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QUASI-SHUFFLE PRODUCTS

MiICHAEL E. HOFFMAN

ABSTRACT. Given a locally finite graded set A and a commutative, associative op-
eration on A that adds degrees, we construct a commutative multiplication * on the
set of noncommutative polynomials in A which we call a quasi-shuffle product; it
can be viewed as a generalization of the shuffle product 1. We extend this commu-
tative algebra structure to a Hopf algebra (2, *, A); in the case where A is the set
of positive integers and the operation on A is addition, this gives the Hopf algebra
of quasi-symmetric functions. If rational coefficients are allowed, the quasi-shuffle
product is in fact no more general than the shuffle product; we give an isomorphism
exp of the shuffle Hopf algebra (2, 11, A) onto (2, *, A). Both the set L of Lyndon
words on A and their images {exp(w) | w € L} freely generate the algebra (%, *).
We also consider the graded dual of (2, %, A). We define a deformation *4 of * that
coincides with * when ¢ = 1 and is isomorphic to the concatenation product when ¢
is not a root of unity. Finally, we discuss various examples, particularly the algebra
of quasi-symmetric functions (dual to the noncommutative symmetric functions) and
the algebra of Euler sums.

1. Introduction. Let k be a subfield of C, and let A be a locally finite graded
set. If we think of the graded noncommutative polynomial algebra 2 = k(A) as a
vector space over k, we can make it commutative k-algebra by giving it the shuffle
multiplication m, defined inductively by

awy m bws = a(wy w bws) + b(awr r wy)

for a,b € A and words wi,ws. The commutative k-algebra (2,m) is in fact a
polynomial algebra on the Lyndon words in 2 (as defined in §2 below). If we define

A(w) = Z U v,

uv=w

then (2, m, A) becomes a commutative (but not cocommutative) Hopf algebra,
usually called the shuffle Hopf algebra; and its graded dual is the concatenation
Hopf algebra (see [15], Chapter 1).

Recently another pair of dual Hopf algebras has inspired much interest. The Hopf
algebra Sym of noncommutative symmetric functions, introduced in [7], has as its
graded dual the Hopf algebra of quasi-symmetric functions [5,13]. In a recent paper
of the author [12], the algebra of quasi-symmetric functions arose via a modification
of the shuffle product, which suggested a connection between the two pairs of Hopf
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algebras. In fact, the Hopf algebra of quasi-symmetric functions (over k) is known
to be isomorphic to the shuffle Hopf algebra on a countably infinite set of generators
(with one in each positive degree). It is the purpose of this paper to study this Hopf
algebra isomorphism in a more general setting. (We emphasize that we are working
over a subfield &k of C; if we instead work over Z, there is no such isomorphism—the
integral algebra of quasi-symmetric functions is a polynomial algebra [3,17], but
the integral shuffle algebra is not [11].)

More explicitly, our construction is as follows. Suppose also that for any gen-
erators a,b € A there is another generator [a,b] so that the operation [, -] is com-
mutative, associative, and adds degrees. If we define a “quasi-shuffle product” x*
by

aws * bwg = a(wy * bwy) + blawr * we) + [a, b](wy * wa),

then (2, %) is a commutative and associative k-algebra (Theorem 2.1 below). In fact,
as we show in §3, (2, x, A) is a Hopf algebra, which we call the quasi-shuffle Hopf
algebra corresponding to A and [-,-]. This construction gives the quasi-symmetric
functions in the case where A consists of one element z; in each degree i > 0, with
[2i, 2] = ziyj; this and other examples are discussed in §6. We give an explicit
isomorphism exp from the shuffle Hopf algebra on the generating set A onto any
quasi-shuffle Hopf algebra with the same generating set (Theorems 2.5 and 3.3).
This allows us to show that any quasi-shuffle algebra on A is the free polynomial
algebra on Lyndon words in 2 (Theorem 2.6). In §4 we take (graded) duals, giving
an isomorphism exp* from the concatenation Hopf algebra to the dual of (2, *, A).

In §5 we consider a g-deformation *, of the quasi-shuflle product, generalizing the
quantum shuffle product as defined in [4] (see also [10,16]). This product coincides
with the quasi-shuffle product * when ¢ = 1, but is noncommutative when ¢ # 1;
when ¢ is not a root of unity, we use the theorem of Varchenko [20] to prove that the
algebra (2, %,) is isomorphic to the concatenation algebra on A (Theorem 5.4). In
this case, if we declare the elements of A primitive, we get a Hopf algebra (A, x4, A,)
isomorphic to the concatenation Hopf algebra.

A construction equivalent to the quasi-shuffle algebra, but (in effect) not assum-
ing commutativity of the operation [-, -], was developed independently by F. Fares
[6]. The author thanks A. Joyal for bringing it to his attention.

2. The algebra structure. As above we begin with the graded noncommutative
polynomial algebra 2 = k(A) over a subfield k C C, where A is a locally finite set
of generators (i.e. for each positive integer n the set A,, of generators in degree n is
finite). We write 2,, for the vector space of homogeneous elements of % of degree n.
We shall refer to elements of A as letters, and to monomials in the letters as words.
For any word w we write £(w) for its length (the number of letters it contains) and
|w| for its degree (the sum of the degrees of its factors). The unique word of length
0 is 1, the empty word.

Now define a new multiplication * on 2 by requiring that * distribute over
addition, that 1 * w = w * 1 = w for any word w, and that, for any words w1, w2
and letters a, b,

(1) awy * bwg = a(wy * bwy) + blawr * we) + [a, b](wy * wa),

where [,-] : Ax A — A (A= AU{0}) is a function satisfying
S0. [a,0] =0 for all a € A;
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S1. [a,b] = [b,a] for all a,b € A; B
S2. [[a,b], ] = [a, [b,c]] for all a,b,c € A; and
S3. Either [a,b] =0 or |[a,b]| = |a| + |b] for all a,b € A.

Theorem 2.1. (2, *) is a commutative graded k-algebra.

