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About the LDIAG Hopft algebra

In a relatively recent paper Bender, Brody and
Meister (*) introduce a special Field Theory described
by a product formula (a kind of Hadamard product for
two exponential generating functions - EGF) in the
purpose of proving that any sequence of humbers
could be described by a suitable set of rules applied to
some type of Feynman graphs (see third Part of this
talk).

These graphs label monomials and are obtained in the
case of special interest when the two EGF have a
constant term equal to unity.

Bender, C.M, Brody, D.C. and Meister,
Quantum field theory of partitions, J. Math. Phys. Vol 40 (1999)
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If we write these functions as exponentials, we are led
to witness a surprising interplay between the following
aspects: algebra (of normal forms or of the
exponential formula, Hopf structure), geometry (of
one-parameter groups of transformations and their
conjugates) and analysis (parametric Stieltjes
moment problem and convolution of kernels).

Today, we will first focus on the algebra. If time
permits, we will touch on the other aspects.



Construction of the Hopf algebra LDIAG



How these diagrams arise and which
data structures are around them

Let F, G be two EGFs.

Called « product formula » in the QFTP of
Bender, Brody and Meister.



In case F(0)=G(0)=1, one can set

F(y) = exp ZL n‘ G(x) = exp Zlmm,

n=1 n=1

and then, p
H(F.G) = Fly—)G()|s—0 =

Zy Z numpart(a)numpart(3)L*V’

n=>0 ! la|=|3|=n

with o, BeN") multiindices

numpart(a) =

(10 (20 - (r1)er (@) (ag)! - - - (a ).



We will adopt the notation

o = 1&-1 2&-2 o TQT

for the type of a (set) partition which means that
there are a1 singletons a2 pairs as 3-blocks a4 4-blocks
and so on.

The number of set partitions of type a as above is
well known (see Comtet for example)

!

(1J)@1(2!yyg...(fﬂ)ﬁv(al)!(ag)l-"(ar)!

numpart(o) =

Then, with

F(y) = exp( ZL n‘ G(r) = exp Zlmm,

n=1 n=1 8
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F(y) = e;rp(z L”F) G(r) = e;rp(z Vin—

m!

)

n>1 n=1
one has

l
H(F.G) = F(;{/L)C;(I)‘r:{] =

dx

Z U—1 Z numpart(a)numpart(3)L" &
n

n>0  |a|=|8|=n

Now, one can count in another way the term
numpart(a)numpart(). Remarking that this is the
number of pairs of set partitions (P1,P2) with
type(P1)=aqa, type(P2)=[(. But every pair of
partitions (P1,P2) has an intersection matrix ...



{1,5} {2} {3,4,6;
{1,2} 1 1 0 Classes of
! < packed matrices

see NCSF VI

{3,4} 0 0 2 (GD, Hivert,
and Thibon)

{5,6} 1 0 1 Feynman-type diagram

(Bender & al.)

s
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Now the product formula for EGFs reads

d|
HFG) = Y ”‘{WM@W@
d FB—diagram '

d|
HFG) = Y %mult(dﬂ[ﬁ(d)vﬁ(d)
dEdiag‘ ‘

The main interest of these new forms is that we can
impose rules on the counted graphs and we can call
these (and their relatives) graphs : Feynman-Bender

Diagrams of this theory (here, the simplified model of
Quantum Field Theory of Partitions). 11



One has now 3 types of diagrams :

* the diagrams with labelled edges (from 1 to |d|).
Their set is denoted (see above) FB-diagrams.

» the unlabelled diagrams (where permutations of black
and white spots are allowed). Their set is denoted (see
above) diag.

* the diagrams, as drawn, with black (resp. white) spots
ordered i.e. labelled. Their set is denoted lIdiag.

12
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{1} {2,3,41{5,6,7,8,9}{10,11}

{2,3,541,4,6,7,8}49,10,11}

Fig 1. — Diagram from P, P» (set partitions of [1---11]).
P, = {{2,3,5},{1,4,6,7,8},{9,10,11}} and P, = {{1},{2,3,4},{5,6,7,8,9},{10,11}}
(respectively black spots for Py and white spots for Py ).
The incidence matriz corresponding to the diagram (as drawn) or these partitions is

o 2 1 o
(1 1 3 n). But. due to the fact that the defining partitions are unordered, one can permute
0

o 1 2
the spots (black and white, between themselves) and, so, the lines and columns of this matric
a a1 2
can be permuted. the diagram could be represented by the matriz (3 2L 2) as well.

