Random Sampling of Ordered Trees according to the
Number of Occurrences of a Pattern
Gwendal Colleta , Julien Davidb , Alice Jacquotb
b
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Abstract
In this paper we describe an algorithm to automatically build the combinatoric
specification of ordered trees according to their size and the number of occurrences of a given pattern. This specification can easily be converted into an
algebraic system, enabling the use of classical analytic combinatorics methods
including the ones used for random sampling. We also give a linear pattern
matching algorithm which is an adaptation of the localization automaton on
trees.

1. Introduction
Random samplers of combinatorial objects are a powerful tool in applied
and theoretical computer science: they can be used to experimentally compare
the efficiency of several algorithms solving a given problem; they allow to test or
build conjectures on the properties of the combinatorial objects or on the average/generic complexity of an algorithm applied to this object. During the last
decades, generic methods have been developed to automatically produce random samplers: Markov chains [15], the recursive method [12], the Boltzmann
Sampler [10, 9, 4]. The last two methods both use the generating function of
the studied object. Given a set of parameters, they allow to generate objects
uniformly amongst those with the same values. Therefore, in order to automatically build samplers that follow this paradigm, it is essential to be able to
automatically build the multivariate generating function of the studied object.
In this paper, the studied combinatorial objects are ordered (or plane) trees.
We show how to automatically build generating functions and random samplers
in which we can parametrize the exact/average number of occurrences of a
given pattern. Hence, the parameters we consider on the objects are their
size and the number of occurrences of a pattern. The random sampling of
several combinatorial objects weighted according to occurrences of or avoiding
patterns have been recently studied (words [1], permutations [2], walks [3]).
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The algorithm we propose builds a grammar that marks the occurrences of a
pattern, from which one can easily deduce a multivariate generating function.
A random sampler can automatically be obtained from this function using the
recursive method and almost automatically with the Boltzmann method (since
there is no algorithm to extract the main singularity of a generating function).
The probability distribution is still uniform but on objects sharing the same
size and number of occurrences of the pattern. In [6], the authors prove that
the distribution of pattern occurrences follows a Gaussian law. They use an
algorithm, similar to ours, to build a grammar for unordered trees. Though,
since their objective is not to obtain a random sampler, they do not optimize
the size of the grammar which, in their case, is always exponential in the height
of their patterns. In this paper, the grammar for ordered trees obtained from
the algorithm might have a smaller set of non-terminal than theirs. It is still
exponential in the worst case scenario (as it will be detailed in the paper), but
is linear in the best case.
Our grammar can also be used to obtain a linear pattern matching algorithm.
In [14], the author describes a bottom-up and a top-down linear algorithms,
based on automata, for tree pattern matching. The grammars associated to
those automata seem to be unfit for random generation:
• the top-down algorithm decomposes the tree-pattern into several stringpaths and therefore one can not directly mark an occurrence of the pattern
in the grammar.
• the bottom-up algorithm would lead to a bottom-up grammar. Though,
the recursive method and Boltzmann sampler are currently more adapted
to top-down grammar. The grammar we obtain can be seen as a top-down
version of this algorithm.
Flouri et al. [13] consider a similar problem: the authors present an algorithm
which builds an automaton computing the number of occurrences of a given
suffix in any ordered tree. Extending their automaton to compute occurrences
of a pattern (instead of a suffix) seems to require a more involved machinery
than in the case of words, due to the very structure of trees: many occurrences
of a pattern can overlap.
The paper is organized as follows. Section 2 is devoted to definitions on
trees and patterns. In Section 3, we give an algorithm which, given a pattern,
produces a grammar from which one can automatically obtain a multivariate
generating function. The algorithm is decomposed in several parts in order
to improve readability. Then, we show in Section 4 that using this grammar,
we can obtain an efficient random sampler and, in Section 6, a linear pattern
matching algorithm. Section 5 is dedicated to experimental results.
2. Definitions
A combinatorial class is a (finite or infinite) set E of objects, associated
with a size function |.| : E → N such as for all n ∈ N there is a finite number of
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objects of size n. A recursive class is a combinatorial class defined recursively
from an object ε of size 0, called neutral object and an object Z of size 1, called
atom, with some operators such as union, product... The set of atoms A of a
structure is the set of the occurrences of the atom in the object. The size of a
structure is the cardinal of A. An unlabelled class is a class where the objects
are seen up to isomorphism upon A. Readers unfamiliar with the recursive
description of combinatorial class can see for example [11].
2.1. Trees
Let S be a (finite or infinite) subset of N with 0 ∈ S of allowed arities. A
tree over S is a tuple t = (Z, t1 , . . . , tr ) where Z is the atom, r ∈ S, and for all
i in {1, . . . , r}, ti is a tree over S. We call this occurrence of Z the root node
of the tree. The occurrences of the atom in the structure are called nodes. The
trees t1 , . . . , tr are called children of t and t is their parent. If r = 0 then t is
called a leaf. Each tree has a linear representation derived from this recursive
expression (see Figure 1). The node i is the i-th occurrence of an atom Z in
the linear representation. It is also the i-th node encountered in a depth-first
search.
Let t be a tree and i one of its nodes of arity r. The subtree rooted at i is
the tuple whose first element is the node i.
In particular, T the combinatorial class of tree over S follows the recurrence:
X
T =
ZT a
a∈S

