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Objective and Methodology

Objectives

» Giving you basic surviving skills for a french/italian proof theory
meeting.

» Give a denotational and historical oriented introduction to Linear
Logic and its variants.

Warning

» I am much more a semantician than a syntactician, often working
on proofs as functions rather than on proofs as graphs or
programs.

» A lot of interesting content on Linear Logic will be left for you
own curiosity.

» Go and ask other participants about it !
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Structure first

Structural rules in LK

rAAFB , PEAAB ,
7F, A- B -contraction 7F E A, B ~contraction
I'—-B . I'B .

— L- ki —— R~ k
T.Al B weakening TFAB R-weakening

Leaving commutation aside
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Without structural rules

Deleting or restricting structural rules has a huge impact on the other

connectives:
I'HA B THA A+B e .
— 5 Multiplicative R- Multiplicative R-A
TEANB Multiplicative R-V T.AFAND ultiplicative
I'HA .. T'-A T'B o
TEFAVE Additive R-V 1 ] Additive R-A

Additive and multiplicative rules are no longer equivalent. Hence the
introduction of two disjunctions and two conjunctions:

V| A
Additive G| &
Multiplicative | % | ®
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Let’s write the rules !

The Multiplicative Group:

— I'A AEB FT '+ A,B
F1 IL,AFA®B FT, L1 'A% B

The Additive Group:

T TFA TFB I-A 't B

DT TFAcB ¢ TraeoB ¢ Trien

Restaurant analogy anyone ¢
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Structure first

Linear Logic (LL) restricts the structural rules of Intuitionistic Logic
to a specific connective:

Structural rules in LL

T,IAAF B , T+ 74,74, B ,
m L-contraction W R-contraction
% L-weakening % R-weakening
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A story of resources

Structural rules in LL

INAJIAEB . I'-B
—F, A- B contraction TAF B

weakening

For a proof of B under the hypothesis 'A, I might have used !A
several times (contraction), or none (weakening).

!A can be interpreted as a collection of resources of type A. )

What’s missing ?

I'NAFB . A "
m dereliction TFI4 promotion
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In the beginning was denotational semantics

Programs Logic Semantics

fun (x:A)-> (£:B) Proofof AFB f:A— B.
Types Formulas Objects
Execution Cut-elimination Equality

[ Linear Logic [Gir87]

N—
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Normal functors and resources

not so easy and uses all the preservation properti Now, by ing the
normal forms, it is possible to express normal functors (up to lsomorplusm) by
power series: in other terms normal fu are ic (and y). i we

consider the normal functors from SET%, to SET" then by looking at the
coefficients of their power series expansion, we see that such functors can be
viewed as the objects of a new category SET™@5. Al usual operations
(typically: A-abstraction, application of a function to an argument) can be
represented by means of normal functors, i.e., power series. It may be of interest
to say a word about the ing of a basic jal, for i m? - mj: such
a monomial contributes to some multiplicity, and is expressed from the
multiplicities m, and m,; concretely this means that the input ‘@’ has been used
twice while the input ‘b’ has been used three times... In particular, linear

Normal functors, power series and A-calculus 131

functors are those where informations are used once; for instance application of a
function to an argument is linear in the function (not at all in the argument!),
similarly projections are linear. It seems that the general idea of an ‘evaluation
operation’ is well represented by the idea of a linear functor: it is by following this
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Normal functors and resources

Added in print. It app=ars now (October 1986) that the main interest of the
paper is the general analogy with linear algebra. The analogy brought in sight
new operations, new connectives, thus leading to ‘linear logic’. The treatment of
the sum of types (Appendix B) contains implicitly all the operations of linear
logic. What has been found later is that the operations used here (e.g.,
linearization by means of ‘tensor algebra’) are of logical nature.

