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ABSTRACT

In this paperthe simulateddynamicsof asimpleagentased
economicsystemare analyzed. Thesedynamicsare of the

compl systemstype in the sensethat the degree of self-

organizationchangeswith time. Indeedthe attractorof the

macroscopidynamicschangewith time from a cyclic situ-

ationto a steble situationandthenbackagain to acyclic one
without changesn the paraneters.

INTRODUCTION

Oneof themostimportantresultsof neoclassicaEconomics,
the GeneralEquilibrium Theory relieson the existenceof a
coordinatiormechanisnintroducedusingthe elegantdevice
of the walrasianauctioneer This is probablya provoking
sentencebut it opensanimportantdebaé in the economic
profession: is the presenceof coordinationmechanismsa
goodapproximationof the economicreality? A positive an-
swerto this questionwould preventstudiesin ecanomicsto
enterroadsalreadyopenedfor other disciplineslike those
of the self-oiganizationphenomenaand complity theory
Fortunately in recentyears,a smdl but growing numberof
economistsecane corvinced that the economyis a com-
plex system(seeAndersoret al. (1988);Arthur etal. (1997);
BlumeandDurlauf (2005)for example)andthereforestarted
to travel theseroads.

Beforepreparingor thetrip proposedn this paper(of course
traveling the road we are talking about) some preliminary
commentsanddefinitionsareuseful.In our view, acomple
systemis composedf a high numberof differentelements
that areinteracing in someway, but not througha coordi-
nationdevice. Compl systemsareinterestingbecausein-
der certainconditionsthey give riseto “unusual” dynamics.
In particularit is possiblethat while one of the parameters
changesmoothly the behaior of someendogenousacro-
scopicvariablechangedn an unexpectedlyorganizedway
or, puttingit anothemway, structuredorm in anunstructured

environment.Whensuchstructuresemegewithoutacoordi-
nationdevice researchergenerallysaythatthe systent'self-
organizes”. Sometims, the expressionself-oiganizaton is
usedto denoteheemepgenceof structuresn the phasespace
of dynamicalsysems. Indeedsystemscomposeddf a low
numberof differenceor differential equationscan display
morestructuredattractorson the phasespacevhenaparam-
eteris graduallymoved. This is not the way the expression
self-oganizationis usedin this paper Dynamicalsystems
are intractablewhen their dimensionincreasesand conse-
guentlythey canrot be classifiedascomple systemgrecall
thataccordingo our definitionacomplex systemdasavery
high dimension).Talking aboutdynamicalsystemsa confu-
sion may arisebecausea dynamicalsystem(that, from our
point of view, is not compl) candisplaychaoticdynamics
that are usually referredto as“complex dynamics”. Thus,
despitethe similarity of the expressions,n what follows,
“complex systemsdynamics”hasa differentmeaningfrom
“complex dynamics”. In particularthe latter area subsetof
the former at leastaslong asoneidentifies chaoticdynam-
ics with the complex dynamics.More interestinglycomplex
systemamay exhibit dynamicsnever detectedin dynamical
systems.In cellularautomatasystemsfor instance the ex-
istenceof sucha type of dynamicswas found by Wolfram
(1986), Langton(1986), and Packard(1988). The last one
coinedthe expressiorn‘the edgeof chaos”to identify them.
We will referto this type of dynamicsas“complex systems
dynamics”.

The aim of this paperis to shav how the economicsystem
cangive rise to “complex systemsdynamics. The model
presentecbdow belongsto a set born out of a paperby
Greenvald and Stiglitz (1993) (GS hereafter). The intent
of theseworks is to shov how the financal conditionsof
firms is a determinanof the aggreate productionof coun-
tries, that is, of the GrossDomesticProduct(GDP). It is
well known that GDP hascyclical dynamics(indeedthe ex-
planationof this phenomenoris one of the main topics of
macroeconomitheory)and,from adynamicakystemgoint
of view, this calls for the presere of a limit cycle in some
relevantvariable. GS obtaina differenceequationfor the fi-
nancialcondition of firms (representeddy the equity base)
that,undercertainparameterizatiorgivesriseto limit cycles
andto chaoticdynamics.Fromour point of view, GS’s work



hasthe seriousinconveniecethat the millions heterogeneous
firms populatingthe econony arereplacedby one of them
thatis supposedo berepresentatie. This way to proceedis
guestionabldecauseamongotherdravbacks(seeKirman
(1992)for example),it limits the analysisto the useof dy-
namicalsystemstools that, as maintainedabore, shutsout
comple systemalynamics.The samecriticism appliesto a
paperby Delli Gatti et al. (2000). Building on GSthey go
a stepfurther recognizingthe importanceof heterogeneity
but they take it into accountintroducinga differenceequa-
tion for the varianceof thefinancialpositionendingup with
theanalysisof atwo dimensionaldynamicalsystem.