x
y
z

Ty

Figure 1: A tree t over S = {0, 1, 3, 5}. Its root is coloured
in red, its leaves in blue.
x, y and z are nodes of the
tree. The subtree rooted in y is Ty , both x and y are of
arity
3: they have 3 children. Its
linear representation would be:


 
Z, (Z) , Z, Z, (Z, (Z) , (Z) , (Z))




, Z, (Z) , (Z) , Z, (Z, (Z)) , (Z) , (Z)

We have deptht (Ty ) = 2 and height(Ty ) = 2.

The height and depth of a subtree t in a tree p are defined by:
(
0
if t if a leaf,
height(t) =
1 + max{height(ti ) | ti is a child of t} otherwise.
(
0
if t = p,
depthp (t) =
1 + depthp (m)where m is the parent of t otherwise.
2.2. Prefix, suffix and patterns
A tree s is a suffix of t if there exists a node n in t such that s is the subtree
rooted in n.
A tree p is a prefix of t if there exists k ∈ N, a tuple L = (l1 , . . . , lk ) of leaves of p
and a tuple of trees S = (s1 , · · · , sk ) such that one can obtain t by substituting
each leaf li by a tree si .
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Definition 1 (Pattern). A tree p is a pattern of t if there exists a suffix s of t
such that p is a prefix of s.
This definition of pattern should not be mistaken with the notion of subtree
in the literature, which corresponds to what we call a suffix.
Tree

Occurences
as a prefix

Occurrences
as a suffix

Occurences
as a pattern

1

2

3

1

0

1

0

0

0

0

0

2

Figure 2: Examples of prefixes, suffixes and patterns: for given patterns, the tabular on the
right show how many times they appears as prefix, suffix or pattern in the tree on the left.

The following definitions generalizes the one in [7], since we consider forests
instead of trees.
Definition 2 (Context and buds). Let F be an ordered forest (a tuple of trees)
and (n1 , . . . , n` ) a tuple of leaves in F . The pair C = {F, (n1 , . . . , n` )} is called
a context. The leaves (n1 , . . . , n` ) are called the buds of C. We note buds(C) =
(n1 , . . . , n` ).
Definition 3 (Substitution). Let C1 = {F1 , (n1 , . . . , n` )} and C2 = {F2 , (n01 , . . . , n0`0 )}
be two contexts where F2 is an `-forest. We denote C1 [C2 ] the context {F3 , (n01 , . . . , n0`0 )}
where F3 is obtained by replacing each ni in F1 by the tree ti in F2 .
Definition 4 (Stump). The stump of a tree t at depth d (with 0 ≤ d ≤
height(t)), noted stumpt (d), is a context {F, (n1 , . . . , n` )} where F is only a
tree, the truncation of t at depth d, i.e., the tree reduced to the nodes of depth at
most d. The tuple of leaves (n1 , . . . , n` ) are leaves of F whose arity is strictly
greater than 0 in t. Note that there are exactly height(t) + 1 stumps of t.
Definition 5 (Segment). A segment is a context {s, (n1 , . . . , n` )}, where s ∈ S N
is tuple of trees of depth at most 1. The segment of a tree t of parameter d ≥ 1,
noted segmentt (d), is the context composed of all the internal nodes at depth
d and all nodes at depth d + 1. The buds of segmentt (d) is the set of internal
nodes of t at depth d + 1. We have stumpt (d) = stumpt (d − 1)[segmentt (d − 1)].
More generally, a segment s is said to be compatible with a context C if |s| =
|buds(C)|.
Figure 3 shows an example of stumps and segments.
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t:

t[s] :

s:

Figure 3: A context t with 3 buds (white squares), a compatible segment s, and the resulting
tree t[s]. We have t = stumpt[s] (3) and s = segmentt[s] (3).