In the normal functors model, a lambda term is interpreted as a
power series.
f(z) = Z anz"
n

Hence, some of them are linear:
l(x) = a1z

{ uses once its argument x, while [ uses it several times.
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Normal functors and linear functors

In SETA, some objects are to be distinguished:

Int(A) = {z = Z Zq - a, finite sum and z, is an ordinal}
acA

F:SeEr” — Ser?, F normal} ~ QErint(4)-B

Theorem [Gir88] J

meaning

A=B~Int(A) x B

linearity

15/41



Introduction

O000e

Linear Logic, vocabulary
Implications are linear, hence the introduction of a linear arrow:

I,AF B
TFA B

The usual implication of LJ is retrieved thanks to a notation :

A=B:=A—B

A proof of AF B is linear wrt A. A proof of !A + B is non-linear wrt
A.

» A linear proof is in particular non-linear,
» A linear proof will make use only once of its hypothesis A,

» A non-linear proof will use its hypothesis A an arbitrary number
of times.
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Classical Linear Logic
I’ll be considering only classical linear logic, where sequents are
monolateral by default but can be made bilateral for better intuitions.

TFA  FTLH,A

Formulas for Linear Logic
AB:=X|X'|0|1|T|L|A®B|AB®B|A®B|A&B|!A|?A

where @ (resp &) denotes the multiplicative (resp. additive)

conjunction and % (resp @) denotes the multiplicative (resp. additive)
disjunction.

An involutive linear negation
(A& B = AteBt (AeB)*t = At & Bt

(AB®B)* = At @B+ (A®@B)t = At ® Bt

1AL = 724+ 24+ = 14

[
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Monolateral Classical Linear Logic

———— axiom FT,A FAL A t
FA,A FT,A cu
T FT,A, B FT,A FA,B
W Sl W
Fr, L FT,A% B FT,AA® B
T FT,A FLB T, A FT,B
LT FT,A& B Fr,AoB ¢ Fr,LAoB &
T FT,7A4,74 FrA FA
—_— ——F—c _— e
FT,7A FT,74 FT,7A EETRV

'eA Ai®--- @A, FBY--- X B,

Linear and non-linear implication
A—-B:=A*®B At =4 -1

A=B:=!A—B
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Intuitionistic Linear Logic
Formulas for ILL
AB:=X|0|1|T|A®B|A—-B|A®B|A&B|!A

Deduction rules for ILL

Tk A A AF B I A

ax ’ 1R L s
AFA T.AFB cut H1 rira -
LA AFB LABRC rArB
TAFAeB ° rAgBrcC © FT.A~B °

A AAFB 'A TFB

: T

TAASBrC L LET TFA&B &R
rLarCc o LA g rAkc_ nprc
TA & A b o o h T A, & A, i TAGBFC ®
r-B_ IIAIAF B I AF B A
T,JAF B TAFB © TIAFB ¢ TFIA
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Fragments of Linear Logic

Let’s find what these acronyms are for !

LL
MLL
MELL
MALL
ELL

vVvyVvyVvyyvYyy
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Fragments of Linear Logic

Let’s find what these acronyms are for !

LL

MLL Multiplicative Linear Logic

MELL Multiplicative Exponential Linear Logic
MALL Multiplicative Additive Linear Logic
ELL

vVvyVvyVvyyvYyy
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Fragments of Linear Logic

Let’s find what these acronyms are for !

LL

MLL Multiplicative Linear Logic

MELL Multiplicative Exponential Linear Logic
MALL Multiplicative Additive Linear Logic

ELL Elementary Linear Logic, not really a fragment
BLL, DiLL, LLL, SLL. ..

vVvyVvyVvVvyyy
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Seely’s Isomorphisms

Let’s prove the following equivalences:

ITool 71l o000

(A& B) oo 1A®@!B  2(A®B)oo?A% 7B
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Cut-Elimination rules for exponential rules

? FA AL
TrA! el o FMA__raar
~
— 2 cut AT cu
FA, T
7T, A FT, 74+, 74
R | B —
FoT 1A FI,74+
F AT cut
ko, A
—
For, 1A FT,2AL 24+ F 70, A
s cu _
FAT,?AL T, 1A .
FA, T o
-, A
s | A A
1A FA,?AJ- ~ =?w
NG cut AT
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- T, A F?A,7AL B
FoT A F2A7AL B
F7A, T, cut

