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 Anomalous fluctuations of “elongated” 2D
paths above curved domains

» Spectral density of sparse matrices and 1D
random walk trapping in a Poissonian field

« Ultrametric organization of spectral density of
random operators and number-theoretic
properties of Dedekind n—function.



Anomalous fluctuations of “elongated” 2D paths
above curved domains



2D Random paths above voids of various shapes
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2D Random paths above voids of various shapes
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2D Random paths above voids of various shapes
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Stretched (N = ¢ R) paths above the semicircle

Linearizing curved shape, we get: x = \/Rz —(R-y)" ~+/2Ry
Above the flat line one has a random walk Yy ~ \/;
thus X ~ yRY/X, andfinally, X ~ R¥*, y~RY

I

n
Stretching above algebraic curve % R (E) provides generic scaling

YR)~R";  y=(n-1/(27-1)

Exponent y=1/3 emerges for uniformly curved surface



Fluctuations of inflated random loops

Consider a motion of a charged particle in constant transversal magnetic

. e 1
field A = %B X r, Hamiltonianis H = — (V + iqA)?
Lamor fr n Bldl lect a ch (; - i -l 1
’ — = — = — ~Y
amor frequency w -  selectacharge ¢ = o = o5 R, ~ R,

Strong “elongation” of paths: R, = c/N (c < i)

OP(r,¢,t)
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Fluctuations of inflated random loops “leaning” on an
Impermeable disc

| 9\ 1/3
Ar*(N) o N(©) Z(r)=N"1 R;1A12 (R_) (r—Ry) + a4
g

Var[r* (Rg ):I

1.9,
----- numerical PDF 1.8
50 — NAP? (OL + BAr‘) 1_7§
0 1.6]
1.5]
-50 ]
1.4
-100 1-35
0 2 4 6 8 10 12 14 40 60 80 100
Ar Rg
0.52 —1
200 | YT 200
=048 " )
- 100 o
100 E . fj}xw i
= — .
5 044 . ; ’f\em.\ A Ar
0 3 ’ ‘ ._3'_"_
X -
: - 5
—8 0.40 . \-&-'_'_Engﬁ
-100 2 - -100
= .
S 036 1 L .
-200 ] Y =3 -200
e 3 _——
0.32 v T T T T T ™ T ™ 1
200 -100 0 100 200 00 02 04 06 08 1.0 -200 -100 0 100 20(



Free energy of stretched paths: scaling approach

Blob's width D, ~ R”®, blob's length L, ~ R*°

Free energy of a chain stretched above semicircle

F-N_ R

L R2/3

S

Gibbs measure W (R) = e F(R) _ e—aRl’3

—_ R1/3




Lifshitz tail in optimal fluctuation for survival probability in a one-
dimensional Poissonian field of random segments

Estimate survival probability in an ensemble of 1;
random intervals D with the distribution Q(D) ~ pP X

Free energy to be minimized over D: D,
F(N,D) = F.(N) -InQ(D) :
N ) ' ’
where F,(D,N)~—; InQ(D)~Dinp (Inp=p)

Correspondingly, D(N) ~ N'/3 and survival probability (Balagurov, Vaks,
1974) is _ I
P(N)=e F(RP) — g /"N

The inverse Laplace transform gives the Lifshitz tail of 1D Anderson
localization 1 cH= P
P(s)=— j P(N)e™ ~e""
271l
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Comparison of disorder-free stretched KPZ exponent above
convex boundary and Lifshitz tail in a Poissonian field

Gibbs measure of stretched Survival probability in 1D
path in curved channel trapping in Poissonian field
' < =D’ ~

-1 N L

Free energy has to be minimized over D

N
2 . F(N,D)=F,(N)-InQ(D)~—-pD
F(N,D)~DN2+(R+I\ID) ~%+F:\I—D D*
D<<R . In Poissonian disorder one gets
Tube width at R~cN is D(N) ~ N*/3: D(N) ~ NV/3

No disorder, however path
IS stretched above semicircle

FR-N)~e ] PN = e

The survival probability is

2/3N1/3



Spectral density of sparse matrices and 1D random
walk trapping in a Poissonian field



Spectral statistics of sparse random matrices
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r=1/ N, isthe percolation threshold (N >>1)



Sample of collection of subgraphs for one realization of
adjacency matrix, r =1/N (N = 500)
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Spectral density p(L) of sparse random adjacency matrix has regular

hierarchical structure

At percolation threshold ~(2 —e! ) /(e—1)x100% ~ 95% of subgraphs are

linear chain with distribution in length P(L) ~ e+
(V. Avetisov, P. Krapivsky, S.N., 2016)



Samples of eigenvalue densities of sparse networks of
different physical/biological nature



Samples of eigenvalue densities of sparse networks of
different physical/biological nature