3. Automatic Grammar Generation
In this section, we compute an unambiguous algebraic grammar from which
any tree over a set S can be derived. More precisely, given a pattern p and a
set S, we compute the grammar GS,p =< N, U, A, S, R > where N is the set
of non-terminals which are labelled by distinct contexts, U ⊂ N is a subset of
non-terminals whose label contains an occurrence of p, A ∈ N is the axiom, and
R is the set of derivation rules. A rule is composed of four elements (as shown
in Figure 4):
1.
2.
3.
4.

a
a
a
a

non-terminal n,
segment s whose forest contains exactly |buds(n)| trees,
partition of buds(n[s]),
tuple of non-terminals.
n
1

p

2

4

3

q

5 6

r

Figure 4: Example of a rule. n, p, q and r are non-terminals of the grammar. The rule can
be written

(n, ( , , ,

), {{1, 3}, {2, 4, 5}, {6}} , (p, q, r))

Figure 6 contains an example of an automatically generated grammar. Figure 7 shows how a tree is derivated in this grammar. Note that this grammar
is not a regular tree grammar [7], in which a non-terminal can be labeled by a
context with at most 1 bud. In fact, this model generalizes regular tree grammar, and allows to deal with forest, though model will not be described in this
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paper2 . To use an analogy, if the studied combinatorial objects were words
over an alphabet Σ and the pattern a factor u, we would be constructing the
automaton recognizing Σ∗ u [8]. Each state of this automaton is labeled by a
prefix of u. To count the number of occurrences of u in a word w, we would
read the prefixes of w in the automaton to check whether they contain u as a
suffix. For each prefix v of w, the current state would be labelled by the longest
suffix of v which is also a prefix of u.
The idea of our algorithm is very similar. Each stump of the pattern will
correspond to a non-terminal in the grammar. Though in some “bad cases”,
some additional non-terminal will be added. The main difference is that a stump
of a tree might contain several independent suffixes.
Definition 6 (Overlapping). Given a context t and a pattern p, an overlapping
is a suffix of t which contains (as a pattern) a stump of p of the same height.
These overlappings can be seen as candidates of pattern’s occurrences. We note
OverP [t] the set of overlappings in a context t for a pattern P .
Figure 5 shows an example of the overlappings of a pattern p in a context t.
Figure 9 shows the stumps of a pattern with their overlappings.

p:

t:

x
y

Figure 5: In this figure, p is a pattern and t a context (buds are not relevant here). The two
nodes in blue, x and y, are roots of overlappings. x is the root of a tree of height 2 which
contains stumpp (2). x is the root of a tree of height 1 which contains stumpp (1).

If one knows the list of overlappings, one can compute which of those trees
contains p. Doing this for each stump of a tree t allows to compute the occurrences of p as a pattern. Deriving a stump in the grammar is equivalent to
compute this list of suffixes: each suffix is associated to a non-terminal. For
readability, a non-terminal will also refer to its associated suffix.
In order to build the grammar, we are going to partition the buds of the tree
t according to the maximal (by inclusion) trees s that cover them and which
contains stumpp (height[s]). The main difficulty of this partition lies in the fact
that buds might belong to two subtrees, such that neither of their buds set
includes the other.
Figure 6 shows an example of the grammar obtained with our algorithm.
2 The detailed description of these grammar, which we called Lukasiewicz grammar, is a
work in progress.
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Algorithm 1: Grammar Construction
Data: A pattern M on a set S
Result: A grammar
G =< N, U, A, S, R >
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

Compute each segment of M ;
Compute each stump of M and their
overlappings;
for each stump st of M do
Add the context st in the list of
non-terminals N ;
end
A = stumpM (0);
for each non-terminal n do
b ← |buds(n)|;
for all b-tuple s ∈ S b do
segment ← the forest s whose
leaves are buds;
Compute the rule associated to
(n, segment);
end
if height(n) = height(M ) then
Add n in U ;
end
end

G = < N, U, A , { ,

M=

N ={ , ,

,

}

U = {A }
A

=

+
A

A

=

A

+
A

R=
A

= ( , ) + (
A

A

, ) + ( ,
A

,

) + (
A

= A

Figure 6: On the left, the algorithm to automatically construct a grammar. On the right,
a pattern and the resulting grammar obtained via Algorithm 1. Overlappings roots are distinguished with a small circle. Buds are drawn as white squares and simple leaves (terminal
symbols) as black squares. In practice, the rules of a non-terminal t are stored in a tabular of
|buds(t)| dimensions.

In order to enhance the readability, the method will be presented the following way:
• Algorithm 1 only presents a backbone of the method. Precalculus are
mentioned and we do not explain how a grammar’s rule is computed.
• Section 3.1 and 3.2 detail the precalculus. The pattern’s segments are
precomputed and will be useful to compute the grammar’s rules. The
pattern’s stumps are necessarily non-terminals of the grammar. Because
of that, we distinguish them from other non-terminals which can be added
in the grammar when computing a rule.
• Section 3.3 contains another algorithm to compute a grammar’s rule.
3.1. Compute each segment of the pattern
This precalculus will be useful in order to compute the rules between nonterminals (see Figure 8).
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}, R >

A

A

)
A

( )( )

( )
Pattern:

A

( )( )(

A

A

A A

)

A

A

A A

A

Tree to be derived:
(

A

A A

)( )( )(

)

A

( )( )( )( )

A A A A

Figure 7: A tree derived by the grammar given in Fig.6, where rules spanning a pattern
occurrence are drawn in red.

