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INTRODUCTION



Zeta functions with several complex indices
Let H, = {(s1,..-,8) €CIVm=1,....,r,R(s1) + ...+ R(sm) > m},

for r € N, the following zeta function converges for (si,...,s,) € H,
C(s15.--,5) = Z ny .o n
n>...>n.>0
From a theorem by Abel, for N € N,z € C,|z|< 1, it can be obtained as
C(s15--.080) = HETOO Hg, .5 (n) = Zlinl Lis, .5 (2),
where the following functions are well defined for (sy,...,s,) € C"
. zm Lis,... 5 (2) n

L1517~--7Sr(z) = Z nsl . nir and 1 —z = ZHslv---75r(n)Z .

m>...>n>0 1 n>0
They do appear in the regularization of solutions of the following

differential equation with noncommutative indeterminates in X = {xg, x1 }

d d
(DE) dG = MG, with M = woxg + wixy,wo(z) = —270.)1(2) =1 z

z -z
Drinfel'd stated that! (DE) has a unique solution Gy (resp. Gi), being
group-like series, s.t. Go(z) ~o €©'°8(2) (resp. Gy(z) ~; e 'o8(1=2)),
There is then a unique group-like series ®xz € R{(X)), so-called Drinfel'd
associator, such that Gy = G Pk.

V. Drinfel'd, On quasitriangular quasi-hopf algebra and a group closely
connected with Gal(Q/Q), Leningrad Math. J., 4, 829-860, 1991.



Indexing by words (1/2)
Introducing Y = {yx }«>1 and using the correspondence
(51,..,5) ENL & yg ooy €Y & X51_1X1 .. .xg'_lxl € X*xq,
we will denote Z := spang{C(s1,.--,5r)}s,..., s,)E%QNr7,€N,
where C(ys ... ys) = C(s1,- -+ 5) = CO¢ Ixa ..o xa).
We will also denote Hysl~~-ys, =H . s and L1 ol = Lig, .
The polylogarithms can be viewed as iterated mtegrals, w.r.t. wp,w; and

associated to words in X* : Lis ¢ (2) = ad(xg' 'x1...x5y 'x1), where
z Zj—1

aZ (1x-) =1g and oéo(x,-l...x,-k):/ OJ,'l(Zl).../ wi, (zk).

Z( Z(
Here, 1o : Q — C, mapping z to 1, with Q 2 C \ (- 9000] U [1, +o0l)
and (2,2 ...,2k, z) is a subdivision of the path z5 ~» z in Q.
They are single valued on 2 and alternatively they can be analytically
continued and appear as multivalued functions over B := C — {0, 1}.

sr—1

X1..-Xp X1

More rigorously, we have analytic functions on the universal cover B, i.e.
we choose a universal covering (B, B, p) and a section s : Q — B of p,
lifted from the canonical embedding j: Q — B

B
s/t p
Q < B



Indexing by words (2/2)

Next, using the correspondence (si,...,s,) € N < ys ...ys € Y§,
where Yy = Y U {yo}, we will denote also Lij , =L s,
H}751~~-_VS, =H_5 s and ¢ (ys, ... ¥s) :=C(—=51,...,—5).

Now, let 0 := z0,,01 := (1 — 2)0, (hence, [0p,01] = 0o + 01 = O,)
and (g, t1 be sections of them, taking primitives for the corresponding
differential operators w.r.t. the function (i.e. 0po = 0101 = Id). Then
Liaon, e, =00 g tu)lo Liy oy = (05" 05 ) la.
1. For w € Y§, H,, € Q[n] (resp. Li,, € Z[(1 — z)!]). It is of degree
d :=|w| +(w) and of valuation 1. Hence, Hy,(n) ~o C, n? (resp.
Li,, (z) ~1 B, (1 — z)=9), where C,, € Q (resp. B,, € Z).
2. The families {Li,, }x>o and {H,, },>0 are Q-linearly independent.
3. spang{Li,, }x>o is closed by Cauchy and Hadamard products.