Typical spectral statistics
of adjacency matrix of X
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Samples of eigenvalue densities of sparse networks of
different physical/biological nature

Typical spectral statistics  Spectral statistics of protein-

of adjacency matrix of X  protein interaction network in
chromosome Drosophyla melanogaster
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Samples of eigenvalue densities of sparse networks of
different physical/biological nature
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Spectral statistics of Schrodinger-like random operators

Consider an ensemble of two (three)-diagonal matrices

(0 By O swe 0 \
r1 L9
0 9 0
An =
LIN-1

where the matrix elements are:

*l"k' —

1 with probability p
0 with probability g =1 —p



Adjacency matrix splits into cells with the distribution
QD) ~p°(0<p<1)
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| o 0,

Matrix N X N (N >>1)

Set of eigenvalues in the cell of size D is

7K
A (D) :—ZcosD—+1 (k =1,...,D)
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Spectral density of adjacency matrix

\ Spe(_:tral _density, p(\), of ensemble of random
D O matrices is:
1' A 1 N D
o1 | = i (X0 Ao
1 01 n=1 k=1
O . 1
w 01 _ =
Bt o égn%ow\f;%z_:lm vy

D A
p(A) = lim ;N 2P :

2
e—0 n=1 k=1 ()\ — 2cos Lk) + €2



Lifshitz tail of the spectral density po(A) at the spectral edge

1 B
p(A) = lim \T E p" E 5
N T
=30 ()\ 2 cos n”fl) + g2
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Lifshitz tail of 1D Anderson localization

p(A—2) —» p™/Vet



Ultrametric organization of spectral density of
random operators and number-theoretic
properties of Dedekind n— function.



Definition of the ultrametric space

The pairwise distance, d(x,, X,) between elements x, and x, IS
ultrametric if it meets three requirements:

« Itis non-negative
d(Xy, X,) > 0 for x; # X, and d(x,, X,) = 0 for X; = X,

* Itis symmetric
d(X;, X5) = d(Xy, X)

« It obeys the strong triangle inequality,
d(xy, X;) < max{d(x, X3), d(X3, X,)}

Instead of the ordinary triangle inequality typical
for Euclidean spaces, d(X;, X,) < d(X;, X3) + d(X3, X,)



Positions of peaks are defined by composition rules for Farey
numbers (Ford circles)
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Positions of peaks are defined by composition rules for Farey
numbers (Ford circles)
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Positions of peaks are defined by composition rules for Farey
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Positions of peaks are defined by composition rules for Farey
numbers (Ford circles)
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Positions of peaks are defined by composition rules for Farey
numbers (Ford circles)

2 2
_ | 6,‘; \“4
5
] 7 b
_JﬂILL lli. .l .Ilh, .‘df]fl.ll._ .I‘L .IL“JL Y .
15 -1.0 05 900 05 410 415 20 [ X
/2'0/3' . 0 11121 2 1
7 T i - i 1 54 3 5 2 3 1
lcosb} Zcos{ 3} Zcos{ 4} Zcos{l} \ /
1 1 2
—p==2
2 1 3

pn — pn—l 6‘) pn+1 _ pn—l + pn+1

qn qn—l qn+1 CIn—l + CIn+1




2 = -2cos(n)

(V5+1)/2 = -2cos(47/5) |

V2 = -2cos(3n/4)

1=-2cos(2r/3)

(W/5-1)/2 = -2cos(3n/5) |

0 = 2cos(n/2)

How to compute the amplitude of a peak
(degeneracies of eigenvalues)

1 . - g
PN = Jim 5 282 z
n+1 e—0 n=1 k=1 (/\ — 2cos n“—ﬁ) + g2

-(\5-1)/2 = 2cos(37/5) 1L

-1 = 2cos(2r/3)

-\2 = 2cos(3m/4) b----

(-V5+1)/2 = 2cos(4n/5)

-2 = 2cos(m)
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How to compute the amplitude of a peak
(degeneracies of eigenvalues)

m

p2 p3 p4 p5 p6 p7 p8 p9 p10 p11 p12 p13 p14 p15

0 p p



Sample spectral densities for p=0.9 and p=0.5
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Sample spectral densities for p=0.9 and p=0.5
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Sample spectral densities for p=0.9 and p=0.5
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Spectral density p(A) of ensemble of exponentially weighted
random 3-diagonal matrices at p —1



Spectral density p(A) of ensemble of exponentially weighted
random 3-diagonal matrices at p —1
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Spectral density p(A) of ensemble of exponentially weighted
random 3-diagonal matrices at p —1
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Pn(2)

Spectral density p(A) of ensemble of exponentially weighted
random 3-diagonal matrices at p —1
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111
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\/ In

p(A) computed via i Numeric summation of
Monte-Carlo T the series for p(\)