13
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Hopf algebra structure

(H,mA,1,,€0)
Satisfying the following axioms
= (H,u,1,) is an associative k-algebra with unit (here k

will be a - commutative - field)

= (H,A,€) is a coassociative k-coalgebra with counit

= A : H-> HOH is a morphism of algebras

*a : H->His an anti-automorphism (the antipode)
which is the inverse of Id for convolution.

Convolution is defined on End(H) by

Gey=p (¢ O Y) A

with this law End(H) is endowed with a structure of
associative algebra with unit 1 ¢. 16



First step: Defining the spaces
Diag=U Cd LDiag=L,  j.pelied diagrams Cd

d O diagrams

(functions with finite supports on the set of
diagrams). At this stage, we have a natural arrow
LDiag - Diag.

Second step: The product on Ldiag is just the
concatenation of diagrams

d*xd =d, d,

And, setting m(d,L,V,z)=L*VH Zldl
one gets
m(d,*d,,L,V,z)= m(d,,L,V,z)m(d,,L,V,z)

17



This product is associative with unit (the empty
diagram). It is compatible with the arrow
LDiag = Diag and so defines the product on Diag

which, in turn, is compatible with the product of
monomials.

LDiag x LDiag —— Diag x Diag —— Mon x Mon

LD)'ag : Diag Mon

m(d,? 2 2

r=r=r-

18



The coproduct needs to be compatible with
m(d,?,?,?). One has two symmetric possibilities
(black spots and white spots). The « black spots co-
product » reads

A, (d)=2d, 0 d,

the sum being taken over all the decompositions, (I,])
of the Black Spots of d into two subsets.

For example, with the following diagrams d, d, and d,
O O O O

one has A;.(d)=d00O + 0O0Od + d,[0d, +d,d,

19



If we concentrate on the multiplicative structure of
Ldiag, we remark that the objects are in one-to-one
correspondence with the so-called packed matrices of
NCSFVI (Hopf algebra MQSym), but the product of

MQSym is given (w.r.t. a certain basis MS) according
to the following example

MS|[; ]MS5,) =
2100 2100 UUSI]

Ms [1000] + MS[2109) + Ms 0051 ] 4 Ms[2228] 4 Ms[5 1o

0031 1000 1000 1000

20



It is possible to (re)connect these Hopf algebras to
MQSym and others of interest for physicists, by
deforming the product with two parameters.

The double deformation goes as follows

» Concatenate the diagrams

» Develop according to the rules :
» Every crossing "pays” a q_
» Every node-stacking "pays” a q_

21



In the expansion, the weights are given by the
intersection numbers.

22






We could check that this law is associative (now three
independent proofs). For example, direct computation
reads

(au ] bv) | cw = (alu | bv) + gl el ¢l [2] (u 1 v) 4+ ¢*WPlp(au | v)) 1 cw

[“((H Tehu)t o) £ guucticpale H (w1 bv) T w) + g+ Me(a(u 1 bv) 1 tt’)}

i
[ b m (w1 v ] cw)+ glIbulHEDIel lallb(lal+ )l [b GTi T
il

I+ ol m () 1 w)]

¢ Ib((au T v) T cw) + gl#IBHlaukHeid ole H (au T v T w) + g PHlad el opiau 1 v) T u

24



au T (bv ] cw) =au | (b(v ] cw) + gl el H (v T w)+ g™V e(bv 1 w)) =

[a.(-u. 1 b(v | cw)) 4 ¢!l E] (ul v cw)+qg®™Phlau T v CIL-‘)]—I—

l’.':-
[q|v||c|t|b||c|a(u¢ H (v 1 w)) + gt el oD gblicbHalHeD | |y 1 4 1 )+
a

el +laul (B el H g IL,)]JF

*Ha(u 1 ot 1 ) + g P [ ] (T b 1)+ gDl o )] 3
dans la deuxieme expression, on regroupe les trois termes de téte des crochets et on trouve

afu 1 b(o 1 ew)) +¢MMa(u H (v 1 w) +q"Mau T ebv T w) = au T bo { cu)
(4)
dans la premiere expression, on regroupe les trois termes de queue des crochets et on trouve
. b
) 1 , |||+ (Jau|+bv|)e| 4]al|] : ;
fafu 1 b0) 1 )+ (|0 (a1 o)) T )+

g bDlel gy 1 0) 1 ) = Ul c(gg, 1 by 1 ) 5)



