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Dual-numbers AD

2

Original program

λ(x : R, y : R).

let z = x + y

in x · z

Forward AD

λ((x : R, dx : R)

,(y : R, dy : R)).

let (z , dz) = (x + y , dx + dy)

in (x · z , dz · x + dx · z)

Reverse AD

λ((x : R, dx : R( (R,R))

,(y : R, dy : R( (R,R))).

let (z , dz) = (x + y , λ(d : R). dx d + dy d)

in (x · z , λ(d : R). dz (x · d) + dx (z · d))

• Inversion of control flow
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Dual-numbers AD: code transformation

σ, τ ::= R | () | (σ, τ) | σ → τ | Int
s, t ::= (x : τ) | () | (s, t) | fst(t) | snd(t) | s t

| λ(x : τ). t | let x : τ = s in t | r | op(t1, . . . , tn)

Dc [R] =
Forward AD:

(R,R)
Reverse AD:

(R,R( c)

Dc [()] = ()

Dc [(σ, τ)] = (Dc [σ],Dc [τ ])

Dc [σ → τ ] = Dc [σ]→ Dc [τ ]

Dc [Int] = Int

On environments: Dc [ε] = ε Dc [Γ, x : τ ] = Dc [Γ], x : Dc [τ ]

3

Ex.
((R, Int→ R), (R→ R))  
((Dc [R], Int→ Dc [R]), (Dc [R]→ Dc [R]))
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Dual-numbers reverse AD

Dc [x : τ ] = x : Dc [τ ]

Dc [()] = ()

Dc [(s, t)] = (Dc [s],Dc [t])

Dc [fst(t)] = fst(Dc [t])

Dc [snd(t)] = snd(Dc [t])

Dc [s t] = Dc [s] Dc [t]

Dc [λ(x : τ). t] = λ(x : Dc [τ ]). Dc [t]

Dc [let x : τ = s in t] = let x : Dc [τ ] = Dc [s] in Dc [t]

Dc [r ] = . . .

Dc [op(t1, . . . , tn)] = . . .

let (x1, d1) = Dc [t1] . . . (xn, dn) = Dc [tn]

in (op(x1, . . . , xn)

,λ(d : R). d1 (∂1op(x1, . . . , xn) · d) + · · ·+
dn (∂nop(x1, . . . , xn) · d))

4

Γ ` t : τ

Dc [Γ] ` Dc [t] : Dc [τ ]

(op : Rn → R)

Dc [R] = (R,R( c) Dc [(σ, τ)] = (Dc [σ],Dc [τ ]) . . .
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But is it fast?
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The complexity issue

tbad = λ(x0 : R). let x1 = op(x0, x0) (for any op)
in let x2 = op(x1, x1)

...
in let xn = op(xn−1, xn−1)

in xn

Dc [tbad] = λ(x0 : R, x̄0 : R( c).

let (x1, x̄1) = (op(x0, x0), λ(d : R). x̄0 (∂1op(x0, x0) · d) +

x̄0 (∂2op(x0, x0) · d))

...

in let (xn, x̄n) = (op(xn−1, xn−1), λ(d : R). x̄n−1 (∂1op(xn−1, . . .

in (xn, x̄n)

7



The complexity issue

tbad = λ(x0 : R). let x1 = op(x0, x0) (for any op)
in let x2 = op(x1, x1)

...
in let xn = op(xn−1, xn−1)

in xn

Dc [tbad] = λ(x0 : R, x̄0 : R( c).

let (x1, x̄1) = (op(x0, x0), λ(d : R). x̄0 (∂1op(x0, x0) · d) +

x̄0 (∂2op(x0, x0) · d))

...

in let (xn, x̄n) = (op(xn−1, xn−1), λ(d : R). x̄n−1 (∂1op(xn−1, . . .

in (xn, x̄n) 7



The complexity issue

tbad = λ(x0 : R). let x1 = op(x0, x0) (for any op)
in let x2 = op(x1, x1)

...
in let xn = op(xn−1, xn−1)

in xn

Dc [tbad] = λ(x0 : R, x̄0 : R( c).

let (x1, x̄1) = (op(x0, x0), λ(d : R). x̄0 (∂1op(x0, x0) · d) +

x̄0 (∂2op(x0, x0) · d))

...

in let (xn, x̄n) = (op(xn−1, xn−1), λ(d : R). x̄n−1 (∂1op(xn−1, . . .

in (xn, x̄n) 7

x̄n

x̄n−1

...

x̄1

x̄0



Naive dual-numbers reverse AD

• Elegant

• Compositional & extensible

• All the action happens at the scalars

• Easy to prove correct

• Strong parallel with dual-numbers forward AD

• A type class abstracts over both

• Exponential time complexity...

8



Staging function calls: linear factoring



Staging linear function calls

9

let (z , dz) = (x + y , λ(d : R). dx d + dy d)

in (x · z , λ(d : R). dz (x · d) + dx (z · d))

x = 2
y = 3
d = 1

z = 5

{dz 7→

2 · 1}2}

∪ {dx 7→

5 · 1}5}

{dx 7→ 5, dz 7→ 2}
(call dz at 2)

{dx 7→ 5} ∪

(

{dx 7→ 2} ∪ {dy 7→ 2})
{dx 7→ 5} ∪ {dx 7→ 2, dy 7→ 2}

{dx 7→ 5 + 2, dy 7→ 2}
{dx 7→ 7, dy 7→ 2}

(7, 0) + (0, 2) = (7, 2)
dx = λ(d : R). (d , 0)

dy = λ(d : R). (0, d)

Linear factoring: f x + f y = f (x + y)
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Staging linear function calls: implementation

• “{dx 7→ 5, dz 7→ 2}”

• Um, equality on functions?