4. Let C:=(C[z,z71,(1 — z)7%],0,). Then the algebra C{Li, }wex-
(2 C ®c C{Liy }wex~) is closed by the operators {0g, 01, 10, t1}.
Moreover, the bi-integro differential ring (C{Liy }wex~, 0o, to, 01, (1)
is closed under the action of the group of transformations permuting
the singularities in {0, 1, 400},

Q Z:{z>—>z,z»—>1—z,z>—>zfl,z>—>(1—z)’1,z»—>1—271,z>—>z(1—z)’1} .

Vh e C{LiW}WGX*v Vg S ga h(g(Z)) € C{LiW}WGX*~



Actions of G over C{Li, }yex+

Since G is generated by the transformations {z + 1 — z,z ++ z~ 1} then

> Let 01, be the letter substitution defined by
Ul—Z(XO) = —X1 and Ul—z(Xl) = —Xp.
Then L(1 — z) = 01_,(L(2))Z ., .
Hence, L(1 — z) ~p e t'e(®) 7

Example
Lij(1—2z) = —log(z)
Li(1—2) = = Lip(2)+ log(2) Li1(2) + ¢(2),
Lig(1—2) = —Liz1(2)+ Li1(2) Liz(2) — } log(2) Li1(2)* — ¢(2) Li1(2) + ¢(3),
Lip1(1—2z) = —Lis(z)+ log(z) Liz(2) — § log(2)? Liz(z) + ¢(3),
Lig(1—2) = —Lip1,1(2) + Li(2) Lig,1(2) — § Liz(2)? Liz(2)

+

§ log(2) Li1(2)* + 3¢(2) Lir(2)* — ¢(3) Lia(2) + ¢(2)%.
> Let 01/, be the letter substitution defined by

Jl/z(XO) = —Xp .+X1 and Ul/z(Xl) = X1.
Then L(1/z) = 01/,(L(2)Z )} )e™ Z ,, .
Hence, for any w € X*, Li, (1/2) ~_so (—1)"% log" (2)/ |w|!.
Example
Liy(1/z) = (im) + Liy(2) + log(2),
Lip(1/2) = —log(z)(im) — Lia(z) + 2¢(2) — § log(2)?,
Li3g(1/z) =  %log(z)?(im) + Lis(z) — 2log(2)¢(2) + £ log(2)?,
Lip1(1/z) = —}log(z)(im)* + (= Liz(z) + ¢(2) — } log(2)*)(i)
—  Lip1(2) + Liz(2) — log(z) Lia(2) + ¢(3) — & log(2)?,
Lig(1/2) = —1%log(2)3(im) — Lia(z) + £¢(2)? + log(2)°¢(2) = 2 log(2)*.



co-commutative bialgebras _
} . sets of polynomials over X, Y, Yy, respectively.

C{X),CLY),C{Yo) : duals of C(X),C(Y),C(Yp), respectively,
(sets of formal power series).
> (C(X),., A, ,1x-,e):forx,y € X and u,v € X*, uw 1x« =u
and xu w yv = x(u w yv) + y(xu w v);
AL (x)=x®@1x + 1x~ ®\X.

Dy = Z wRw = H e>®P (MRS-factorization),
weX* le LynX .
where LynX is the set of Lyndon words over X (with x; > xo),

{Pi}iecynx is a (graded) basis of Lie algebra of primitive elements
and {S;}iczynx is a pure transcendence basis of (C(X), w ,1x«).

> (C(Y), A, 1ly-,e):fory,yje Yand u,ve Y* uwly. =u
and yjuw yiv = yi(uw yv) + yi(yivw v) + yigj(u e v);
Aw(yi) =yi @1y + 1y- gé Vit D kii—i Yk ® Yk
o B s @ (= — extended
byi= ; wew= IE]LIY e MRS-factorization),
where ,Cy;vVY is the set of Lyyr:don words over Y (with y; > ...),
{M}iecyny is a (graded for the weight) basis of Lie algebra of

primitive elements and {¥,}czyny is a pure transcendence basis of
(C(Y>, [E3N 1y*),



First structures of polylogarithms and harmonic sums

1. Completed with Li,(z) := log“(2)/k!, {Liy }wex- is C-linearly
independent. Hence, the following morphism of algebras is injective
Lie : (C(X), w ,1x+) = (C{Liy}wex*,-, 1), u— Li,.
Thus, {Li;}iccynx (resp. {Lis, }iecynx) is algebraically independent.