Proof. Tt is enough to show that the operation * is commutative, associative, and
adds degrees. For commutativity, it suffices to show wy *ws = ws *w; for any words
wy and wy. We proceed by induction on ¢(w;) + ¢(wz). Since there is nothing to
prove if either w; or ws is empty, we can assume there are letters a,b so that
w1 = au and wg = bu. Then (1) together with the induction hypothesis gives

wy * We — wa * w1 = [a, b](uxv) — [b,a](v *u),

and the right-hand side is zero by the induction hypothesis and (S1). Similarly, for
associativity it is enough to prove w; * (wq * w3) = (wy * wa) * ws for any words
w1, we, and ws: this follows from induction on £(w1) 4 £(w2) + £(w3) using (1) and
(S2). Finally, to show * adds degrees, induct on £(w;) 4 £(w2) using (1) and (S3)
to prove that |wy * we| = |wy| + |ws| for any words wy, wa.

If [a,b] = 0 for all a,b € A, then (2, ) is the shuffle algebra as usually defined
(see e.g. [15]) and we write m for the multiplication instead of x. Suppose now that
the set A of letters is totally ordered. Then lexicographic ordering gives a total
order on the words: we put u < uv for any nonempty word v, and wjaws < wybws
for any letters a < b and words w1, w2, and ws. We call a word w # 1 of 2l Lyndon

if w < v for any nontrivial factorization w = uv. The following result is proved in
Chapter 6 of [15]; it was first obtained by Radford [14].

Theorem 2.2. The shuffle algebra (2A,m) is the free polynomial algebra on the
Lyndon words.

We shall define an isomorphism exp : (A,m) — (A, *). To do so, we must
first develop some notation relating to the operation [-, -] and compositions. Define
inductively [S] € A for any finite sequence S of elements of A by setting [a] = a for
a € A, and [a, S] = [a,[S]] for any a € A and sequence S of elements of A.

Proposition 2.3. (i) If [S] =0, then [S’] = 0 whenever S is a subsequence of S’;
(i) [S] does not depend on the order of the elements of S (i.e., it depends only on
the underlying multiset of S);

(iii) For any sequences S1 and Sz, [S1 U S2] = [[S1], [S2]], where S1 U Ss denotes
the concatenation of sequences S1 and Sa;

(iv) If [S] # 0, then the degree of S is the sum of the degrees of the elements of S.

Proof. (i),(ii),(iii),(iv) follow from (S0),(S1),(S2),(S3) respectively.

A composition of a positive integer n is a sequence I = (i1, 12, ...,ix) of positive
integers such that i1 +i2+- - -+ir = n. We call n = |I| the weight of I and k = ¢(I)
its length; we write C(n) for the set of compositions of n, and C(n, k) for the set
of compositions of n of length k. For I € C(n,k) and J € C(k,1), the composition
Jol eC(n,l) is given by

Jol= (il +"'+ij17ij1+1 +"'+ij1+j27"'77;j1+---+j171+1 ++Zk)
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If K = Jol for some J, we call I a refinement of K and write I = K. Compositions
act on words via [-,] as follows. For any word w = ajas---a, and composition
I=(i1,...,4) € C(n), set

I[w] = [al, ey ail][ailJrl, ceey ail+i2] e [ai1+...+il71+1, ceey an].

(This is really an action in the sense that I[J[w]] = I o J[w].)
Now let exp : 2 — 2 be the linear map with exp(1) =1 and

exp(w) = Z ﬁ(ll, ey Zl)[w]
(i1,.0ni) EC(E(w))

for any nonempty word w (so, e.g. exp(ajasas) = ajazas+ % [a1, as]as+ %al (a2, as]+

%[al, az,as]). There is an inverse log of exp given by

_ 1\ (w)—1
log(w) = Z L(Zlv i) [w]

(i1,...,i1) EC(L(w))

for any word w, and extended to 2 by linearity; this follows by taking f(t) = ef —1
in the following lemma.

Lemma 2.4. Let f(t) = ait+ast?+ast®+--- be a function analytic at the origin,
with a1 # 0 and a; € k for all i, and let f=1(t) = byt + bat? + b3t + --- be the
inverse of f. Then the map Wy : A — A given by

Wy (w) = Z iy iy~ "+ aizl[w]
IeC(4(w))

for words w, and extended linearly, has inverse \I!;l =W, 1 gwen by

Upa(w)= Y bibi, by Tw].
IeC(4(w))

Proof. It suffices to show that W,-1(V(w)) = w for any word w of length n > 1
(Note that Wy (W ;-1 (w)) = w is then automatic, since ¥y and ¥;-1 can be thought
of as linear maps of the vector space with basis {I[w] | I € C(n)}.) Now for any
K = (k1,..., k) € C(n), the coefficient of K[w] in W—1(V(w)) is

(2) Z bjybjy - - - bj, iy @iy - - G-
JolI=K

We must show that (2) is 1 if K is a sequence of n 1’s, and 0 otherwise. To see this,
let t1,t2,... be commuting variables. Then (2) is the coefficient of ¢51¢5> .- -tfl in

tity -ty = fTH(f0)) ST () S (f (1)),
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Theorem 2.5. exp is an isomorphism of (A, m) onto (A, ) (as graded k-algebras).

Proof. From the lemma, exp is invertible. Also, it follows from 2.3(iv) that exp
preserves degree. To show exp a homomorphism it suffices to show exp(w m v) =
exp(w) * exp(v) for any words w,v. Let w = ay -+ -ay, and v = by - - - by,. Evidently
both exp(w m v) and exp(w) * exp(v) are sums of rational multiples of terms

(3) [S1UTy][S2 UTs]---[SiUT)
where the S; and T; are subsequences of a1, ...,a, and by, ..., by, respectively such
that
i. for each 4, at most one of S;, T; is empty; and
ii. the concatenation Sy U Sy U---U.S; is the sequence ay, ..., a,, and similarly
the T; concatenate to give the sequence by, ..., b,,.