This amounts to use a monoidal action with two
parameters. Associativity provides an identity in an
algebra which acts on a diagram as the algebra of the
sum of symmetric semigroups. Here, it is the
symmetric semigroup which acts on the black spots

Diagram

26



+ q2q° + ¢

The labelled diagrams are in one to one correspondence
with the packed matrices of MQSym and we can see
easily that the product of the latter is obtained for

q.=1=q

27



Hopf interpolation : One can see that the more
intertwined the diagrams are the fewer connected
components they have. This is the main argument to
prove that LDIAG(q_ q ) is free on indecomposable

diagrams. Therefore one can define a coproduct on
these generators by

At:( I _t)ABs+t AMstm

this is LDIAG(q_ q_,t).

28



‘LDIAG(q q, t) Planar decorated Trees

LDIAG(1 q,t) ‘
(0,0,0)
(1,1,1)
|ILDIAG \ | MQSym
‘ Connes-Kreimer
\DIAG\ \FQSyml«—lSym:D\

Notes :
1) The arrow Planar Dec. Trees — LDIAG(1,q ,t) 1s due to L. Foissy

i1) LDIAG, through a noncommutative alphabetic realization shows
to be a bidendriform algebra (FPSACO7 paper by ParisXIII & Monge).29



(A part of) The legacy of Schiitzenberger or how to compute
efficiently in Sweedler's duals using
Automata Theory

Sweedler's dual of a Hopf algebra
i) Multiplication

L
ARA > A
ii) By dualization one gets
(A) > (ARA)

but not a “stable calculus” as
(A) @A) CARA)

(strict in general). We ask for elements xA such that
pE)UA) @(A )

30



These elements are easily characterized as the
“representative linear forms” (see also the Group-

Theoretical formulation in the last talk of Pierre
Cartier)

Proposition : TFAE (the notations being as above)

) p(e)O(A) &(A )

ii) There are functions f ,g.i=1,2..n such that
c(xy)=2"_, f, (x) g,(y)

forall X,y in A.

iii) There is @ morphism of algebras py: A4 --> k"*"

(square matrices of size n x n), a line Ain k**" and
a column € in k"*! such that, for all z in A,

C(z)=Au(2)g

31



In many “"Combinatorial” cases, we are concerned with
the case A= k<A> (non-commutative polynomials

with coefficients in a field k).

Indeed, one has the following theorem (the beginning
can be found in [ABE : Hopf algebras]) and the end is
one of the starting points of Schitzenberger's school of
automata and language theory.

32



Theorem A: TFAE (the notations being as above)

) w(e)(A) (A )

ii) There are functions f ,g.i=1,2..n such that
c(uv)=5"_, f (u) g(v)

u,v words in A" (the free monoid of alphabet A).

iii) There is a morphism of monoids p: A™ --> k"*"

(square matrices of size n x n), arow A in k**"
and a column & in k"** such that, for all word w in

A
c(w)=Ap(w)g

IV) (Schutzenberger) (If A is finite) c lies in the
rational closure of A within the algebra k<<A>>.

33



We can safely apply the first three conditions of
Theorem A to Ldiag. The monoid of labelled diagrams is
free, but with an infinite alphabet, so we cannot keep
Schutzenberger's equivalence at its full strength and
have to take more “basic” functions. The modification
reads

ivV) (A is infinite) c is in the rational closure of the
weighted sums of letters

%, AP(@) 2

within the algebra k<<A>>.

34



iii) Schiutzenberger's theorem (known as the theorem of
Kleene-Schutzenberger) could be rephrased in saying
that functions in a Sweedler's dual are behaviours of
finite (state and alphabet) automata.

In our case, we are obliged to
allow infinitely many edges.

