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ABSTRACT

This paper proposes a definition of Schelling’s model
of segregation using generalized derangements. Many
of urban or territorial modellings are based on decen-
tralized approaches where rule-based systems have to
be integrated inside a whole interaction system to de-
scribe complex phenomena. The goal of these decen-
tralized modellings is to deal with emergent computing
able to detect dynamically emergent organizations in an
unsupervized way, thanks to complex systems theory.
The convergence of these modern computings is gener-
ally hard to study because of the use of asynchronised
processes dealing with a number of autonomous entities
which are acting and interacting, in non linear way, dur-
ing the whole simulation. Our approach is to define a
non sequential-dependant algorithm, thanks to general-
ized derangements, and so to use this efficient tool to
study some properties on the evolutive process.

INTRODUCTION

Urban or territorial systems are nowadays the topics of
decentralized simulations which find roots on two ma-
jors advances in the development of scientific researches
(Pumain 2006). The first one concerns the development
of powerful distributed computer networks which allow
to simulate in accurate way, detailed phenomena. The
second one which finds major support from the first,
is the development of decentralized approaches of mod-
elling. This modern vision of modelling has been mainly
enlighted by the complex systems theory (LeMoigne
1999) which allows to deal with the dynamic detection of
emergent organizations using swarm optimization pro-
cesses (Ghnemat et al. 2007), for example. The im-
pressive current development of these simulations today
starts with the development of Geographical Informa-
tion Systems (GIS) which give accurate spatial data and

allow with specific platforms (Strout 2006) to link these
spatial data with agent-based simulation and emergent
computing.

We can observe that humans are more or less sorted
into groups of similar people, according sometimes with
racial and ethnic features but also in many others ways
according to various characteristics. Thomas Schelling
proposed in the 1970’s a very simple rule-based model
able to describe segregation phenomena (Schelling
1971). His description can easily be adapted to cellular
automata models and it generates from random pop-
ulation, a spatial self-organization which is observed
as patterns of clusters of similar persons. The cluster
formation does not follow linear dependance from any
parameter dealing with the evolution of the rule-based
systems. More generally, Schelling model can be used
as generic spatial self-organization concept for various
kinds of systems: A. Singh and M. Haahr, for example,
use a variant of this model to study the topology
adaptation in P2P networks (Singh and Haahr 2006).

AN EXACT DEFINITION OF SCHELLING’S

MODEL USING GENERALIZED DERANGE-

MENT

The original Schelling’s model can be extended in con-
current version in order to obtain an exact definition of
the implementation for each time step, not depending
of way the grid is scanned.

In the following, we will make use of the (somewhat ex-
tended) notion of derangement. For the classical notion
see (Stanley 1999):

http://mathworld.wolfram.com/Derangement.html
http://en.wikipedia.org/wiki/Derangement

Here it will be called generalized derangement.

Definition 0.1 Let X, Y be two sets X ⊂ Y . A gen-
eralized derangement from X to Y is an into (i. e.



injective) mapping 1 α : X 7→ Y such that

(∀x ∈ X)(α(x) 6= x) (1)

To describe Thomas Schelling’s concurrent model, we
start with a cellular automata board which is a rectangle
of n×m (n lines and m columns) points (each point will
be located by its coordinates (x, y) with 1 ≤ x ≤ m ; 1 ≤
y ≤ n). A state of the board will be simply a mapping
s : [1..m] × [1..n] 7→ {0, A, B}2 indicating whether a
point at (x, y) has a value corresponding to







• nothing s(x, y) = 0
• an element of type A, s(x, y) = A

• an element of type B, s(x, y) = B

(2)

the dynamics of the system will be described by a se-
quence of states s0, s1, · · · , sn, · · · generated by the fol-
lowing rules.

1. one fixes a threshold (in percent) 0 ≤ t ≤ 1

2. the original state is s0 (i.e. a distribution of A, B

and empty cells along the board)

3. at each step, for each (filled) cell of type X at (x, y),
one counts the ratio ρ(x, y) of neighbours of type
X over the number of neighbours

4. if ρ ≥ t the cell is marked r (remain), if not it is
marked m (move)

5. let M be the set of cells marked “move” and E the
set of empty cells

6. choose randomly (uniform distribution) α among
the generalized derangements M 7→ M ∪ E

7. then sn+1(x, y) = sn(x, y) if the cell was marked r

and sn+1(x, y) = α(sn(x, y)) otherwise.

This algorithm is typically controlled by grid diffusion
processus using elementary rule-based systems like most
of the cellular automata models do. The rules leading
to each move is based on local computation of neigh-
bourhood, however the moves are global, holistic self-
organizational. The following section proposes more so-
phisticated behavior modelled by agent systems.

RANDOM GENERATION FOR THE STUDY

OF THE PROPERTIES OF THE DYNAMIC

PROCESS

In order to make experiences for the description of
emerging phenomena varying the threshold. We have
to be able to draw “at random” a generalized derange-
ment M 7→ M ∪ E (step 6). This can be done very
efficiently using a step by step random generation of the

1see http:en.wikipedia.orgwikiInjective function
2We can extend the model using greater alphabet cardinal

images. But one must be aware that, given a fixed ele-
ment of M , say m0 the set of generalized derangements
α such that α(m0) ∈ E has not the same cardinality
that the set of generalized derangements α such that
α(m0) ∈ M . More precisely, if one denotes gd(M, E)
the set of generalized derangements M 7→ M ∪ E and
gd(m, e) its cardinality (m = |M | and e = |E|), one has

• gd(0, e) = 1

• gd(m, 0) = dm, the number of classical derange-
ments, given by the formula

∞
∑

n=0

dn

zn

n!
= exp(

∞
∑

n=2

zn

n!
) (3)

• gd(m, e + 1) = gd(m, e) + m gd(m − 1, e + 1)

Moreover, the graphs of generalized derangements are
of “exponential class” (Duchamp et al. 2003, Stanley
1999, Wilf 1994) and therefore, the multivariate stastis-
tics of them can be treated by the exponential formula (a
formula invented by the Physicist G. E. Uhlenbeck, see
(Goulden and Jackson 1983)). One can then harness ele-
gantly the random generation by computing explicitely
the branching quantities. The combinatorial study of
these probabilities does not meet the purpose of this
contribution and will be the subject of a forthcoming
paper.

CONCLUSION AND PERSPECTIVES

This paper presents a definition of Schelling’s model us-
ing generalized derangements. This approache gives en
efficient tool to study the properties of the system dy-
namic. Combinatorial studies and implementation of
this segregation model description are in progress.
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