2. The following morphism of algebras is injective
H' : ((C<Y>’ L‘ﬂ’]‘y")_>((C{I_IW}WEY*a"]-)7 UHHU-
Hence, {H, }wey~ is linearly independent. It follows that,
{H;}iecyny (resp. {Hs,}iecyny) is algebraically independent.
(Qlx~ ® xQ(X)x1, w,1x-)
. C: Z,.,1 h that, f
30 @1y- & (Y ~ {n))Q(Y), w, 1y.) 7 (Z: 1) such that, for
any /1, h e EynX — X,C(/l w /2) = C((ﬂ-y/l) Lt (7Ty/2)) = C(/l)C(/z),
where Ty : (CUX),.) = (CUY), ), xg Ixa oo xg Ixa = Yo, - Ve -

4. There exists, at least, an associative law of algebra T, in Q(Yp), not
dualizable such that the following morphism is a onto
Li;g2 @ (Q(Y0), T) — (Q{Li,}wevy,.), w= Li,,
and kerLiy, = Q{w —wTlys|w € Y5}
Moreover, if T/ : Q(Yo) x Q(Yy) — Q(Yp) is a law such that Li, is
a morphism for T’ and (1v»T'Q(Yo)) N ker(Li, ) = {0} then
T'=goT, where g € GL(Q(Y})) such that Li, og = Li, .




GLOBAL RENORMALIZATIONS
OF DIVERGENT ZETAS VALUES
INDEXED BY INTEGRAL MULTI-INDICES



Abel like theorem for noncommutative generating series

Szpmz = (o, @ 1d)Dx L := (Li, ®1d)Dx H = (Ho ® Id)Dy
N e ¢
— H eaio(S/)P/’ _ H elis, P,’ _ H oHz, M
leLynX leLynX 1eLynY
€Ly € y\ S }/\
Z, = H ‘E,C(SI)F’/7 Zis) = H eC(zl)n/.
leLynX —X leLynY —{y1}

L satisfies (DE) and L(z) ~ €©'°8(?) and L(z) ~; e~ loe(l=2)7
Szz = L(z2)L7Y(2) is a unique solution of (DE) and S, .., = Lx-.
L is a unique solution of (DE) and L(z) ~ €*'°8(). Thus, Z ,, is unique.
Since Galc(DE) = {e“}cegieqxy =: Haus,, (C((X))) thenlet QC AC C
and dm(A) :={Z ,, =Z, e | C € Liea( X)), (e |x0) = (e€|x1) = 0}.
Then dm(A) = Gal=?(DE) is a strict normal subgroup of Gale(DE).
Theorem (HNM, 2009) B
Let e € Galc(DE). Putting L := Le® and Z ,, == Z,, e, one has
, 1 + : (=) = =
ZI[;n1 exp [—yl log . z] myL(z) = n||_>moo exp LZ:I H,,(n) p H(n)=nyZ ,, .

Or equivalently,

1 Z]zw (1) ~so0 exp {—ZHyk(n)(_f)k}ﬂzw :

o k>1

L(z) ~1 exp [xl log ]



Singular expansion, asymptotic expansion and finite parts
For w € X*xq, by Abel like theorem, there exists aj, b;j € Z such that

log'(1 — 2)
Lin(z Za,log 1=+ (Zulw)+ 3 by=g
ieNy jeN_

and a,,ﬂ,l and 'ymw IS Zip] such that

log'(n
Hegal0), 5. 3ol (o) 10+ 3 /500

ijeEN, w
Example (Costermans’ Ph D dissertation, 2008) |
Liz1(z) = C(3)+(172)Iog(172) 1-2)" lfz)log (1—2)
+ 11— 2P(—log’ (1—Z)+Iog(1—Z))+
Haa(n) = C(3) — %(log(n) +1+7) + 5 log(n) + - - -,
Liz2(z) = 2—2¢(3) = ¢(2)log(l — z) — 2(1 — z) log(1 — 2)
+ (1 —2)log?(1 — z) + (1 — 2)?((log?(1 — z) — log(1 — 2)) + .. .,
Hip(n) = ¢(2)7 —2¢(3) + ¢(2) log(n) + 55 (¢(2) +2) +
¢(2)y = .94948171111498152454556410223170493364000594947366 . . . .
The map e : (C{Y), w,1y+) — (C,.,1) is a character since its graph,

