this was needed for BgsLL as well.

5. The distributivity of the product over the sum comes from several cases. The right
distributivity was already mandatory for BgLL, because of the case between the
promotion and the contraction. The left distributivity is used in a new case defined
here: the interaction between the promotion and the cocontraction.

6. The associativity is used for the cut between two promotions, and is needed for BgLL
as well.

7. The naturally ordered condition is helpful for the case between a promotion and an
indexed dereliction. This case requires the order to be right monotonous: we need
that if x < y then zz < yz. This is implied by the fact that the order is natural: if
z + ' =y then x + 2’ + 2 = y + z. The naturalness condition is also used for the
interaction p/wy, as it implies that each element of the semiring is greater than 0.

8. The discreteness condition is used in the new cases d/c and d/c. As we explained,
those cases change when they are graded, and we use the discreteness to have results
on z and y when = +y = 1. Note that this condition states that if z + y = 1 then
x =0 or y = 0. This directly implies that the other element is equal to 1, which is
what we use to perform the cut elimination.

9. The integral domain property is used for the case between promotion and coweak-
ening.

10. We need the multiplicative splitting property for the cut between a promotion and
a cocontraction.

11. Finally, we ask for a non-unity property. This is used in the case with p and d to be
able to characterize what happens when zy = 1.

4.3.2 Examples

Now that we have described the origin of the notion of differential semiring, let us give
some examples. Note that this new notion is neither weaker nor stronger than the usual
notion of semiring. For example, in a semiring, we ask for 0 to be absorbing and 1 to
be neutral for the product, but in differential semiring, this condition is weakened by
asking only for left absorbance and left neutrality. On the other hand, some axioms in the
definition of a differential semiring are strong conditions not required for usual semirings
such as the discreteness or the multiplicative splitting property.

Some semirings are often used as a set of indices for BsLL, as they can model inter-
esting situations. Breuvart and Pagani present some of them, which are the booleans, the
natural numbers, the polynomials with natural number coefficients or the positive real
numbers [BP15].

Example 4.3.1. The boolean semiring ({0,1},0,V,1,A) is not a differential semiring.

Proof. One axiom that is not satisfied is the one of discreteness. In the boolean semiring,
1+ 1 =1 which is a counter-example of this axiom. O

Example 4.3.2. The natural number semiring (N, 0,4, 1, X) is a differential semiring.
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Proof. Each axiom from Definition [£.1.2] is obviously satisfied by the natural semiring,
except for the splitting axioms. We have proved in Example that natural numbers
satisfy the additive splitting property. For the multiplicative splitting, suppose that we
have z,y,z,r € N such that  +y = rz. Then, defining k =7, [ = z and r; = 1 = z; for
each 1 <i<kand 1 <j <[ we have

l

’I“:ETZ' Z:EZ]'

=1 7=1

and defining U as the subsets of the z first elements of {1,...,k} x {1,...,{} (with the
lexicographic order) we have

T = E TiZj Yy = E T Zj

(i.4)eU (1.9)¢U

since each 7;2; = 1 and U has z elements and {1,...,k} x {1,...,[}\U has rz —x =y
elements. This proves that N fulfills the multiplicative splitting property and is then a
differential semiring. O

Example 4.3.3. The semiring of polynomials with natural number coefficients
(N[Xilien, 0,4, 1, X) is a differential semiring.

Proof. 1t is well known that most of the axioms are satisfied, since N[.X;];cn is a semiring.
Hence, those that we need to prove are the two splitting axioms, the discreteness, the
integral domain and the non-unity property.

e Let P,P,,P;, Py € N[Xi]iEN such that P4+ P, = P3+P,. Writing P; = Zaer amXo‘
we have
Al,q + 02,0 = 03,0 + Q40

for each o € N*. Since these a; , are integers, we use the additive splitting property
over the integers to deduce that there are elements a1 3 o, @1,4,0, 02,3 o, @24, € N such
that

Al,q = 013,00 T 01,40 2,0 = 0230 + 0240

3,0 = 013,00 + 02,30 A4 = Q14,0 T 0240

for each a. Defining P;; = > a;;oX® for i =1 or 2 and j = 3 or 4, we get the
desired decomposition.