In morerecentimes,GS'stypeof modelhave beenanalyzed
usingagentbasedsimulationtechniqueshatis, accordingo
us, a more corvenientway to deal with complex systems.
Thereare no equationsfor the macroscopicvariables,but
only equationgjoverningtheindividuals’ behaior. Theval-
uesof the macroscopicvariables are recovered by simply
summingor averagingthe individual’ ones. Consequently
it may happenthat the dynamicsat the macroscopidevel
are completelydifferent from thoseat the individual level
identifying genuineemegent phenomenaDelli Gattietal.
(2005)for exampleshav how onecanrecover particularsta-
tistical distributions(basicallythey arefattaileddistributions
like powerlaws or Weibull) out of theindividualdat or from
theaggrgatetime seriesobtainedrom simulatons,andthat
the samedistributionscharacterizeeal data. The important
obsenation is that accordirg to a numberof sciertists the
presenceof thesedistributionsis commonin comple sys-
temsdynamics(seeBak (1997)for example).

In whatfollows we build a modelusng some*ingredients”
from theabove cited papers We thenreportsomesimulation
resultsshaving how the modelproducespeculiardynamics
thatcouldbedefinedas“complex systemalynamics”.

THE MODEL

The economyis populatedby a large numberof firms. As

in the GS's type of modelwe concentrateour attentionon

the firm. Consuners and otherseconomicagentsare sup-
posedto passively accommodatdirms’ decisions.In these
supply side modelsthe productionfunction hasa very im-

portantrole (a large partof the macroeconomitheoryis of

thesupplysidetype,think for exampleof theexogenousand
endogenougrowth andof the real businesscycle theories).
In the presenmodel,the productionfunctionis linear:

Yie = v Ky

whereY;; is the production, K;; the capitalandv;, its pro-
ductivity.

We dedicatethe remainderof this sectionto the two deter
minantsof the production:v and K. As mentionedbefore,
we areinterestedn theemegentpropertief theaggreate
productiondynamicsY; = )", Y;; thatwe’ll recoser using
a bottom-upapproachthatis, throughagentbasedsimula-
tions.

Some preliminary notions on the firms variableswill be

useful and are given here. The balancesheetof a firm is

K;; = Dy + A where D, is debtand A;; the equity

base. The fraction é—i = a; IS the equity ratio thatis a

signal of the financial soundnes®f the firm. The dynam-
ics of the balancesheetvariablesare strictly relative to the

economicresultof the firm (7;;). In thesepreliminary no-

tions, we restrictourselesto notethatthis variabledirectly

affectsthedynamicsof theequity basein thefollowing way:

Ay = A1 + (1 — ni)m: Wheren;, is the fraction of the

economicresultthat doesnot affect the equity base(more
detailedexplanationbelon). Theimportarn aspecis thatthe

economicresult can be negative andthis decreasethe eq-

uity base.As a consequencehe equity baseof a firm could

becomeneggative and, if this happensthe firm mustleave

the marlet. Anotherexit mechanisnwill be consideredand

we’ll come backto this issuebelown, but whatis important
to notehereis thatthe presencef exit mechanismsallsfor

theexistenceof anentryprocessTheseconsiderationsene

to highlight thatanimportantaspecbf this kind of modelis

thefirmsturnover (Delli Gattietal.,2003).However, in this

paperwe avoid suchcomplicationadoptingthe one-to-one
replacementaissumptior(eachexiting firm is replacedby a

new one).

Now we canlook at the modeldescriptionstartingfrom the

economicresut of the firm. In the following stepswe use
the economicresultto determinethe dynamicsof the two

variableswe areinterestedn: the capital (K;;) andthe pro-

ductivity ().

Economic result

The economicresult(r;;) is given by revenues(R;;) minus
costs(Ciy):

i = Ry — C; (1)
All the variablesarein realtermsso that priceswill never
appeatin our equations.

Revenues. Firms sell all their product, but their real rev-
enuefrom salesmay be differentfrom the productiondueto
unforeseerexternalevents(in GSfor examplethisis dueto
anunknown selling price). We formulatethis asfollows

Ryt = v Ky + v Ky (2)

whereu is arandm variablewith meanequalto 0 andfinite
variance.