Now the term (3) arises in exp(w) * exp(v) in only one way, and its coefficient is
1
(length S7)!(length So)! - - - (length S;)!(length T4 )!(length 7)! - - - (length T3)!”
On the other other hand, (3) can arise in exp(w m v) from
length Sy LUITY\ (length Sy LI Ts length S; U T;
< length Sy > < length S > ( length S; > -
(length S; UTy)! - - - (length S; U T;)!
(length S1)!- - - (length S;)!(length T1)! - - - (length T7)!
distinct terms of the shuffle product w m v, and after application of exp each such
term acquires a coefficient of

1
(length Sy U Ty)!- - - (length S; L T))!

It follows from Theorems 2.2 and 2.5 that (2, %) is the free polynomial algebra
on the elements {exp(w) | w is a Lyndon word}. In fact the following is true.

Theorem 2.6. (2, ) is the free polynomial algebra on the Lyndon words.

Proof. 1t suffices to show that any word w can be written as a *-polynomial of Lyn-
don words. We proceed by induction on £(w). If £(w) = 1 the result is immediate,
since every letter is a Lyndon word. Now let £(w) > 1: by Theorem 2.5 there are
Lyndon words wq,...,w, and a polynomial P so that

w = P(exp(w1),...,exp(wy,))
in (2, *). Note that since log(w) = P(w,...,wy) in (A, m), we can assume every
term of P(w1,...,w,) (as a m-polynomial) has length at most £(w), since the shuffle
product preserves lengths. But then in (2, x),
w— P(wy,...,w,) = P(exp(w1),...,exp(wy)) — P(wy,...,wy)
must consist of terms of length less than £(w), and so is expressible in terms of
Lyndon words by the induction hypothesis.

By the preceding result, the number of generators of (2, *) in degree n is the
number L, of Lyndon words of degree n. This number can be calculated from
Poincaré series
1

T 1= > s (card Ay )z

Az) = (dim 2A,)z"

n>0

of A as follows.
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Proposition 2.7. The number L, of Lyndon words in A, is given by
1 n
=15 ()
nZN d cd
d|n
where the numbers ¢, are defined by

d n
T log A(x) = Z Cn

n>1

for A(z) as above.
Proof. In view of Theorems 2.2 and 2.6, we must have

Ax) = H (1—am) k.

n>1

The conclusion then follows from taking logarithms, differentiating, and using the
Moébius inversion formula.

3. The Hopf algebra structure. For basic definitions and facts about Hopf
algebras see [18]. We define a comultiplication A : A®@ %2 — 2 and counit € : A — k
by

Aw) = Z U

) ={ o

0, otherwise

and

for any word w of 2. Then (2, A, €) is evidently a (non-cocommutative) coalgebra.
In fact the following result holds.

Theorem 3.1. A with the x-multiplication and A-comultiplication is a bialgebra.

Proof. Tt suffices to show that € and A are *-homomorphisms. The statement for e
is obvious; to show A(wy)* A(wg) = A(wy *ws) for any words wy, we use induction
on f(wi) + £(ws). Since the result is immediate if wy or wy is 1, we can write
wy; = au and we = bv for letters a,b and words u,v. Adopting Sweedler’s sigma
notation [18], we write

Au) = Zu(l) ®u), and A(v)= Zv(l) ® v(2).-
Then from the definition of A,
A(wy) = Z auy @uey +1®au and Aws) = va(l) ®v(z) + 1@ bv,
so that A(wy) x A(ws) is

Z(au(l)*bv(l))®(u(2)*v(2))+z au(1)®(u(2)*bv)+z bu(1)@(auxv(z))+1@(auxbv).
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Using (1), this is

D aluqy * bo)) @ () * va) + Y blaugy * v(a)) @ (ugz) * v(z))+

Z[a, bl(ugy * vay) @ (U * v(2)) + Z aueyy ® (uz) * bv) + Z buy ® (au * v(z))
+1®aluxws)+1@b(wy *xv)+1® [a,b](uxv),
or, applying the induction hypothesis,
(@@ 1)(Au) * A(wz)) + 1@ au* w2) + (b @ 1)(A(wr) * A(v)) + 1@ b(wy *v)
+ ([a,b] @ 1)A(u *v) + 1 ® [a, b](u * v),
which can be recognized as A(w; * w2) = A(a(u * wa) + b(wy * v) + [a, b](u * v)).

Since both % and A respect the grading, it follows automatically that 2 is a
Hopf algebra (cf. Lemma 2.1 of [5]). In fact there are two explicit formulas for the
antipode, whose agreement is of some interest.

Theorem 3.2. The bialgebra A has antipode S given by

l
Sw)y="Y (=1)'a1 -~ @iy * Qo410 Qi * 7 F Qg 417 A
(i1,-.,i1)EC(n)

= (_1)n Z I[ananfl ce al]

IeC(n)
for any word w = arag - - - a, of .

Proof. We can compute S recursively from S(1) =1 and

(4) Z S(a )% Qg1 an

for a word w = ay - - - a,. The ﬁrst formula for S then follows easily by induction
on n. For the the second formula, we also proceed by induction on n, following the
proof of Proposition 3.4 of [5]. For w = ay - --an, n > 0, the induction hypothesis
and (4) give S(w) as

Z Z (— 1)k+1(11,...,il)[akak,1-~a1]*ak+1-~an:
k=0 (i1,...,i1)€C(K)
n—1
(=) Yag, ap_1,. .., ap_i,11] - [@iys .., a1] % Qpgr1 - an
k=0 (i1,...,i)€C(K)
Now the first factor of each term of the x-product in the inner sum is, from consid-
eration of (1), one of three generators: [ag,...,ak—i;+1], [@k+1, 0k, -, Qk—iy+1], OT
ap+1. We say the term is of type k in the first case, and of type k£ + 1 in the latter
two cases. Now consider a word that appears in the expansion of S(w). If it has
type i < n—1, then it occurs for both k£ = ¢ and k = 7 — 1, and the two occurrences
will cancel. The only words that do not cancel are those of type n, which occur

only for k = n — 1: these will all carry the coefficient (—1)", and give the second
formula for S(w).

Remark. In the case of the shuffle algebra (i.e., where [, ] is identically zero), the
second formula for the antipode is simply S(w) = (=1)®w. Cf. [15, p. 35].
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Theorem 3.3. exp : A — A is a Hopf algebra isomorphism of (A, m, A) onto
(&, *,A).