=1

77( arccos(—A\/2) + 1 (1 p) )|

Analytic expression of
1 p(A) via Dedekind n
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Reminder: Dedekind n—function
77(2) — em’z/l? H(l . e27rinz); » =+ Ty (y ~ 0)
=0

W+ 1) == gz) (<L) = voin(e)



Reminder: Dedekind n—function
77(:) — ewiz/l? H(l . e?winz); » =+ zy (y > 0)
=0

W41 =T e) g (=1) = Voin(e)

Define f (z) =const|n(x+iy)|y"



Reminder: Dedekind n—function

n(z) =P [ - e); z=ax+iy (y>0)

n=0

n(z +1) = e™=/12 5(2) n (1) =v-in(z)

Define f (z) =const|n(x+iy)|y"
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Discontinuous Riemann “raindrop” function and its
regularization



Discontinuous Riemann “raindrop” function and its
regularization
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Discontinuous Riemann “raindrop” function and its
regularization

L ifz =" and (m,n) coprime
n n '’ ’

o0 =4
0O if x is irrational

View of the Riemann function Riemann function as an “Euclid
Orchard”




Expression for the spectral density p())

(A) ])l/g(u) 1 )\
— : U — — arCcos —
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p(A - 2) > p™/V2~4

Laplace transform gives:

p(N) = || p(2)e™dp = p(N)e ™™



Regularization of a normalized Riemann “raindrop” function

filz) = ()% g(z) f2(z) = /= In|n(z + iy)|




Regularization of a normalized Riemann “raindrop” function

filz) = ()% g(z) f2(z) = /= In|n(z + iy)|
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Regularization of a normalized Riemann “raindrop” function

fi(x) = (&) g(x) fa(z) = /= Inn(z + iy)

+13 +2/13

025+

02 * 125 1315

‘27 7 +47

+4/9 6/9

+411 4511 4611 HM11 -
+4/13 <4513 + + x8M13 -

. ABM7AGMTINT ; s ogc g oy "

0 01 02 03 04 05 06 07 08 09
v=p/q

The “stability” diagram of Tao-Thouless Fractional Quantum Hall states
[from E.J. Bergholtz et al, 2008]:
the lower the disorder, the more fractions are observed
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Phyllotaxis




Phyllotaxis

Energetic approach to phyllotaxis, L. Levitov, 1991



Phyllotaxis

Energetic approach to phyllotaxis, L. Levitov, 1991

a h m + nx
L = %9 Yy = % Irn,m — <—,TL\/§) U(.’.E,y) )

VY

{m,n}€Z2\{0,0}

Umax(xl’ x2)




Static and Dynamical Phyllotaxis in Magnetic Cactus
C. Nisoli et al, ArXiv: cond-mat/0702335



Static and Dynamical Phyllotaxis in Magnetic Cactus
C. Nisoli et al, ArXiv: cond-mat/0702335

Experimental setting



Static and Dynamical Phyllotaxis in Magnetic Cactus
C. Nisoli et al, ArXiv: cond-mat/0702335

Hierarchical potential energy relief
between states with various Q

Experimental setting

\ Jc A %M
e




Phyllotaxis, ultrametric spectra of 1D Schrodinger operators
and (maybe) FOQHE: what is common?



Phyllotaxis, ultrametric spectra of 1D Schrodinger operators
and (maybe) FOQHE: what is common?

Conjecture:

Discreteness of nature and, in particular, Riemann “raindrop” function lies
behind

...however the emergence of modular symmetry in various physical
systems is hidden...



We can identify the energy landscape with
a metric space

—B (m+n:1:)2 % 12)
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We can identify the energy landscape with
a metric space

Umax(xl’ xZ)

107)

—3 (m4nz)? . ’2)
U(I’ y) N Z i i ( g +yn

{m,n}€Z?\{0,0}

Ulx, y

e )
''''''''''

Considering the profile U(x, y) as a function of x, we set d(x;, X,) =
U,.«(X3, X,) where d(x,, X,) is the ultrametric pairwise distance



We can identify the energy landscape with
a metric space

Umax(xl’ xZ)

Ulx, y =103)|

_ g (m4nz)? 2)
U(I’y)w Z i /3( = +yn

{m,n}€Z2\{0,0}

e )
''''''''''

0.0 0.2 0.4 0.6 0.8 1.0
X1 X2

Considering the profile U(x, y) as a function of x, we set d(x;, X,) =
U,.«(X3, X,) where d(x,, X,) is the ultrametric pairwise distance

At S>> 1 one can approximately rewrite U(x, y) as

|™ [ (m 4+ nx)? ‘
U(;‘l?,-, 3 0 (( ‘ ) + ynz)
3>>1 {m, n}EZQ\{O 0} Y




Making use of regularization of the o-function, we represent the potential
U(x,y) at f>>1 as follows:

1
U(Iy)| = lim B 5
b1 pooo VT . n}eJZQ\{O 0 ( (mnz)? | ynz) +1

1 1
\/7 Z Q%(m,n)

{m,n}€Z2\{0,0}

where s = 1 and Q(m, n) is a positive quadratic form

1 2 2 |
Q(m,n) = “m? + —Imn 1 (I 4 y> n?
Yy y (7



Making use of regularization of the o-function, we represent the potential
U(x,y) at f>>1 as follows:

3 1
U(ry)| = lim \/ b -
F>1 f=yoo {m n}EZQ\{O 0} b ((7714;,71,1') + ynQ) + %

1 1
\/7 Z Q%(m,n)

{m,n}€Z2\{0,0}

where s = 1 and Q(m, n) is a positive quadratic form

1 Q271 IZ ‘
Q(m,n) = “m?® + Zmn+ ( 4 y> n?
Yy y (7

Recall now the definition of the Eisenstein series

E(z,s) = % > y

, |28 ;
mz +n
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&
|
=1
_I_
=3



Reminder of Eisenstein series



Reminder of Eisenstein series

E(z, s) as a function of z, is a SL(2,Z)—invariant auto-morphic solution of
the hyperbolic Laplace equation

()2 82
5 ( 72 agQ)E@,g,s):s(l—.ﬂ E(z,§,5)



Reminder of Eisenstein series

E(z, s) as a function of z, is a SL(2,Z)—invariant auto-morphic solution of
the hyperbolic Laplace equation

()2 82
5 ( ) E(&,§,5) = (1 — 5) E(&,,)

0T? ()yz
E(z, s) is related to the Epstein C-function, defined as
1 2 N
,S) = — = —FE(z, s
(@ 5) Z Q%(m,n,z)  ds/? (%,5)

{m,n}e€Z2\{0,0}

where Q(m,n,2) = a(Z)m? + 2b(Z)mn + c(Z)n?



Reminder of Eisenstein series

E(z, s) as a function of z, is a SL(2,Z)—invariant auto-morphic solution of
the hyperbolic Laplace equation

()2 82
P (g + 5oz ) E05) = (1= 9) E(@..9

E(z, s) is related to the Epstein C-function, defined as

1 2 .
Q. 5) = Z Q3(m,n,z) (1’3/2E('°1 s)

{m,n}e€Z2\{0,0}

where Q(m,n,2) = a(Z)m? + 2b(Z)mn + c(Z)n?
We can make now an identification

1 x o
S = = = B — Yy = c. d = ac — b® = 1.
Yy )y ' 'y+'/ *

—b+iVd ) A -

-
P

)



Kronecker 1st limit formula

The residue of {(Q, s) at s =1 is known as 15t Kronecker limit formula

h o1 2 jae o L
Q(Q,.s)\/(_is_l—k\/g('}Jrln " 2111|7](4)|)+O(.5 1)

o0
where 7)(z) = e™*/12 H (1 — e2™"%) s the Dedekind eta-function

;=0

5 7 1 .
0(z+1) = ™2 (z) (‘i) = V=in(z)

’
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Kronecker 1st limit formula

The residue of {(Q, s) at s=1 is known as 15t Kronecker limit formula
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Dropping the divergent at s—1 term, we get for the ultrametric potential
U(x, y):
T

v~ 5

4

- + 27y —In2 — 47 In h(z, y))

where h(:z:, y) = y1/4|‘77(117 ) W)|



Relief of the function Relief of the potential

h(z,y) = y**n(x + iy)| U(x,y) = —Inh(z,y)

1.0




Relief of the function Relief of the potential

h(z,y) = y**n(x + iy)| U(x,y) = —Inh(z,y)

1.0

The longest open geodesic is the largest horocycle defined by the equation

+12+2 >
4= = —
o) 7Y T4



To proceed with regularization of a Riemann function, return to the
"phyllotaxis potential” and assess U(x, y) at small y:

1 y?
U(x,y — 0) = f E | —
B>1 y/pm (m.n} €T\ (0.0} (m + nx)* + y*n

y\/%z:z:n2 (I_%l)

=1 =1

Q




To proceed with regularization of a Riemann function, return to the
"phyllotaxis potential” and assess U(x, y) at small y:

1 y?
U(x,y — 0) e : E | —
B>1 Y/ (m.n} €T\ (0.0} (m + nx)* + y*n

y\/ﬁz:z:n2 (I_rr_?)

=1 n=1

Q

Comparing with the Riemann function, we get

/i p
@92( r) = —Inn(x +iy)|y—o + O(Iny)

and, finally 9
Y
) — \/——-ln In(x + 1y)]

y—0