FLA
. FIA T F7A7AL B
F?A, T, B
F?A,70,1B

cut

Cut-elimination theorem
A sequent is provable in LL iff it is provable without the cut-rule. J

Proof.
By induction of (h(A), h(m1) + h(m2)). DJ
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Translations from LJ to LL

The call-by-name translation

X" =X (A— B)" =1A" — B"
(ANB)"=A"& B" (AvB)"=1A"@!B"

(A1,..., A F B)" =1A", .. 1A} B"

The translation of proofs goes as expected, with the p and d rule
being heavily involved to reconstruct the introduction rules.

Proposition
A formula A is provable in LJ iff it A™ is provable in LL. J
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Translation from LJ to LL

The call by name translation, example
To the intuitionnistic version
I''A+B

TFAS B 0
easy

'A ABFC
A A—BFC

—L ~
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Translation from LJ to LL

The call by name translation, example
To the intuitionnistic version

I'A+FB .
Traop R
easy
A ABEC
rAi-pro " YDA I(1A™ — B™) O
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Translation from LJ to LL

The call by name translation, example
To the intuitionnistic version

[LAFB
TraoB R ”
easy
'A  ABFHC .
[LA,A—>BFC
T - A"
TEiar PR peppe L

T, (1A" — B") - |1B"

T, I(1A™ — B") - B" dL
pR

T, [(IA™ — B") - 1B" IA™ 1B |- C"
T IA™ (A" — B™) F C™

cut
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Translations from LJ to LL

The call-by-value translation

XU =1X (A — B)’ = (A" — B)
(AAB)Y = A* @ BY (AV B)Y = A* & B

(Ar,...,AyFB)' =AY, ..., AV - BY

The translation of proofs goes as expected, with the p and d rule
being heavily involved to reconstruct the introduction rules.

Proposition
A formula A is provable in LJ iff AV is provable in LL.

Translations from LK to LL are a bit more intricate
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A fruitful methodology

Programs Logic Semantics

fun (x:4)-> (t:B) Proofof AFB f:A— B.
Types Formulas Objects
Execution Cut-elimination Equality

ok ]
e

[ Linear Logic [Gir87]

f—
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Interpreting the formulas and proofs of Linear Logic

Consider a category C with objects a,b,... and morphisms f,g,....
» Formulas A, B are interpreted as objects [A] = a, [B] = 0.

» Proofs of Ay,...,A, F Bq,..., B, are interpreted as morphisms

Hence, when looking for a mathematical structure interpreting Linear
Logic, one is looking for a coherent interpretation of its rules.

f=1r]~ feod=[d(r)]
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Interpreting the formulas and proofs of Linear Logic

Example:
(]
Consider £ € [A — B] interpreting : .
INA+-B
(]
. . : 9
How to interpret : T.AF B I [
7F, AL B ereliction

One needs a (natural) morphism df_Aﬂ : ['A] — [A] such that the
interpretation of the second proof is :

30/ 41
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Interpreting the rules of Linear Logic

In a classical model

» The contraction rule will be interpreted by a (natural) morphism
cpap s [PAD A — [?7A] or Cﬁ_A]] ([1A4] = ['A e 14].

» The dereliction by dpaj : [A] — [?A] or d[[LA]] :[LA] — [A].
» The weakening by wyag : [1] — [?A] or W[[LA]] :['A] — [L].

» The promotion by Prap : [['A]] — [[”A]] more on that later.

Notations for connectives were chosen for their similarity with
mathematical operations. In return, I will use the same notations for
connective as for their interpretations: ®, !, 7, & ....
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The Relational Model

An tmportant model for Linear Logic and its variants, that expresses
well the notion of resources and linear argument at stakes.