Proof. We have already shown that exp is an algebra homomorphism. It suffices
to show that expoe(w) = € o exp(w) and A o exp(w) = (exp Q exp) o A(w) for any
word w. The first equation is immediate, and the second follows since both sides

are equal to
1 1
> X e Il

11-
UV=W (4q,..., 1k)€C(5(u)))

(J1,--,01)EC(L(v)

4. Duality. The graded dual %* = @, ., has a basis consisting of elements
w*, where w is a word of : the pairing (-,-) : A @ A* — k is given by

1 ifu=
(u,v*>—{ fu=v

0 otherwise.

Then the transpose of A is the concatenation product conc(u* ® v*) = (uv)*, and
the transpose of mr is the comultiplication § defined by

S(w*) = Z (u m v, w*)u* @ v*.

words u,v of A

Since (2, m, A) is a Hopf algebra, so is its graded dual (2*, conc, §), which is called
the concatenation Hopf algebra in [15]. Dualizing (2, %, A), we also have a Hopf
algebra (*, conc, §’), where §’ is the comultiplication defined by

§(w*) = Z (u* v, w")u* @ v*.

words u,v of 2

Then from our earlier results we have the following.

Theorem 4.1. There is a Hopf algebra isomorphism exp* from (A*,conc,d’) to
(A*, conc, 0).

exp* is the transpose of exp: explicitly, exp* is the endomorphism of (2(*, conc)

with
1 *
SRTED SEUD SIS SR SR TR

n>1 (n)[w]=a n>1{a,...,an]=a

for a € A. Tt has inverse log™ given by
(5) logr(a) = 3 T 5 e
n )
n>1 (n)[w]=a

The set of Lie polynomials in 2* is the smallest sub-vector-space of * containing
the set of generators {a* | @ € A} and closed under the Lie bracket

[P, QJLie = PQ — QP.

Since the Lie polynomials are exactly the primitives for § [15, Theorem 1.4], we
have the following result.
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Theorem 4.2. The primitives for &' are elements of the form log™ P, where P is
a Lie polynomial.

We note that (2(*, conc, §’) has antipode

Sy = Y (1),

veEP (W)
where @ is the reverse of w (i.e. W= apan_1---a1 if w =ajas---a,) and P(w) =
{v | Iv] = w for some I € C({(v))}.

5. g-deformation. We now define a deformation of (2, x). We again start with
the noncommutative polynomial algebra 2 = k(A) and define, for ¢ € k, a new
multiplication *, by requiring that *, distribute over addition, that wx,1 = 1x,w =
w for any word w and that

(6)  awy %, bwy = a(wy %, bws) + ¢'*“Plb(aw, 4 wa) + ¢!“1la, b](wy *, wo)

for any words wy, ws and letters a, b.

Theorem 5.1. (A, *,) is a graded k-algebra, which coincides with (2, *) when
q=1.

Proof. The argument is similar to that for Theorem 2.1. It is easy to show that
|wi *qwe| = |w1|+|we| for any words w1, we by induction on £(w)+£(wsz). To show
the operation *, associative, it suffices to show that wq %4 (waxqws) = (w1 *qw2)*qws
for any words w1, we, and ws, which we do by induction on ¢(w; )+£(wq)+£(ws). We
can assume w; = a;u; for letters a; and words u;, ¢ = 1,2, 3. Then wy %4 (w2 *q ws3)
is

urllezllgy ao] (uy#g (U xqws))

a1 (ug *qaz(usg *qwg))—l—q‘wl”“?laz(wl g (Ugxqws))+q
+ q|w2||ag|al(u1 %q az(wy ¥4 uz)) + q\mHangwlllaslag(wl xq (wa %4 u3))+
gellesttludlosl[q ag](ug % (w2 *q us)) + q"2!1%lay (ug %4 [az, as](ua *q us))+

q|u2H¢l3\+|w1||a2a3| [a2, a3](wl*q(U2*qu3))+q|u2\\a3\+|u1Ha2a3\ [ah as, GS](Ul*q(U2*qU3)),
while (wq *q wa) *4 w3 is

a1 ((urkqwz)kqws)+¢* 214 ag (a1 (urkqwa)xqus)+q 21 oy, as] ((urxqws ) xqus)
+ Izl gy () % ug) %4 w3) 4 glvrllazitloreallasla, (o (wy %, ug) 4 uz)+

|w1||az|+\ww2||a3|[

q az, as)((w1 *q uz) *q us) + ¢'"* 1 [ay, as]((uy g uz) *#q ws)+

q|ulHa2\+|w1w2\\a3|a3([a1 , a2](ul*quz)*qu3)+q\u1||a2|+\u1u2||a3| [a1, as, a3]((u1*qu2)*QU3).
Applying the induction hypothesis, the difference is

a1 (u1 *q (a2(ug *q ws) + q|w2lla3|a3(w2 kg U3) + gl2lles] [az, as](uz %4 us)))
+ q(\wz\+|w1\)\a3\a3(wl kg (Wa *q u3)) — a1 ((ug *q W) %4 w3)

—q‘wlwzll%lag((al(ul *qwg)—l—qlwl”“?lag(wl *un)—l—q‘“lH“Z‘ [a1, as](u1*qus))*qus),
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which by application of (6) and the induction hypothesis is seen to be zero.

Remark. The author arrived at the definition (6) as follows. Knowing the first two
terms on the right-hand side from the definition of the quantum shuffle product,
he tried an arbitrary power of ¢ on the third term, and found that the resulting
product was only associative when the exponent is as in (6). Shortly afterward
he discussed this with J.-Y. Thibon, who directed him to [19], where the rule (6)
appears in the special case of the quasi-symmetric functions (see Example 1 below).