Z,, is group-like. It then follows, from the same Abel like theorem that

Z, = B(y)nyZ. , where B(yl)—exp(,yl S (k)
k>2

By the w-extended MRS-factorization, the cancellation leads to

Zwyy =Mono(y1)myZ,, , where Mono(y;) = exp Z( %) )
K>2




Characters and the constants {s, .. Sr}(sl s)eN

Let us consider the following characters defined over an algebraic basis by
Cow (QX), w,1x«) — (Z,,1), I€LynX — (Z, |,
Cw (QUY), w,1y) — (Z,.,1), € LynY — (Zwll).

sit. VI e LynX — X, (Z |} = (Zw |7y () = (/) and

(Z . |x0) =0 =log(1),
(Zy ) =0=fp, log(l—2), {(1—2)?log”(1— 2)}acz ben,
(Zwn) =0="1p.,, Hin), {n"H2(n)}acz.ben-

Let B;'s be Bell polynomials. For k € N, w € Y™, one has

w= @bt = % (L) (LY

S1t...
51 ..... sk>0,514...+ksg=k

w1<4m>:2<“ —a) “”M(Za, 2n«>))

Example (Costermans PhD dissertation, 2008)
[ - ¢()/2,

k i

1,1 =
yi1 = [ = 3¢@)y +2¢(3)1/6.
1,111 = [80¢(3)y — 60¢(2)72 + 6¢(2)% + 1074 /240,
1,7 = SN+ CB)C(5) — 54¢(2)*175,
1,16 = 4C(2)342/35 + [C(2)¢(5) + 2¢(3)¢(2)% — 4¢(T]7/5 + €(6,2) + 19¢(2)* /35 + ¢(2)¢(3)% /2 — 4¢(3)¢(5),
Y1115 = 3¢(6,2)/4 — 14C(3)C(5)/3 + 3¢(2)C(3)% /4 + 809¢(2)* /1400

(2¢(7) — 3¢(2)¢(5)/2 + ¢(3)¢(2)?/10)y + (C(3)2/4 — ¢(2)3/5)~*+ ¢(5)7°/6.



Gradation of Z, and second Abel like theorem
Proposition (HNM, 2003)

For any k > 0, let ky(z,t1, - , tx) be the formal power series given by
ke(z,tr, - tk) = eollog(z)—log(t1)] y, . . . gollog(ti—1)—log(ti)] x; g0 log(tk)

X0 log(z) Z H |0g (t —X0X1

hyer >0 =1
and? let o be defined by x1x{oP = x1(x§ w P) I € N, P € C(X). Then

ti—1

L(Z) = Z Llw W - Z/ w1 tk / W1(t1)l<dk(2, ty,--- ,tk),

k>0,wexs wi xf k>0
zZ, = E Cu Oaxio- - oxpxg Had_XO
k2>0,h,-- k20

Theorem (Duchamp, HNM, Ngé, 2015)

T = Z Li, w, H™ = Z H,w, C = Z H mw

weYy we Yy weYy w:uv,v;élyo*
I|m h®~ 1((1 )" eLi (z)= lim g9 Y(n)oH (n)=C",
z—1 n—-+o00
where h(t Z (wW)+ |wDt My and  g(t) = Z W)+,
we Yy we Yy
Moreover, H= and C~ are group-like, respectively, for A ., and A
2{ad’ix0 ad’fxoxl}k>0 H20 and {xxl o - oxlxo"}k>0 =0 are dual

bases of U(J) and U(T)Y (T is the Lie algebra generated by {ad. xi}icn).