/\
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N
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Le comportement de 4 est : : W\ /)
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Computations in K®*<<A>>, Sweedler's dual
of K<A>

Summability : we say that a family (f)._ (I finite or not, f,

in K®*<<A>>) is summable if, for each wOA*, the family
(<f|w>) _ is finitely supported and we set

(ziDI fi) - W - (zim <fi|W>)

Identifying each word with the Dirac linear form located at the
word, one has then, for each fOK<<A>>

=72 oa f(W)W

36



If fOK™'<<A>>, it exists a morphism of monoids

u: A" --> K"*" (square matrices of size n x n), a row A in
k'*" and a column € in k"** such that, for all word w in
A", f(w)=Au(w)E. Then

F= 5, 0 FOOW=S, . AH(W)E w=A(S, . H(W)wW)E=
NS, e HOWWIESA(S, 5, H(W)W)E

But, as words and scalars commute (it is so by
construction of the convolution algebra K"*" <<A>>), one
has

D mso 2wiem HOWIW=3 (3, . H(@)a)"=(Z,,, H(a)a)*
hence

F=A(Z, 0 H(@)a)*E

where the “star” stands for the sum of the geometric
Series. 37



If ¢ 15 a finite set, the space k2*€ of square matrices with indices in Q and coefficients in & has a natural
semiring structure with the usual operations (sum and product). A (right) star of M € k2*Q (when it exists)
is a solution of the equation MY + 1,0 =Y (Where 1, is the identity matrix). Let M € k2*< be given

by
i i
M= ( 11 12 )
azp Az

where ay € k91701 g5 € kA5Q2 gy € k92501 and gy, € k22%€2 such that Oy + 0> = 0. Let N € k2+€

given by
v 42)
An = (a1 +anan’an)’ (1)
A1y =a11"apdn (2)
An =an'andn (3)
An = (an +anan’'an)’ (4)

38



A (short) word on automata theory.

* The formulas (for the star* of a matrix) above are sufficiently
“expressive” to be the crucial fact in the resolution of a
conjecture in Noncommutative Geometry.

» For applications, automata theory had to cope with
spaces of coefficients much more general than that of a
field ... even the "minus” operation of the rings had to
disappear to be able to cope with problems like shortest
path or the Noncommutative problem or the shortest path
with list of minimal arcs .

The emerging structure is that of a semiring. Think of a
ring without the "minus” operation, nevertheless

“transfer” matrix computations can be performed.
39



The input alphabet being set by the antomaton

under consideration, we will here rather focus
on the definition of semirings providing transi-

tion coefficients. For convenience, we first be-

gin with various laws on R4 := [0, +00[ includ-

ing

L.

e

[y |

=]

. X

+ (ordinary sum)

. % [ordinary product)

. min (it over [0,1], with neutral 1, oth-

erwise must be extended to [0,4cc] and
then, with neutral +00) or max

. +q defined by = +4 y = logg(a®™ + a¥)

(a > 0]

.+ (Holder laws) defined by @+, vy :=

. +* (shifted sum, r+°y :=r+y—1, over

whole B, with neutral 1)

“ {complemented product, x + y — xy,

can be extended also to whole R, stabi-
lizes the range of probabilities or fuzzy
[0,1] and is distributive over the shifted
sim )

As (useful) examples, one
has ([0,+c], min, +),
([0,+0c0[, max, +) orits
(commutative or not)
variants.

40



What remains for K<A> ? (free algebra)

> K semiring :

- Universal properties (comprising — little known - tensor
products)

- Complete semiring K<<A>>, summability is defined by
pointwise convergence (see computation above).

- Rational closures and Kleene-Schutzenberger Thm
- Rational expressions, Brzozowski theorem

- Automata theory, theory of codes

- Lazard's monoidal elimination 41



Concluding remarks and future

i) The diagrams of diag are well suited to EGFs.
What are the good data structures for other ones ?

ii) One can change the constants V,=1 to a
condition with level (i.e. V, =1 for k<N and V, = 0
for k>N). We obtain then sub-Hopf algebras of the
one constructed above. These can apply to the
manipulation of partition functions of physical

models including Free Boson Gas, Kerr model and
Superfluidity.

42



Concluding remarks and future (cont'd)

iii) The deformation above is likely to be decomposed
in two deformation processes ; twisting (already
investigated in NCSFIII) and shifting (ongoing work
with JGL and al.). Also, it could have a connection
with other well known associators.

iv) The identity on the symmetric semigroup can be
lifted to a more general monoid which takes into
account the operations of concatenation and
stacking which are so familiar to Computer
Scientists (ongoing work in LIPN),

43
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