Of course, for ¢ # 1 the algebra (%, *,) is no longer commutative. For each
fixed g, there is a homomorphism ®, of graded associative k-algebras from the
concatenation algebra (2, conc) to (U, *,) defined by

Dy(a1as -+ an) = a1 *q Qg *q -+ - *q Gy,

for letters a1, ag,...,an; we call ¢ generic if ®, is an isomorphism (i.e., if it is
surjective). To give an explicit formula for ®,, we introduce some notation. For
a permutation o of {1,2,...,n}, let «(o) ={(¢,5) |1 <i<j<mand o(i) >o(j)}
be the set of inversions of o, and let C(o) be the descent composition of o, i.e. the
composition (41,12, ...,%) € C(n) with

olir+- -+ + ) <olii+--+i-1+2)<--- <ot +---+15)

for j =1,2,...,l and | minimal. (Equivalently, C(c) = (i1,...,4;) is the composi-
tion such that the associated subset {i, 41 +42,...,414+--+i—1} of {1,2,...,n—1}
is the descent set of o, i.e. the set of 1 <i < mn — 1 such that o(i) > o(i + 1).)

Lemma 5.2. For any letters a1, ao, ..., a0y,
O, (aray - ay) = Z qZ(i,j)EL(o) lai|la] Z Iag(1)ao(2) -+ Qo(n))
permutations o I'=C(0)

Proof. We proceed by induction on n, the case n = 2 being immediate. Assuming
the induction hypothesis, we have

Qq(ar-ang1) = Z qZ (1) €ulo) |ai|laj|f[%(1)%(2) S lg(n)) K Gngl
(o,I1)EP(n)

where P(n) is the set of ordered pairs (o,I) such that o is a permutation of
{1,2,...,n}and I = C(0). For (0,I) € P(n) with I = (i1,42,...,4) and 0 < k <,
let o}, be the permutation of {1,2,...,n + 1} given by

o(4), J<ut-+ig

o.(j) =< n+1, J=i1+-+ig+1

o(j—1), j>ir+-+ip+L
Also, for 0 < k < I let I}, = (i1,...,%,1,0541,...,0), and for 1 < k < [ let
I = (i1, .. ig—1,0k + 1, 0641, ..., 9); evidently (o}, I},), (0, I}) € P(n+1) for all
k. By iterated application of (6) we have

I[aa(l)aa(Q) te ag(n)] *An41 = (JZ?:I Iaillawrl‘an—i-ll[ag(l) T ao(n)]+

l
3 Eimneri oo il (I;Q a0y 1)+ Gap ()] + I [aoy (1) -+ aa;<n+1>]) :
k=1
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Hence ®4(a1 - - - an+1) is the sum over (o,I) € P(n) of

Z(i ')eb(a/)\ai\\aﬂ /
g Iolacy(1y - - Ao () 1+

!
Y ineuo! y laillasl

Z g= e (Izlc[%;(l) e aﬂi(nﬂ)] + Izlc/[adfc(l) e ag;c(nﬂ)])

k=1

and the conclusion follows by noting that every (7, J) € P(n + 1) can be written
uniquely as one of (o}, I},) or (o}, ;) for some (o,I) € P(n).
In the case ¢ = 0, our formula for ®,(w) reduces to

Bow) = Y Il = (~1)"™)5(w),

IeC(f(w))

and by applying Lemma 2.4 with f(t) = ¢/(1 — t) we see that ® has inverse &
given by

£(w)
ot w) =Y > (=) Iw).
k=1 I€C(f(w),k)

For any word w = ajas---an, let Vi, be the vector space over k with basis
{a-(1) - ar(n) | permutations 7}, and let ¢y 4 : Viy — Vi be @, followed by pro-
jection onto V,,. Then ¢,, 4 is given by

¢w7q(a7(1) e aT(n)) o Z qz (i,4)Ec(o) IaT(i)IlaT(j)IagT(l) e acr‘r(n)a

permutations o

and we have the following result.

Lemma 5.3. The linear map ¢ 4 as defined above has determinant

H H (1_‘122@]'“ ‘aiHaj‘)(

n—k+1)!(k—2)!

Proof. Following [4], we use Varchenko’s theorem [20] on determinants of bilinear
forms on hyperplane arrangements. To apply the result of [20], we consider the set
of hyperplanes in R" given by H;; = {(z1,...,2») | i = z;}. To the hyperplane
H,;; we assign the weight wtH;; = ¢l%ll%l. The edges (nontrivial intersections)
of this arrangement are indexed by subsets S C {1,2,...,n} with two or more
elements: the edge Fg corresponding to the set S is

ﬂ{Hij 4,7 €S}t ={(z1,...,2n) | z; = ; for all 4, j € S}.
The edge E's has weight

Wt ES - H WtH,LJ = qzz‘,jes |ai||aj|'
3,J€ES
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The domains (connected components) for this hyperplane arrangement are indexed
by permutations: Co = {(T5(1), -, To(m)) | T1 < 22 < -+ < zn}. Then the
quadratic form B on this arrangement given by

B(OU7CT) - H wt Hij = H q'aﬂ'(i)”aﬂ'(j)‘

hyperplanes H;; (4,5)€t(or™1)
separating C, and C,

has the same matrix as ¢, 4. Hence, by Theorem 1.1 of [20] we have

detgu g = [ (1—wt(E)?)tDrE)
edges E

where the product is over the edges of the hyperplane arrangement, and n(F) and
p(F) are numbers defined in §2 of [20]. It is easy to see from the definitions that
n(Eg) = (n—k+1)! and p(Es) = (k—2)! for the edge Es corresponding to a k-set
S c{1,...,n}, so the conclusion follows.

Theorem 5.4. Any g € k that is not a root of unity is generic (i.e., O, is an
isomorphism when q is not a root of unity).

Proof. Suppose ¢ is not a root of unity. We shall show that ®_'(w) exists for any
word w by induction on ¢(w). Using Lemma 5.2 and the induction hypothesis, to
find ®;'(ay - - - ay) it suffices to find an element u such that

D,(u) = araz - - ap, + terms of length < n.

-1
w,q

But we can do this by taking u = ¢, (w), and ¢, 4 is invertible by Lemma 5.3.