Actions of Galois differential group B
For any e € Galc(DE), let Z ,, := Z,, €“. Let Z, be the
noncommutative generating series oi{iw}we y~, where
Ywe Y, 7, =1p i Hu(n), {n7log’(n)}acz ben.

Then, for A, Z, is group-like series and 7, is a character. The first
Abel like theorem yields Z., = B(y1)my Z ,, .

c{xn

C{y)

Figure: lllustration of Z, = B(y1)my Z e



Actions of sub-groups of Galois differential group
The monodromies around 0,1 of L are given, respectively, by
MoL = Le?™™  and ML = LZ te?™1 7, = Le?™,

my = Xg and my = H e C(S)adp(—x1),
leLynX—X
Their actions could not do neither simplification nor introducing the left
factor e in Z, and Z ,, , respectively :

» For C = 2immg, one has Z ,, = Z,, €*™° and

- _ _ (—)/1)k _
Z,=exp( 11— > (k) o )vZL =2,

k>2

» For C =2immy, one has Z ,, = e 2™ 7 and

Z, = exp ((ﬂ/ —2im)y; — Z C(k)(_yl)k>71'yZuIJ =e @™z,

k
k>2

Now, let Z ,, € dm(A), then Z., = €1 Z .., and it follows that
Corollary (action of dm(A), HNM, 2009)

IfZ ., € dm(A) then (Z, = B(y1)ryZ ., & Zw =Mono(y1)myZ ., ).
Finally, if v ¢ A then ~ is transcendent over the A-algebra generated by
convergent polyzetas.



Homogenous polynomials relations among local coordinates
Z»y = B(yl)TryZuu

[ [ Relations among {SCEDNYiecyny— 11} [[ Relations among {C(SN} e cynx—x |

3 C(Tyy) = 3¢(Ty) Gp2) = ¢5a,)

4 (Ty,) = 2(3),) Say) = 2¢(Sxp )’

(Tyay) = F(Ey) «(Sg.e) = £ ¢S )?
(2 = 2¢(%y,)? C(S3) = 2¢(Sxgn )?

5 Trans) = 3¢055)C(Ty,) — 5C(Tys) Ba2) = B2, ) o) +265g,)
(Tyayy) = —CEy3)C(Ey) + 3¢(Ey) (S 2run) = <<54 D F 652, )¢(S0x)
giiyzzyl) z i<(2y3)<(2y2)—%<(2y5) C(ngxg) i lc(sg DS(S0x) +26(S,4,)

y3_y12) 126(Zys5) C(Sxoxlxoxl 2) 2 <(ngx1)
C(F,,3) = $CER)(ER) + () C(5,8) = $(54,)

6 (Ty) = £¢(5),)° Sgy) = £ (5xn )’

(Tyy) = C(Ty3)° — £C(E),)° (Sg.2) = £ C(Sxn)® — %<<5ng1)2
C(Tysyy) = 2¢(Ty,)% = 3¢(5),)° (Sgagq) = 185 ¢Sk )’

CEyapyn) = —35¢(T0)* + 2¢(Ty5)2 Sga) = %c(sxoxlf—c(sxgxlﬁ
C(Tyapom) = 3¢(T3)% — H¢(5,)° S gapd) = 25 ¢Sy )

C(E,,2) = F5¢(T0)% - 2¢(5),)? S2in) = — B ¢S )® + 3¢ ”1)
(T2 = HTy)? - 2=, (Sp.a) = £ ¢(Sxn)® — %C(sz p%
«(F,,,8) = £ ¢(y,)? C(SXOxmx%) = B((Sgn)® —¢(S2 X1)2
C(E,0) = L) + £¢(5y3)? C(Su8) = £ Sk )’

(Bui's PhD dissertation, 2016)



Noetherian rewriting system & irreducible coordinates
Z»y = B(yl)TryZuu

l

[ Rewriting among

{C(EDecyny— {11}

“ Rewriting among

{¢(SN}ecynx—x

3 () = 3¢(Ty) Gp2) > Gy

4 (Tyy) = 2T gy — 2¢(Sxp )’
(Tygyy) = HCE,) (Sz2) — L¢(Sgm )
(2 — 2¢(y,)? e 2¢(Sxpn )