Costs. Costsareof two types: productioncosts(C*) and
adjustmentosts(CX)

Cu=Ch+Cff 3

Production costs. Productioncostsaredueto labor We use
the simplifying assumptiorthat firms needone worker for
eachunit of capital (Leontief type productia function) so
thatL,;; = K,;. Laborcostsare

Ch = witLit = wi Ky 4)
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wherew;; isthewageandL;, thenumberf emplo/edwork-
ers.

Adjustment costs.  The adjustmentostsmustbe sustained
to adaptthe stockof capital(Mussa,1977). We useherethe
formulationadoptedn Delli Gattietal. (2000)

- Kit71)2

K;
K = 7 (Kt —
2 K 4

®)

where K is the averagecapital of the econony. This intro-
ducesafirst meanfield interactionin themodel.

The economic result. using equations(1)-(5) the eco-
nomicresultis

2
i = Vg Ko — win Ky — + uy Ky

v (Kit - Kit—l)
2 K4

notethatbecausef the Leontievian assumptiony;; is also
the laborproductvity. It is naturalto think thatthe wageis
relatedo the (latestknown) averagelaborproductvity. From
this basewe usethefollowing assimption: w;; = v, that
introducesa secom meanfield interactionbeingr, _; theav-
erageproductvity of the period before. Underthis assump-
tion we canwrite

— Kit—1)

2
= "¢ 6
o +ui K (6)

K;
Tir = (Vg — Up—1) K — %( :

In orderto simplify, we avoid discussingheeffectsof chang-
ing the capitallevel onthe economicresult. A discussiorof

theseaspectsvould reveal that the investmentinvolvesthe
movementof the debt stock and affect minimally the eco-
nomic result. This effect doesnot modify the behaior of

thesystemandcanbe eliminaedunderafurthersimplifying

assumption.

Theevolution of Capital

To choosethe optimal level of capital the firm maximizes
the economicresult function, but with two changes First

of all, at the time of the choice,firms don't know the real-

ization of therandomvariablesothatit is replacedwith the

averagevalue. This allows usto omit the termu;, K;; being
the meanof « equalto zero. Secondlywe assune thatfirms

don't know alsothe averagecagpital andreplaceit with their

own level of capital. Consequentlythe objective functionto

maximizeis

Y (Ki - Kit71)2

it = Vit — Dp—1) Ky — =
T4t (Vt Vi 1) t B) K1

Maximizing with respe&tto K;; we havethefirstelemetwe
need thatis, thedynamicsof the capital

Vit — Vi1
Y

K = K1+ Ky (7)

The dynamics of the productivity

The secondelementwe needis the dynanics of the produc-
tivity v;;. Thisvariablemovesif thefirm fundsResearctand
Developmentactuities.

Investment in Research and Development activities. At

the endof the periodthe economicresultis realized. It can
be positive (profit) or negative (loss).

Whena profit is realizedthe firm hasto decidehow to use
it. We assumehatit canbe usedotherthanto incresethe
equity base,to financeResearchand Development(R&D)

actiities. In particularR&D investmentareassumedo be

R&Dyy = mimie

wherer;; is the shareof profit dedicatedto R&D. We as-
sumethatthis shaeis anincreasingunction of thefinancial
soundnessf the firm representetby the equity ratio asfol-
lows:
B Qjt—1 if i >0
”“{0 if 7 <0

Fromtheseconsiderationsve canalsorecover the dynamics
of theequitybase:

Ajp = A1 + (1 — i) Tt (8)

The dynamics of the productivity. The outcomeof the
R&D investmenis stochasti@andthe probability of success
increasesvith theamountof fundsdedicatedo theseactivi-
ties. We formulatethis probability as

1
br= 1 + e—b(R&Diz—c)

whereb andc areparameters.

If afirm obtainsasuccesfromits R&D actities, its produc-
tivity increasesby a constaneamounts, sothatthe dynamic
of the productvity is

{ Vier1 = Vig + 4 with probability pr

with probabilityl — pr ()

Vit+1 = Vit

SIMULATIONS

We simulae the model using object orientedprogramming
languagesin afirst implementatiorthe objective-C version
of the SWARM library is used. The validity of the results
is checled codinga secondtime the samemodel usingthe

ReRastjava library. We run a large numkler of experiments
to checkhow the modelreactsto changesn theinitial con-

ditions, the size of the system(thatis the numberof firms)

andtheparametersAmongthem,the parametety hasavery

importantrole. For high valuesof this parametethe system
displaysalimit cycle, while cyclesdisappeafor low values.
In between thereis anonnegligible regionwherethesystem
givesriseto complex systens dynamics.