If ¢ is generic, we can define a comultiplication A, on 2 by requiring that all
letters be Ag-primitives and that A, be a *,-homomorphism, i.e. that Ag(a) =
a®1l+1®aforall a € A and Ag(u x4 v) = Ag(u) *q Ag(v) for all u,v € 2A.
This makes (2, *4,A,) a Hopf algebra. In fact, as we see in the next result, it is
isomorphic to the concatenation Hopf algebra (2, conc, §), where

§(w) = Z (u o v, w*)u ®v.

words u,v of 2

Theorem 5.5. For generic q, ®, is a Hopf algebra isomorphism from (2, conc,d)
to (Q’[a *‘b Aq)

Proof. Since g is generic, ®, is an algebra isomorphism. It suffices to show that
(P ® Dy) 00 = Ay o, on a set of generators: but this follows because they agree
on the primitives (elements of A), which generate 2 under conc.

In the next result we record a formula for Ag(ab) when ¢ is generic. This may
be compared with the corresponding formula in Example 5.2 of [4].

Proposition 5.6. Let a,b,c € A. For q generic,

Ag(ab) =ab@1+1®@ab+ (a®@b+b®a).

1+ glallo
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Proof. Apply A, to the equation

ab = (1= 1) (a b g by ) — (1= gl a1,
A formula for Ag(abc) can be derived by applying A, to

abc = (q&;blc)q) LY bxqc+ ((bgblc)q)id a2 bxqa*qc+---+terms of length < 2,

but it is too complicated to give here (it contains twenty terms).

For the cases ¢ = 1 and ¢ not a root of unity, we have defined a Hopf algebra
(A, %4, Aq) with all elements of A primitive. It would be of interest to define such
a Hopf algebra structure for all g.

6. Examples. As we have already remarked, if [a, b] = 0 for all generators a,b € A
then (2, *) = (2, m) is the shuffle algebra as described in Chapter 1 of [15] (Note,
however, that the grading may be different). The g-shuffle product ®, as defined in
[4, 84] is the operation *, = m1, in this case. This algebra may also be obtained as
a special case of the constructions of Green [10] and Rosso [16] involving quantum
groups. To identify Green’s “quantized shuffle algebra” with our construction, take
the “datum” to be our generating set A, with bilinear form a-b = |a||b| for a,b € A;
then Green’s algebra G(k,q, A,-) [10, p. 284] is our (U, my,), except that Green’s
algebra is N A-graded rather than N-graded. To obtain our algebra from Rosso’s
“exemple fondamental” [16, §2.1], take V to be the vector space over k generated
by A ={e1,ez,...}, and let ¢;; = gleilleil, Here are some other examples.

Ezample 1. Let A,, = {z,} for all n > 1 and [z;, z;] = zi4;. Then (U, ) is just
the algebra $' as presented in [12]. As is proved there (Theorem 3.4 ff.), the map
¢ defined by

ez m) = S At

ni>ng>-->np>1

is an isomorphism of $§* onto the algebra of quasi-symmetric functions over k (de-
noted QSym,, in [13]). For each n > 0, the monomial quasi-symmetric functions
M, ...in) = ¢(2i, -~ 2i,), where (iq,...,i) € C(n), form a vector-space basis for
2l,,. For our purposes it is more convenient to identify M, . ;) with z; -z,
under this identification (which is also an isomorphism), the notation used above
is simplified by the observation that, for compositions I € C(n,k) and J € C(k),
J[M;] = Mjor. So, e.g., S(M;) = (—1)*1) > rwg My, where I is the reverse of I.
If we let £ denote the set of I such that M; corresponds to a Lyndon word, then
Theorem 2.6 says that {M; | I € L} generates A = QSym,, as an algebra. The
Hopf algebra structure is that described in [5,13]; the two formulas for its antipode
are discussed in [5, §3].

For the integral Hopf algebra QSym of quasi-symmetric functions, {M; | I €
C(n)} is a Z-module basis for the elements of degree n, but {M; | I € L} is not
an algebra basis. Nevertheless, from [3,17] QSym has an algebra basis {M; | I €
£med) where £™°4 is the set of “modified Lyndon” or “elementary unreachable”
compositions, i.e. concatenation powers of elements of £ whose parts have greatest
common factor 1. (There is a bijection of £ onto £™°¢ given by sending (i1, . .. ,4;)
to the dth concatenation power of (%, ey %), where d is the greatest common factor
of 41,...,4x.) Of course exp cannot be defined over Z because of denominators.
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Another algebra basis for QSym,, is given by {P; | I € L}, where P = exp(Mj).
(These are exactly the elements whose duals P; = log™ (M) are introduced in [13,
§2] as a basis for the dual QSymy; cf. equations (2.12) of [13] and (5) above.) Since
exp is a Hopf algebra isomorphism, we have the formulas

PixPy= > Px, APk)= Y PP, and S(Pr)=(-1)""pP,
KelmJ ILuJ=K

where, for compositions I and J, ImJ is the multiset of compositions obtained by
“shuffling” I and J (e.g. (1,2) m (2) = {(2,1,2),(1,2,2),(1,2,2)}), and T U J is
the concatenation of I and J.

Following Gessel [8], there is still another basis {Fy | I € L} for QSym,;,, where
Fr =3 ;. M;. (Then M; = Z(]?I(—l)f(J)_f(I)FJ, and since the coefficients
are integral {F; | I € £™°4} is a basis for QSym). The expansion of the product
Fr % Fy in terms of the Fx can be described using permutations and their descent
compositions; see [19] or [13]. Dualizing Proposition 3.13 and Corollary 3.16 of [7]
(see below), we have

A(Fk)= Y Fi®F;+ Y F&F; and S(F)=(-)Fp~,

IUJ=K IVI=K
where IV J = (i1,...,%k—1,ik + J1,J2,.-.,71) for nonempty compositions I =
(i1,...,3%) and J = (j1,...,41), and I is the conjugate composition of I (as

defined in [7, §3.2]). By dualizing Corollary 4.28 of [7] we have a formula for Fy in

terms of the Pr:
Py
Fr = E hr(I,J)=—=—.
I IJI_‘I‘p I‘( ) )H(J)

Here TI(I) is the product of the parts of the composition I, and phr([,.J) is as
defined in [7, §4.9]: for compositions I and J = (j1,...,Js) of the same weight, let
I =TI 1else---e]; be the unique decomposition of I such that |I;| = j; for 1 <i <'s
and each symbol e is either LI or V; then

s ave(l)—1
phr(I,J) = H (=1

i=1 (e'(llij)ill)

The dual Hopf algebra QSym;j is described in [13, §2]; it is also the algebra
Sym of noncommutative symmetric functions as defined in [7]. (The coproduct
§’" of §4 corresponds to the coproduct denoted + in [13] and [7].) The M are
dual to the “products of complete homogeneous symmetric functions” ST (i.e.,
(M;,87) = 6r5), while the “products of power sums of the second kind” ®! are
dual to the elements P;/II(I) (see [7, §3] for definitions). The F; are dual to the
“ribbon Schur functions” Ry [7, §6].