• “(call dz at 2)”

• How do we choose?

How do we choose?
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Staging linear function calls: resolve order

Three shapes of backpropagators:

• λ(d : R). (0, . . . , 0, d , 0, . . . , 0)

• λ(d : R). 0

• λ(d : R). d1 (...) + · · ·+ dn (...) ← come from closure

11

σ =

(, )

R (, )

R R

Dσ 

(, )

(R,R( σ) (, )

(R,R( σ) (R,R( σ)

λd . (d , (0, 0))

λd . (0, (d , 0)) λd . (0, (0, d))

Dc [r ] = (r , λ(d : R). 0)Dc [op(t1, . . . , tn)] =

let . . .
in (op(...), λ(d : R). d1 (...) + · · ·+ dn (...))
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Staging linear function calls: numbering

• Idea: sequentially number backpropagators with increasing IDs

Dc [R] = (R,R( c)

 Dc [R] = (R, (Int,R( c))

 Dc [R] = (R, (Int,R( Staged c))

Staged c = (c ,Map Int (R( Staged c ,R))

(c, {1 7→ (dx , 5), 3 7→ (dz , 2)}) ≡ c + dx 5 + dz 2

• Consistent numbering

12

A backpropagator will only call other backpropagators that
were created earlier at runtime.
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Staging linear function calls: numbering

• Dc [R] = (R, (Int,R( Staged c))

•
Γ ` t : τ

Dc [Γ] ` Dc [t] : Int→ (Dc [τ ], Int)

• Dc [σ → τ ] = Dc [σ]→ Int→ (Dc [τ ], Int)

• di (∂iop(x1, . . . , xn) · d)  SCall di (∂iop(x1, . . . , xn) · d)

• SCall : (Int,R( Staged c)→ R( Staged c

SCall (i , f ) a = (0, {i 7→ (f , a)})
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Staging linear function calls: top-level function

Γ ` t : σ → R
Dσ[Γ] ` Dσ[t] : Dσ[σ]→ (R,R( σ)

We still need to call those functions!
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Staging linear function calls: resolving

ResolveStaged : Staged c ( c

ResolveStaged (c ,m) =

if m is empty
then c

else let i = highest key in m

in let (f , a) = lookup i in m

in let m′ = delete i from m

in ResolveStaged (f a +Staged (c ,m′))

15

Staged c = (c ,Map Int (R( Staged c ,R))
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Linear factoring: remaining complexity issues

• 0Staged, +Staged

• SCall

• λ(d : R). (0, . . . , 0, d , 0, . . . , 0)λ(d : R). (0, . . . , 0, d , 0, . . . , 0)

• Logarithmic Map operations in ResolveStaged
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Cayley-transforming Staged c



Cayley for monoids

(M, 0,+) (M → M, id, ◦)

m 7→ λm′. m + m′

f 7→ f 0

18



Cayley for monoids

(M, 0,+) (M → M, id, ◦)

m 7→ λm′. m + m′

f 7→ f 0

id

18



Cayley-transform

Dc [R] = (R, (Int,R( Staged c))

(R, (Int,R( (Staged c → Staged c)))

• 0Staged, +Staged  id, ◦

• SCall :

Int→ (R( (Staged c → Staged c))

→ (R( (Staged c → Staged c))

Int→ (R( Staged c)→ (R( Staged c)

• Input backpropagators:
λd . (d , (0, 0))  λd (x , yz). (x + d , yz)

λd . (0, (d , 0))  λd (x , (y , z)). (x , (y + d , z))

λd . (0, (0, d))  λd (x , (y , z)). (x , (y , z + d))

19
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λd . (0, (0, d))  λd (x , (y , z)). (x , (y , z + d))
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Mutable arrays: removing log-factors



What log-factors?

• 0Staged, +Staged

• SCall

• λ(d : R). (0, . . . , 0, d , 0, . . . , 0)λ(d : R). (0, . . . , 0, d , 0, . . . , 0)

• Logarithmic Map operations in ResolveStaged

Input backpropagators:
λd . (d , (0, 0))  λd (x , yz). (x + d , yz)

λd . (0, (d , 0))  λd (x , (y , z)). (x , (y + d , z))

λd . (0, (0, d))  λd (x , (y , z)). (x , (y , z + d))

Staged c = (c ,Map Int (R( (Staged c → Staged c),R))

↓
Staged c = (Map Int R,Map Int (R( (Staged c → Staged c),R))
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Mutable arrays

Staged c = (Map Int R,Map Int (R( (Staged c → Staged c),R))

↓
Staged c = (MArray R,MArray (R( (Staged c → Staged c),R))
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Links to other algorithms



Relation to CHAD
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fst t Dc fst (Dc [t])
CHAD
 let (x , x̄) = D[t] in (fst x , λd . x̄ (d , 0))

• Calls preceding backpropagators • Differentiates only the current term
from closure

• Needs linear factoring • Explosion from sharing prevented in let

• Simple code transform • Somewhat more complex code transform

“CHAD: Combinatory Homomorphic Automatic Differentiation” (https://arxiv.org/abs/2103.15776,
Matthijs Vákár & Tom Smeding)
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Summary

• Dual-numbers reverse AD becomes efficient with staging
function calls (for linear factoring), Cayley-transformation and
mutable arrays.

• Preprint:
https://arxiv.org/abs/2205.11368
“Dual-Numbers Reverse AD, Efficiently”
(Tom Smeding & Matthijs Vákár)

• On Haskell using TemplateHaskell:
https://github.com/tomsmeding/ad-dualrev-th
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