5 Trars) = 3C(5y3)C(5y,) — 5C(3y5) Baa) 7 2, o) +25g)
C(Eyy) = —C(Ey)C(Eyy) + 5¢(Tys) CS2npn) 7 4(54 )+ (5,2, )¢(Sxx)
) = 3(ER)(E,) — B(T) (S23) — c(sz S(Sm) + 25, )
CE2) — 56(T) CSpgngd) 26 ”J
C(F,,,3) > 16ER)(ER) + §6(E) C(S) > S(Sa,)

6 (Tys) > 2T o) — %c(sxoxlﬁ
C(Tyr) = C(Tyy)* — #1¢(5,)° (Sa2) — £ ¢(Sxpn)® — %g(ngXl)z
C(Tygy) — 2¢(55)° — 32y <( nglmxl) = e=C(Sxn )}
(Tyarye) = — (T + 2¢(5,5)? €533) = Bl(Son)’ — ¢Sz,
Tygmn) = 3(Ty)? — FC(Ey,)° (S zspd) 2 ¢(Sigm )’
C(E,,2) = $56(E) — §¢(E,)° CS22igy) — 5000 + 3¢(5,2, )
(T2 — HTy)? - 2=, Spa) — £ ¢(Sxn)® — 5<<5ng1)2
C(F,8) — HC(Ey,)? CSppd) 31¢(S00)° = €S2, )°
CE,0 — LT, + £¢(5y3)? (Sg) — £ Sk )’

(Bui's PhD dissertation, 2016)




POLYLOGARITHMS AND HARMONIC SUMS
INDEXED BY NONCOMMUTATIVE
RATIONAL SERIES



Rational series, C™*(( X))

Crt(X)) :  Sweedler dual of C{X),for Aconc
(set of noncommutative rational series?).

Theorem (Schiitzenberger, 1961)

S € C#*((X)) iff there is a linear representation, (v, j1,m) of dimension
n>0,ie veM,C),neM,i(C)and p: X* = M, ,(C) such that

s=v( 3 utw) w)n=vlera)pin

wexX*

Theorem (HNM, 1995)

Let (v, u,n) be a linear representation of S € C**((X)).
Then the series ), x.(S|w)aZ (w) is convergent.
Noting this extension by oZ (S), one has
(5 —V(H ezos’ P’)n
leLynX

And, for any T = R or S € C™*((X)), one has the convergent series
aZ (T) = ex-(TIw)aZ (w) and identity o (R w S) = aZ (R)aZ, (S).

3A series S is called rational iff it belongs to the closure, by {+, conc, *}, of
C(X) in C{(X).




Exchangeable series, Cex. (X))

The power series S belongs to Cexc (X)), iff
(Vu,v e X*)((vx € X)(Julx = |vl.) = (Slu) = (S|v)).

. . aZ (xo))0 (o (x1))*
If S= Z sl'o,hx(l)o w X{l then Oéo(s) — Z Sio,f1( zog '0)) ( zog ll)) )
i0,n>0 io,n >0 fo: &l

Lemma (Duchamp, HNM, Ngé, 2016)
L CEAX)) o= C XN N Cexe (X)) = C™{(x0)) w C™*{{x1).
2. For any x € X, one has C™*((x)) = spanc{(ax)* w C(x)|a € C}.

3. The family {x,x{'} is algebraically independent over
(C{X), w ,1x+) W/th/n (Crat( X)), w,1xx).

4. The module (C(X), w ,1x:)[x, X1, (—x0)*] is C(X)-free and
{0) ™k w () 1 (NEZXN forms C(X)-basis of it.

Hence, {w w (x§) ™ % w (x7) ™ ’}VfEIXEZXN is a C-basis of it.

Theorem (extension of Li,, Duchamp, HNM, Ngé, 2016)

Lie : (C[x§, X1y (—x0)*] w C(X), w ,1x+) —» (C{Liw}wex+,-,1la),
R +— Lig.

Liq is surjective and ker Li, is the shuffle ideal generated by

X} w Xy —x7 + 1.