The deformation (2, %4) is the algebra of quantum quasi-symmetric functions as
defined in [19]. The multiplication rule for “quantum quasi-monomial functions”
as given in [19, p. 7345] can be recognized as (6).

FEzample 2. For a fixed positive integer 7, let A, = {z,; | 0<i <r —1} and
[2n.is 2m.j] = Zn+m,i+j, where the second subscript is to be understood mod r. By
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Theorem 2.6, (2, %) is the polynomial algebra on the Lyndon words in the z; ;; by
Proposition 2.7, the number of Lyndon words in 2, is

=S
dln

for n > 2 (and L; = r). In this case, we call the Hopf algebra (2, x, A) the Euler
algebra €,. Of course &; is the preceding example (We write z; for z;¢ if r = 1);
in general there is a homomorphism 7, : €. — &; given by m,.(2; ;) = ;. The map
¢ : @T — C[[tl,tg . ]] with

_ E 278 (ny fy 4+ nge) $it ik
(7) ¢(Zi17j1 Rig, g2 'Zik,jk) - er tnl T tnk
ny>ng>-->nEp>1

is an isomorphism of &, onto a subring of C[[t1,t2...]] (for proof see §7 below.) If
we define 9, : C[[t1,t2...]] — C[[t1,t2...]] by

V(i) = { Ot

tj, ’L:’I”]

(Note v, takes QSym;, C Cl[t1,t2...]] isomorphically onto itself!), then 1, o ¢ =
¢ om,. The sets L of Lyndon words in the z; ; and {exp(w) | w € L} are both
algebra bases for €,, corresponding to the bases {M; | I € L} and {P; | I € L},
respectively, of Example 1. If we set @ = Zvep(w) v, where P(w) is as defined at
the end of §4, then there is a a basis {¢ | w € L} corresponding to {F; | I € L}.
Note, however, that while 7, maps words to the M} and exponentials of words to
the Py (exp commutes with 7,), in general 7, () is not of the form F7.

The dual €7 of the Euler algebra is the concatenation algebra on elements z; ;,
with coproduct ¢’ as described in §4. The transpose of 7, is the homomorphism
mh € — € with i (2f) = Y1) .

The motivation for the Euler algebra &, comes from numerical series of the form

ny N2

n,
61 62 -.oek
(8) Y T

ny>np > >np>1 0L 2T
where the €; are rth roots of unity and 41,142,...,4; are positive integers (with
eriy # 1, for convergence). In fact (8) is limy—oo @n(2i; 5+« Zip ) (1,2, .., 2),

where ¢,, is as defined in §7 and the js are chosen appropriately, so the algebra of
such series can be seen as a homomorphic image of (a subalgebra of) &,. These
series are called “Euler sums” in [1,2] and “values of multiple polylogarithms at
roots of unity” in [9]; in the case r = 1 the corresponding series are known as
“multiple harmonic series” [12] or “multiple zeta values” [21].
Ezample 3. Fix a positive integer m and let A, = {2,} forn < m and 4, =0

for n > m. Define

zigj ifi+j<m,

[Ziv Zj] = .
0 otherwise.

Then (2, %) is the algebra of quasi-symmetric functions on variables t1,ts, ... sub-
ject to the relations 7" = 0 for all i.
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Ezample 4. Let P(n) be the set of partitions of n and let A,, = {z\ | A € P(n)}.
Define [zy, z,] = zaup, where AU p is the union A and g as multisets. Then (2, *)
can be thought of as the algebra of quasi-symmetric functions in the variables
t;j, where |t; ;| = j, in the following sense. For a partition A = (n1,...,n),
let ¢ = t;,, -+ tin,. Then any monomial in the t; ; can be written in the form
tf‘ll . ~tf‘k’“, and we call a formal power series quasi-symmetric when the coefficients
of any two monomials tf‘ll = ~t2\k" and t;‘ll o tj‘: with i; < -+ <ipand j; < -+ < Jjg
are the same.

7. The Euler algebra as power series. Fix a positive integer r, and let &,
and 7, : €. — &; be as in Example 2. We shall show &, can be imbedded in
the formal power series ring C[[t1, 2, ...]]. For positive integers n, define a map
On 2 €. — Clt1,...,t,] as follows. Let ¢, send 1 € &, to 1 € C[ty,...,t,] and any
nonempty word w = 2;, j, Ziy,js - - - Ziy,,j, O the the polynomial
Z wj1n1+j2n2+"'+jknkt;:lllt;:lé ... tflkk’
n>ni>ng>-->ngp>1

it}

where w = 7 (If & > n, the sum is empty and we assign it the value 0). Extend
on to €, by linearity. If we make Clt1,...,t,] a graded algebra by setting |¢;| = 1,
then ¢,, preserves the grading. Also, it is immediate from the definition that

9) In(zpiw) = Y W"th b1 (w)

n>m>1

for any nonempty word w.

Theorem 7.1. For any n, ¢, : € — C[t1,...,t,] is a homomorphism of graded
k-algebras.

Proof. Tt suffices to show ¢, (w1 * we) = ¢, (w1) @y (w2) for words wy, wy. This can
be done by induction on £(w; )+ £(ws), following the argument of [12, Theorem 3.2]
(and using equation (9) above in place of equation (*) of [12]).