We descibe herein detailsoneof theseexperiments where
we sety = 1.5. The commentshelov serne alsoto better
explain how themodelworks. At thebeginningthe codecre-
ates100000identical firms giving themthe following initial
conditions: K;o = 100, A;o = 30, v;0 = 0.1. The parame-
tersb, c and aresetto 3, 2 and0.01,respectiely.
Thealgorithmgoesthroughthefollowing steps:

1 reset values to firns that neet
the exit conditions
update the capita
update equity ratio
update the profit using the random
vari abl e

A WN

5 update investnents in R&D
6 update productivity

7 update equity base

8 collect data

Becausesomestepsare technical,we discussthe flow of
eventsin alogical ordet this impliesthatthe orderreported
abore will not be respectedn someoccasions.First of all
firms decidetheir new capitl level (step2) using equation
(7): firms with a productvity higher than the averagein-
creasecapitalwhile the othersreduceit. Firms employ the
new stockof capitalin the productionandrealizea produc-
tion equato v;; K;;. Oncetheproductionis realizedit is sold
on the marlket. The averagerevenuesfrom salesis equalto
production put somefirmsrealizea higherrevenueand some
othersa lower one dueto contingentsituationsrepresented
by therandomvariablew thatis supposd to beuniformwith
bounds—0.1 and0.1. Now, with revenuesn their handsthe
entrepreneurbave to paytheir costs:wagesandadjustment
costs. Heretwo situationsare possible.In thefirst one,the
revenuefrom salesis higherthan costsand consequentla
profit is realized. In the second the revenuefrom salesis
lower thancostsandthe firm suffersaloss. This is the con-
tent of equaton (6) implementedn step4. In step5 firms
with a profit spenda shareequalto their equty ratio (thatis
calculatedn step3) of profitin R&D, while firmsthatsuffer
a loss make no expendituresin R&D. After this computa-
tion we know for eachfirm how muchthey spendin R&D.
This allows usto updatethe productiity usingequation(9)
in step6. Moreover, knowing R&D expendituresallows us
to determinehow theeconomiaesultaffectstheequitybase.
We do this codng equation(8) in step7. Finally we record
data(step8) and a new iterationis aboutto start. At the
beginning of the new iteration (step1), we checkthe value
of the equity basecomputedin step7. If it is negative the
variablesof thefirm areinitialized with thefollowing values
Ky = Ko =100, A;y = Ao = 30, vy = 1. This can
happento firms that suffer a lossin step4 of the previous
iteration. Thefactthatthey suffer alossmeanghatthey are
not ableto cover costswith the revenuedrom sales.At this
point they mustresortto their internalfundsrepresentethy
the equity base. In somecaseseven the equity baseis not
sufficientto provide theaddiional neededundsandthefirm
mustexit the marlet. In additionto this exit mecrhanismwe

addalsoathreslold to thesizeof thefirm, that is, firms with
alow level of capital(/;:—1 < 20) butwith apositive equity
basearealsoreplaed. However, this secondexit mechanism
is presentto catchexceptionsand doesnot affect the simu-
lation results.Finally, notethatresettingthe variablesof the
firms whenthey meettheseconditions is the sameasassu-
muminga oneto-onereplacemensituationandthe number
of firmsis constanto 100000duringthewhole simulation.
The resultsare shaved in the following graphsand com-
mentedonin next section.
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Figurel: Averageproduction(left axis andblackline) and
averageproductvity (right axis and gray line). 2000time
stepshave beendiscardedo eliminatethetransientstate
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Figure2: AverageCapital. 2000time stepshave beendis-
cardedo eliminatethetransientstate

DISCUSSION

Although the reportedgraphscould containinterestingfea-
turesfrom the economicpoint of view, the focusof the dis-



cussionwill bemainly onthetypeof dynamicsasystemlike

this cangenerate.