e For the multiplicative splitting, let us suppose that there are four polynomials, such
that PQ = R+ S. We write

n m
P= ZpiXai Q= Zq]'XBj and we have PQ = Z piqua"+Bj =R+S
i=0 j=0 1<i<n
1<j<m
We use then a technique similar to our decomposition for natural numbers. Writing
r;; and s; ; the coefficients of X @i+B; in respectively R and S, we know that Digj =
rij + sij. The splitting for P and @ is defined as follows:

P=X"+ 4+ X"+ X+ 4 X

Vv
p1 times pn times
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for P and
Q:Xﬁl+...+X51+...+X5m+..._|_Xﬁm

q1 times qm times

for ). Using this decomposition, the product P(Q is equal to

PQ — Xa1+ﬂ1 —}—---—|—Xa1+’81 _{_”._{_Xan-&-,@’m _|_.”+Xan+ﬂm

p1q1 times Pnqm times

and the set U is defined by putting the first 7; ; elements of each coefficient in the
set, and the other not in the set. This produces a correct splitting, using that

Piqj = Tij + Sij
For the discreteness, if P and () are two polynomials with natural number coeffi-
cients, the degree of P + (Q is greater or equal than the of P and than the one of

Q. So if P+ @ = 0 then both P and @ are in N, and we use that the semiring of
natural numbers is discrete to conclude.

For the integral domain property and the non-unity, we use a similar result on the
sum: if PQ) has degree zero, either P = 0 or () = 0 or both are natural numbers,
which allow us to conclude these two properties.

O

Example 4.3.4. The semiring of positive real numbers (R™,0,+, 1, X) is not a differential
semiring.

Proof. This semiring does not fulfill the discreteness property, as for instance, 2 x 5 =

1.

1

O]



Conclusion

In this thesis, we aimed to study proof systems representing the computation and the
resolution of partial differential equations. To do so, we have presented several ways to
unify differential linear logic [ER06] and graded linear logic [GS14]. This unification is
crucial, as several models of differential linear logic have been studied over the years.
Those models give multiple ways of doing functional analysis, and have various properties
that are useful for the study of differential equations. But the syntax of differential linear
logic is too restricted to represent partial differential equations. This is why we have
looked for a unification with graded linear logic. This setting has been defined to endow
linear logic with some parameters. Depending on the choice of these parameters, some
quantitative properties can be represented in graded linear logic. Our starting point was
to try building a framework, based on differential linear logic, but having the possibility
of adding parameters to it, hoping for a system where we could interpret those parameters
by partial differential equations.

For the partial differential equations, we have limited ourselves to linear partial dif-
ferential equations with constant coefficients (LPDOcc). The linearity condition fits well
with (differential) linear logic, and asking for constant coefficients simplifies the study of
the solutions. Each LPDOcc has a fundamental solution, which gives a direct expression of
the solutions of the equation for every possible parameter. This strong property is crucial
in this work, as it is on the basis of the links we made between the differentiation and the
gradation. We use an analogy stating that the dereliction of linear logic could be seen as
an operation solving a differential equation, while the codereliction of differential linear
logic applies a differential operator. Extending this idea to LPDOcc causes a mismatch
on the types, but this mismatch is solved using the subtyping rule of graded linear logic.
Using this rule to represent the resolution of a differential equation gives us a first hint
at how to relate graded and differential linear logic. But to do so, we need to be able to
solve differential equations easily, so we restricted ourselves to LPDOcc.

We have used two mathematical frameworks to represent the action of the differen-
tial operators. The first one uses smooth functions and their dual which is the space of
distributions. This setting is a model of differential linear logic when we consider polar-
ized connectives [Kerl8aJ. Smooth functions and distributions are well suited for a study
of linear partial differential operators. Hormander conducted quite a complete review of
LPDOcc acting on distributions [Hor63|. In addition, the notion of fundamental solu-
tions is defined using distributions. However, we had to consider another framework as a
model. We used the notion of Koéthe spaces, which is a model of linear logic studied by
Ehrhard [Ehr02], that has led Ehrhard and Regnier to the definition of differential linear
logic. This model is more discrete than smooth functions and distributions, since it is
based on spaces of sequences. But those sequences can be identified to analytic functions,
on which we can compute partial differentiation.

119
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Contributions

The concrete contributions of this thesis were to present several proof systems, enjoying
both graded connectives and costructural rules to interpret differential operators. For
those systems, we have adapted the model with smooth functions and distribution to
incorporate the action of LPDOcc, and the restrictions coming from the syntax of the
proof systems.