Lemma 7.2. For 0 < ji,j2,...,0m <1 —1, let ¢, j,,.. € Q be such that

»Jm

r—1 r—1 r—1

E E E o L ynijitnedeto A nmim
c]l)]?)“')]nlw - 0

Jj1=0j2=0 Jm=0

2mi

forallmr >ny >ng > -+ >mny > 1, where w = e’r
Cjyjasnijm GTE ZETO.

as above. Then all the

Proof. We use induction on m. For m = 1 the hypothesis is

r—1
chw"j =0 forall 1<n<r,
j=1

which is evidently equivalent to having the equality for 0 < n < r — 1. But then
the conclusion follows from the nonsingularity of the Vandermonde determinant of
the quantities 1,w,w?,...,w" L.
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Now let m > 1, and fix (m—1)r > ny > ng > -+ > n,, > 1. Then the hypothesis
says

r—1 r—1 r—1

E E E Cirrjornjmw 22T A mIm i = 0 for (m — 1)r < ng < mr.
J1=0 \Jj2=0 Jm=0

This is evidently equivalent to having the equality hold for all 1 < n; < r: but then
we are in the situation of the preceding paragraph and so

r—1 r—1
§ § . o on2fettmim
Ci1,2,edm ¥ e = Oa

Jj2=0 Jm=0
from which the conclusion follows by the induction hypothesis.

Theorem 7.3. The homomorphism ¢n, is injective through degree n.

Proof. Suppose u € ker ¢, has degree < n. Without loss of generality we can
assume v is homogeneous, and in fact that m,(u) is a multiple of z;, z;, - - - z;,, for
m < n. Then u has the form

r—1 r—1

r—1
u = E : E : § : Cj1,d2,-dm Pi1,1 %i2,02 * 7" Fim,dm

J1=07j2=0 Jm=0
and u € ker ¢, implies that

r—1 r—1 r—1

L . nijitnzjot+Anmim
Z Z Z Ci1,2,mmim ¥ =0

J1=07j2=0 Jm=0
for all nr > ny >mngo > --+ > n,, > 1. But then uw = 0 by the lemma.

For m > n, there is a restriction map pm, pn, : Clt1, ..., tm] — Clt1,...,t,] sending
t; tot; for 1 < i < n and t; to zero for i > n. Let P be the inverse limit of the
Clt1,...,t,] with respect to these maps (in the category of graded algebras); P is
a subring of Cl[t1,t2,...]]. The ¢, define a homomorphism ¢ : €, — B, and the
following result is evident.

Theorem 7.4. The homomorphism ¢ is injective, and satisfies equation (7).

REFERENCES

1. D. J. Broadhurst, J. M. Borwein, and D. M. Bradley, Evaluation of irreducible k-fold Fu-
ler/Zagier sums: a compendium of results for arbitrary k, Electron. J. Combin. 4(2) (1997),
R5.

2. D. J. Broadhurst, Massive 3-loop Feynman _diagrams reducible to SC* primitives of algebras
at the sixth root of unity, preprint .

3. E. J. Ditters and A. C. J. Scholtens, Note on free polynomial generators for the Hopf algebra
QSym of quasisymmetric functions, preprint, 1997.

4. G. Duchamp, A. Klyachko, D. Krob, and J.-Y. Thibon, Noncommutative symmetric functions
III: deformations of Cauchy and convolution algebras, Discrete Math. Theor. Comput. Sci. 1
(1997), 159-216.

5. R. Ehrenborg, On posets and Hopf algebras, Adv. Math. 119 (1996), 1-25.


http://arxiv.org/abs/hep-th/9803091

18

10.

11.

12.
13.

14.

15.
16.

17.

18.
19.

20.

21.

MICHAEL E. HOFFMAN

. F. Fares, Quelques constructions d’algebres et de coalgébres, Thesis, Université du Québec a
Montréal.

. I. M. Gelfand, D. Krob, A. Lascoux, B. Leclerc, V. S. Retakh, and J.-Y. Thibon, Noncom-
mutative symmetric functions, Adv. Math. 112 (1995), 218-348.

. I. M. Gessel, Multipartite P-partitions and inner products of skew Schur functions, in Combi-
natorics and Algebra, Contemp. Math. 34, Amer. Math. Soc., Providence, 1984, pp. 289-301.

. A. B. Goncharov, Multiple polylogarithms, cyclotomy, and modular complexes, Math. Res.

Lett. 5 (1998), 497-516.

J. A. Green, Quantum groups, Hall algebras and quantized shuffles, in Finite Reductive

Groups (Luminy, 1994), Progr. Math. 141, Birkhduser Boston, Boston, 1997, pp. 273-290.

M. Hazewinkel, The Leibniz-Hopf algebra and Lyndon words, Centrum voor Wiskunde en

Informatica Report AM-R9612 (1996).

M. E. Hoffman, The algebra of multiple harmonic series, J. Algebra 194 (1997), 477-495.

C. Malvenuto and C. Reutenauer, Duality between quasi-symmetric functions and the Solomon

descent algebra, J. Algebra 177 (1995), 967-982.

D. Radford, A natural ring basis for the shuffle algebra and an application group schemes, J.

Algebra 58 (1979), 432-454.

C. Reutenauer, Free Lie Algebras, Oxford University Press, New York, 1993.

M. Rosso, Groupes quantiques et algébres de battage quantiques, C. R. Acad. Sci. Paris Sér. I

320 (1995), 145-148.

A. C. J. Scholtens, S-typical curves in noncommutative Hopf algebras, Thesis, Vrije Univer-

siteit, Amsterdam, 1996.

M. Sweedler, Hopf Algebras, Benjamin, New York, 1969.

J.-Y. Thibon and B.-C.-V. Ung, Quantum quasi-symmetric functions and Hecke algebras, J.

Phys. A: Math. Gen. 29 (1996), 7337-7348.

A. Varchenko, Bilinear form of real configuration of hyperplanes, Adv. Math. 97 (1993),

110-144.

D. Zagier, Values of zeta functions and their applications, in First European Congress of

Mathematics (Paris, 1992), Vol. II, Birkhéduser Boston, Boston, 1994, pp. 497-512.

MATHEMATICS DEPARTMENT, U.S. NAVAL ACADEMY, ANNAPOLIS, MD. 21402
E-mail address: meh@nadn.navy.mil