Examples of polylogarithms indexed by rational series
For any a,b € C, af((axp)*) = z% and a((bx1)*) = (1 — z)~P. Then

1. One has
Liy:(z) =z, Liw(z)=(1—2)7", Liagibn)(2) =2°(1 —2)7".

2. Since (nx)* = (x*)“ " then one has

Li(,,xo*)(z) =z", Li(_kxl*)(z) = (1 - Z)ik,Li(nXé«) w (kxl*)(z) = Zn(l - Z)ik.
3. Since (ax)*" = (ax)* w (1 — ax)""! then
S n-1 (alog z)k
Li(axo)*"(z) = Zaz ( K )k"
0 1 k
1 —(n-1\1 1
| T = — — | al .
i(ax)(2) (1—2)32_:< K )k! (a Ogl—z>
4. For any (s1,...,s,) € N and (t1,...,t) € (C—N,)",
. z™
L) gt ety oy 0 (2) = 2 (np—t1)s...(n,—t,)5°

nm>...>n>0
In particular, fors; =...=s, =1,

. _ . n—1 n—1
Li(t0)xq...(650)*x (2) = g legqul.__xé,,_lxl(z) [P (A
ny,...,n,>0



Polylogarithms and harmonic sums by rational series

Corollary (elements of polylogarithmic transseries)
a€Z,beN
C{Lis}sec(x) w gl w Cl(—x)] w Chg] = Spanc{ 1—2)p LIW(Z)}
weX*
- SpanC{Llsl,...,s,}sl,...,s,GZ’
@spang{z?|a € Z},

C SpanC{Lisl,...,s,}sl,...,s,eC’
@spanc{z?|a € C}.

a a,beC
C{lis}secix) w crat (o) w Crat () = Spanc{ @

More generally, one has C:2t (X)) w C(X) C Dom(Li,) N C™ (X)), and,

exc
on it, letting (v, i1, ) be a linear representation of

S € Dom(Lis) NC2E(XY, one has
)+Y . Y (Slw)Lin(z)

Lis(z) = Z<

n>0 k21 wexs w xk

= V( H ebls (Z)“(P/)> eloB(@)ulx0)y

leLynX—{xo}




Indexing polylogarithms {Li, },cy; by rational series
Using )y and by denoting \ : z — z(1 — z)~! and Sy(k;,/) the Stirling
numbers of second kind, one has

51 Ssi+sa—ky (E‘slljrksrr:) s s1+ s k
— 1 1 2 — A1
U = 2 z )OI () [ I
k= k=0
k= =k
(51 . o )t o)
.
, 1 & N ;
08 (\z2)) = EZsz(k,-,J)J!(A(z)y, for k; > 0.
j=1

Proposition (Encoding polylogarithms by rational series)
Li,, = Lig , where R, € (Z[x{], w,1x-) given by

Ysy - Ysr Ysy - Ysy
(s1+---+sr)—

. Z *Z 1 (Z) <1> ( +s - kl) <Zf_1 s —2in k,->
Ysp - Ysr kl k2 s kr
k=l k=0
Py oo Py
xi —1x, if k=0,

ki
Pl = Xt w Y Salki )il —1x-) 4, if k> 0.



Extensions of R, over Z(Yp)
By linearity, R, is extended over Z{Yy). Hence, for any k,/ > 0, one has
Lig, u r, = Lig, Lig, = Li, Li, =Li + =Lig ., .
Theorem
1. {LiRyk tk>0 is Q-linearly independent and the restriction
Lis : (Z[x}], w ,1x+) = (Z[(1 — 2)7Y],., 1q) is bijective.
2. Forany k,1 >0, one has R, w R, = R, Ty,.
3. One has (Z[x{], w ,1x+) = (ZYo, T, 1y, ) and then the morphism
Re : (Z(Y0), w,1y;s) — (Z[x{], w ,1x=) is bijective.
Corollary

For any | € LynY, there exists a unique polynomial p € Z[t] of degree
(I)+ | 1] and of valuation 1 such that