Figuresl and2 shav thedynanics of thevariablesinvolved
in the productionfunction (production,capital and produc-
tivity) for 10000 simulationtime steps. We don't shav the
initial 2000time stepsto avoid the transientstate(it occurs
in decrisingoscillations) In the graphsthe averagevalues
are reported. Regarding productionand capital, one might
beinteresedin the aggregatevalues. They canbe obtained
by multiplying thosereportedin the graphsfor the number
of firmsin theeconomythatin our caseis fixedandequalto

100000. Consequentlythe qualitatve behaiors of the ag-
gregateproductionandcapitalare exactly the sameasthose
reportedn the graphs Firstof all, from figure 1 it is evident
thattheincreasingrendin productionis dueto theincreas-
ing productiity. Secondlyit is alsoevidentthatproduction
is muchmorevolatile thanproductvity. Having the produc-
tion functionin mind it is straightforvard that the volatility

of productiondependn that of capital; figure 2 confirms
this deduction.lt is also easyto seethatthe volatility is not
constant,but changeswith time in anirregular way. This

pushesus toward a more accurateinvestigation. Figuresl

and?2 reporttoo muchdatato getaninsightinto the nature
of thevolatility by visualinspection.

Figures 3, 4 and 5 shedsomelight on the phenomenon.

In thesegraphsthreecontiguoussub-periodswith different
volatilities areshavn.

Figure3 shawvs that,in thetime span7750-8750we arenot

dealingwith stochastiovolatility but with a morestructured
behaior: limit cycles. Thisis surprisingbecausdt is there-

sult of an agentbasedmodelwith idiosyncraticshocks. As

discussedbore, obtaininga limit cycle in a dynamicalsys-
temin nothard,but dynamicalkystemsontemplatéhepres-
enceof averylow numberof equationsin the presentmodel
thecyclical behaior is obtainedaveragingalarge numkber of

stochasticequationg(one for eachfirm). From a probabil-
ity theory point of view, whatis reportedin thefigureis an

averageof a large numberof identical stochastigrocesses.

Figure 3 suggestghat the law of large numbers,according
to which oneexpectsa very smoothbehaior of the average
value,doesnot hold atlist in the reportedperiods. Further
more,we cannotmaintainthatthisis afeatureof theindivid-
ual behaior presered at the aggrejatelevel. The uncorre-
latedidiosyncraticshockpresenin the modeldifferentiates
firms’ decisionsand,from this point of view, thelaw of large
numbersshouldapply A cyclical behaior of the average
requiresthat the variouscomponent®of the sydemactin a
strongcorrelatedvay that,in the absencef arepresentatie
agent,could be possibleif a coordinaton mechanismwere
contemplatedBut herewe have no coordinatiordevice, here
eachentrepreneudecidesaloneusingits privateinformation
(capitalandproductvity) andtheaveragdevel of theproduc-
tivity. Ourfinal conjecturds thatin anagentasednodelthe
presencef areplacemenprocessandthatof meanfield in-
teractiongAoki, 1996)cangiveriseto aconsideabledegree
of self-oilganization.

A secondobsenation comesfrom comparingFigures3, 4,
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and5: thesystermseemdo beableto changeattractotin time.
Thedynamicpresentedn Figure4 is quitedifferentfrom the
onesvisible in Figures3 and5 althoughthey wereobtained
with the sameparametersln Figure4 thelaw of large num-
bersseemsto have a strongereffect thanin the othertwo
graphsthatis, the degreeof self-organizationchangeswith
time. At theactualstateof theinvestigationthis phenomenon
seemsto be a deepemegent property of the system. In-
deedonecandidateor the explanationcould be the average
productvity (becauset is not fluctuatingarounda constant
value), but looking at its smoothbehaior, it seans hardto
give it theresponsibilityto changehe systembehavior from
a limit cycle to (somethingsimilar to) an equilibrium and
thenbackto alimit cycle.

The changesin the attractorare also shaved in Figure 6
whereaveragevaluesfor very shorttime spangthey aresub-
periodsof Figure 3 and4) are shaved in the equity ratio-
capitalphasespace.lt is evidenthow the economicdynam-
ics cancommutebetweensimple (asin the time span8850-
8920) to more structured(asin the time span8220-8290)
attractors.This Figureis alsointerestingfrom the economic
point of view. Indeed,asdiscussedn theintroduction,GS’s
typemodelsprovethatthereis arelationshipbetweertheag-
gregate productionandthe financial soundnessf the econ-
omy. Indeedthe Figure shavs that this relationshipexists
andis strongin sometime spansFurthermorelookingatthe
blackline in Figure6, it couldbe maintainedhatproduction
andfinancialfragility move asdescribedy Minsky (1982 in
his finarcial fragility theoryof macroeconomifluctuations.
Ontheotherhand this behaior is notalwayssostrongto be
detectedasthegrayline of the Figureshaws.
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Figure6: Differentattracorsin two differenttime spans
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