» Formulas are interpreted by sets {ai,...,a,},
» Proofs are interpreted relations [A+ Bl = R C A x B,
> 1A := My (A) is the set of finite multi-sets of A,

{a?l’ R 7a::n
Multiplicative Connectives
> ® and % are interpreted as the cartesian product of sets, with
[1] = [L] = {+}.
Additive Connectives
> & and @ are interpreted as the disjoint unions of sets, with

[o] = [T] =0
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The Relational Model

An tmportant model for Linear Logic and its variants, that expresses
well the notion of resources and linear argument at stakes.

» Formulas are interpreted by sets {a1,...,an},
» Proofs are interpreted relations [A+ B] = R C A x B,
> 14 := Mty (A) is the set of finite multi-sets of A,

fai, -, aqn}
Exponential rules
> di = {({a},a)la € A}
> cﬁ = {(m1 Umg, (M1, ma)|mq, mg € M;(A)}
> wy = {(0,%)}
> ph={(miU---Umy, [mi,...my,]) | n € N,m; €4}

Exercise : Let’s show that [!I(A & B)] = ['A® !B]
33 /41
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Categorical models of Linear Logic

Definition A categorical model of Intuitionnistic Linear Logic
consists of a category £ endowed with a symmetric monoidal product
(®,1) making it monoidal closed, a cartesian product (&,0) with a
monoidal co-monad ! : £ — L:

map: WA&B) 5 1A®IB  mg:10— 1.

» From the co-monad rule, one gets dereliction and promotion:

dg:!1A— A pa:!A—UIA

f:1AFB
If:NA+HIB
!fopa:!AF!B

» Exercise From the monoidality of ! and the properties of the
cartesian product, one gets w and d.

34 /41



Linear Logic

@000

Variants of Linear Logic
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additive / multiplicative ~ positive / negative

Conjunction | Disjunction

Invertible rule = negative connective & »
Non-invertible = positive connective ® &)

Negative Formulas: N, M :=a |TP| NBM | L|N&M|T|
Positive Formulas: P,Q :=at |IN| PRQ|0| P& Q|1

This leads to LLpo1 with focused sequents, where a positive formula is
isolated:

FNi,..,N, | P.
Exercise: Show that any provable LL sequent contains at most one
positive formula.

~: influence in terms of programming languages and (game and topological)
semantics
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Polarised Linear Logic

Axioms
axiom

A A"
Multiplicative rules
—1

1
FN,N,M
FN,NB M
Additive rules

()

FNLT

FN,P S
FN,PeQ *
Exponential rules

_FN
FAN, 7P

F N, 2P, 7P

FN,A FALY M
FN, M

cut

FN
A
FN,P FM,Q

FN,M,PRQ

(®)

AN, N N, M

FN,N&M
FN,Q

FN.PaQ R

FN,P

CN.7P AP ¢

FPN
F 7P, IN
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Graded Linear Logic BsLL

Graded Linear Logic expresses finely the notion of resources. The
exponentials are now indexed by elements of a semiring.

Consider § a semiring, and x, y elements of it:

l_ I W |_ F; ?(1:A7 ?;I/A I_ F, A
FT,7,A FT.7, 4 © FT, 7,4 ¢
FI,7,. A z <y q 7y, A b

= F7?;I/A ! = ?JITXYF7!/IfA
Semantics :

> A —-V]={f= ZkeN ak:ck}
> [hA—oV]={f= ngn apa*}

~ variants leading to developments in implicit complezity and
differential privacy
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Take-home messages

Linear Logics restricts contraction and weakening to specific
formulas: this refines conjunction and disjunction to connectives
with different reversibility properties.

Linear Logic and its fragments bring insight about ressource
usage, complexity, differential privacy, quantum computation,
differentiation to computer science.

A successful methodology for and from Linear Logic consists in
using the semantics to enrich the syntax. One can constructs
discrete models close to the computations but also attach Linear
Logic to more mainstream mathematics.
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What was completely left out

Important parts of the semantics and dynamics of Linear Logic:
» Proof nets
> Game Semantics

» Geometry of Interaction

More specific topics in proof theory, and the programming side of the
Curry-Howard correspondence:

» Translations

» Cut-elimination
» Focusing

» L-calculi
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