Unified graded and differential linear logic without higher order. In Chapter
we present our first attempt of a proof system unifying graded and differential linear
logic. We show that adding indices to differential linear logic or adding the rules used
to differentiate to graded linear logic results in fact in the same logic, called IDiLL. We
define a cut elimination procedure on this logic, based on a refined notion of monoid
where the indices belong. Then, we give a model which consists of smooth functions and
distributions, which are respectively spaces of solutions and of parameters of differential
equations. In this model, the exponentials are indexed by a monoid of LPDOcc. But in
this model, the formulas cannot be considered at higher order, which prevents us from
considering a promotion rule. We have then removed this rule, following the first version
of differential linear logic. The next goal that we have focused on was the extension of
this logic to a promotion rule, and the extension of this model to higher order.

An extension of IDILL through the Laplace transform. In Chapter [3| we refine
the syntax of IDILL, and, in particular, the grammar of its exponential rules. Rather than
having an algebraic structure containing the possible indices, we consider two copies of
the same algebraic structure. This comes with an additional duality on the exponential
formulas. In addition to the usual negation, we add an orthogonal duality, which is the
Laplace transform. This new transformation comes from semantical considerations. In a
model studied by Kerjean and Lemay, the Laplace transform is, in fact, an isomorphism
that turns the structural rules into the costructural ones [KL23|. This new logic with two
copies of the indices is called DIDILL. It has a promotion rule which allows considering
higher order objects and also we also define a copromotion rule, inspired by the codigging
morphism studied by Kerjean and Lemay [KL23]. We define the cut elimination cases of
this logic and conjecture a normalization property. We give two models of DIDILL. The
first one uses Kothe spaces and LPDOcc. We had to restrain ourselves to Kothe spaces
to take into account the variables of differentiation of the operators. The second one is
a refinement of smooth functions and distributions where the growth of the functions is
bounded by exponentials of Young functions.

A higher order unified logic indexed by a discrete semiring. The last proof
system that we consider is defined in Chapter This is another extension of IDiLL
to higher order. The difference with DIDILL is that, rather than taking ideas from the
semantics to refine the formulas, we study what is happening in the syntax when one adds
a promotion rule to IDILL. This study is based on the cut elimination cases occurring with
the promotion. While in graded linear logic, those cases have the same dynamics as in
linear logic, it is not the case anymore with the costructural rules. For instance, the sums
of proofs needed in differential linear logic disappear in a graded framework. In addition,
this study led to the definition of a new algebraic notion, which we called differential
semiring. This structure corresponds to the structure needed on the indices to perform
the cut elimination cases. One crucial property of differential semirings is that they are
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discrete. It prevents LPDOcc from being a differential semiring. In a sense this justifies
the logic DIDILL to be the right framework for a graded differential linear logic where we
can interpret the action of partial differential operators.

What’s next?

By building bridges between differential linear logic and graded linear logic, this thesis
leads to many interesting new questions to study.

e One missing point of this manuscript is the study of the categorical semantics of
the systems that we have consider. While the categorical semantics of differential
linear logic has been studied a lot [BCLS20|, as well as the one of graded linear
logic |[BGMZ14,BP15,GKO™16], one would like to unify those semantics, leading
to a definition for our logics. Lemay and Vienney have made some advances in this
direction [LV23|. They, however, do not consider the indexed (co)derelictions, which
are crucial for us in the models that we consider. Kerjean and Lemay have also
defined a categorical framework for the Laplace transform [KL24| which should be
part of the axiomatization of the logic DIDIiLL.

e A point that we would like to improve is the differential operators that we use. We
have limited ourselves to linear partial differential operators with constant coeffi-
cients. They represent interesting differential equations, such as the heat or the
Laplacian equations. But being able to generalize to more general operators would
be a nice result. In order to do so, one would need to study carefully the resolutions
of such operators, as the existence of fundamental solutions would not be ensured
anymore. This may also need to incorporate a notion of fixpoint to approach some
solutions. Some work on connecting differentiation and fixpoints has been made by
Galal and Lemay |GPL24].

e It would also be interesting to study frameworks closer to the computation. The
logics that we have defined give nice hints for the types and their inhabitants of a
system solving partial differential equations. But to take into account the computa-
tions more precisely, one may look for a A-calculus, which would be typed by graded
differential linear logic. Here again, the use of fixpoint would probably be crucial in
order to approach functions and their derivatives.
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