R = B(x) € (ZIq], w , 1x-),
Lig(z) = p(e'e(=2)) ¢ (Z[e~'e(1=2)] . 1),
HWVRI(n) = ﬁ((n)') € (@[(H)O]’ ) l),

where (n)e : N = N, i— n(n—1)...(n—i+1), pis the exponential
transformed of p and p is obtained as the exponential transformed of p.
Example

Since LiRy1 (z) = z(1 — 2)72 then Ry,

(2x1)* — x{ and p(t) = t> — t. Since 7wy (tx1)* = (ty1)* then, via the
j S K
Newton-Girard identity, Hy, )« = k>0 Hy1k th = exp(— > k>1 Hy (=1)7/k), onehas HvryRyl (n)== n(n=+1)/2.



The constants {/7751,...,75,}(51.,...,5,)€N’.,r€N
Theorem (extended double regularization)

(00 ) =1 and 1oy = oo 00 - S e ) = L
n>2

Corollary

For any | € LynY, there exists a unique polynomial p € Z[t] of degree

(N+ |!] and of valuation 1 such that Ry = p(xy) € (Z[x{], w ,1x~) and
<uu (Rl) = p(l) €Z and TryR = ﬁ(l) € Q7

where p is the exponential transformed of p and p is obtained as the

exponential transformed of p.

Example (Ngd's PhD dissertation, 2016)
Li—1,—1 = = Lig +5 Lip)x —7 Li(gyx +3 Ligag)«.
Li_2,—1 = Ligx —11Li(g ) +31 Li(gq )+ —33 Li(gq)» +12Li(5,q)
Li_y,—2 = Ligx =9 Li(y )« +23 Li(g)% —23 Li(gey)* +8 Li(sy)*
Hoto1= —Hay o) + 88y (@)7) ~ ey (@)%) +3Hry ()7
A2, 1= Hay () = WHay (20q)%) T3y (@x)%) ~ 33y ((axq)*) T 12Hry (%)
Ho1 -2 = Hey ) = Mry(2x)*) T 23Hary ((3x)%) — 2Hry ((ax)%) + 8Hry ((5x)%)-
Therefore, ¢y (=1,-1)=0, (¢ (=2,-1)=-1, ¢ (=1,-2)=0, and
yo1,—1=—T7Y2) +5r71(3) — 7r~1(4) + 3r~1(5) = 11/24,
y_2,—1 =T7"Y2) — 11r ~}(3) + 31r ~1(4) — 33r ~1(5) + 12r ~(6) = —73/120,
y_1,—2 =T7}2) —or—1(3) + 23r~1(4) — 23r~1(5) + 8r—1(6) = —67/120.



Candidates for associators with rational coefficients
Since the extension R, : (C[xo](Y0), T) — (C[xo][x{], w ) is bijective then
T:=((He oy o Re) ® Id)Dy and A := ((Lis oRs 0 #y) ® 1d) Dy,
Z; = ((veomy o Ry) ®1d)Dy and Z, :=((Cu ©Reofy)®Id)Dx,
where, the morphism of algebras 7y is defined, over an algebraic basis, by
fy(x0) = xo (s.t. Lig, ,, (2) = log(z) and then ((R#,x) = 0) and, for any
e LynX —{xo}, 'y S = 7myS;. Hence, Z; € Q(Y)) and Z € Z({(X)).
In particular, (Z|y1) = —1/2 and (Z7 |x1) = (Z7,, |%) = 0.
Theorem (associators with rational coefficients)
An(T)=T&T and A, (A)=A®A,
Aw(Z)=2;,®@Z; and A, (Z,)=2, @7,
and all const<1t terms are 1. It follows the\T

H n Lig, . P
T: H e 7\’sz/ 1 and /\: H e R""YSI INO e)<0|0g(2)7

IeLynyY IeLynX
\ \
Z5 = H N and 7o = H b w (Rays)Pr,
/ i
leLynY le LynX

Moreover, A € (spanc{Lis}scc(x) u crat (x), 0o, Lo, 01, 1) (X)) and,

exc

for any g € G, there exists a letter substitution, o, and a Lie series,
C € Liec((X)), such that A(g) = o,(N)e.
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