Paris, le 15 Mai 2003, 21h03
1) Endofunctions by number of cycles. —
Forf: F — F,we definef" = fo fo---o f.Letpbe aprime and set
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n factors

Tp(n) = #{f : [[n] = [[n]]s.t. f7 = f} 1)
where[[n]] := [1..n]. One has the following characterizatigh™ = f iff every connected
component of the graph has

— al-orap-cycle
— forall z, f(z) is in the cycle
then the EGF for connected components with@ycle is
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the EGF for connected components with-aycle is
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Hence, having analyzed the connected components, one gets, with the exponential formula,
Z jp — t@ +%6pt (4)

n>0

If, one wants to count these endofonctions more finely, we can get the EGF again with the
exponential formula. with

xnt”
Z = wte (5)
n>1 :
instead of (2) and
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instead of (3), we get
Z O‘k B o y Z H = emetﬂ%em (7)
n>0 : n>0

2) Elémentary computation of theagfl) —
By elementary counting, we get

n n n— k (pl) n—
a,;l):(k)( y ) l“(m pl)rkrl 8)
and, from (7)
Hp Z 0%135 y 9)
k+3l<n

if we glue the two types of cycles, one gets the numlggrs:, k) which is the number of such
endofunctions with: cycles. These numbers fill a lower triangular matix, (2,k) = 0 for
k > n). We have
Z jpn,k(”)xkt— _ e:(;(te“r%ept) (10)
"0 n!
and this proves that we are in presence sfibstitution matrix