Figure 8: A pattern (on the
left) and its segments (on the
right). Since each segment is
a context, the buds are drawn
in red. In order to calculate
the segments of a pattern M ,
one should perform a breadthfirst search on it. For each i
in {0, . . . height(M ) − 1}, the
buds of segmentM (i) are the
internal nodes of height i +
1. Such a computation can be
done in linear time and space
in the size of M .

3.2. Compute the pattern’s stumps and their overlappings
The purpose of this step is to compute some non-terminals of the grammar.
As we will see, the grammar might contain non-terminals which are more complex than stumps. Those non-terminal will be added when they first appear in a
rule (line 10 of Algorithm 1). Though, each stump of the pattern is necessarily
a non-terminal, which is why we can compute them from the beginning of the
algorithm.

Figure 9: Stumps of pattern from Figure 8 and their overlappings roots (blue). Each overlapping corresponds to another stump. The buds (red) of each stump are obtained by computing
the union of the buds of each overlapping.
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3.3. Compute the rules of the grammar
A rule in the grammar indicates how, being in a non-terminal n (i.e. a context), and doing a substitution with a given compatible segment s, one does
obtain a tuple of non-terminals. The idea is to partition buds(n[s]) as represented in Figure 10: each part is a set of buds, maximal by inclusion, contained
in a suffix of n which is also a non-terminal.
t

topp2
topp3

topp1
p1

p2

p3

topp4

s

p4

Figure 10: Given a non-terminal labelled by a tree t and a compatible segment s, we partition the buds of t[s].
An overlapping is associated to a part if
its buds belongs to this part. Each part
are covered by a tree enrooted in its
highest associated overlapping. Hashed
zones represent nodes included in several overlappings.

• Algorithm 2 computes a rule from a non terminal n labelled by a segment
s. The idea is to partition the buds of n[s] such that each part P can be
associated to a non-terminal n0 of the grammar, which appears as a suffix
in n[s] and such that buds(n0 ) = P (see Figure 10).
• Section 3.3.1 details how to compute the overlappings of n[s]. An overlapping associated to a context t is said to be continued by a segment
s, if t[s] is already a non-terminal or if t is a stump of height h and
s = segmentp (h).
• Section 3.3.2 explain how to partition the set of overlappings according to
their buds. The “buds of an overlapping” are the buds of the associated
non-terminals.
• Section 3.3.3 shows an example of how a non-terminal which is not a stump
can appear in the grammar.
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Algorithm 2: Compute the rule associated to (n, s)

1
2
3
4
5
6
7
8
9
10
11
12

Data: A Pattern M , a grammar G =< N, U, A, S, R >, a non-terminal n, a
segment s
Compute n[s];
Over ← Compute overlappings of n[s];
P ← Partition Over according to their buds;
Q ← ∅;
for all Pi ∈ P do
Ci ← Compute
S the highest overlapping in Pi ;
Q ← Q ∪ { c∈Pi buds(c)};
si Ci ∈
/ N alors
Add Ci in N ;
fin
end
Add (n, s, Q, (C1 , . . . , C|P| )) in R;

Let n be a non-terminal whose overlappings have been computed and s a
compatible segment. When one substitutes a segment to a non-terminal, one
obtains a new context: to compute the rule associated to (n, s) is to decompose
this context into distinct non-terminals. To find the non-terminals we need to
look at overlappings: in the new tree, there can be overlappings of two kinds:
• old overlappings continued by s: let t be an overlapping in n, of height h.
One then has to check if s (associated to buds(p)) is equal to segment[h].
What occurs at other buds is irrelevant for this overlapping.
• buds of n[s] which are not covered by another overlapping.
There can be no other overlapping since what occurs to the rest of the tree
is independent by definition: otherwise, due to the tree structure, the root of n
would be included in a larger non-terminal, which is a contradiction.
Once we know where the new overlappings are , we have to compute two partitions: a partition P of dependent overlappings and a partition O of buds(s).
Each
part Oi ∈ O is associated to a part Pi ∈ P the following way: Oi =
S
c∈Pi buds(c). Two overlappings are dependent if one needs to check (at least)
one common bud while computing whether they are continued by a given segment.
Dependent overlappings are dealt with a common non-terminal rooted at the
highest root of these overlappings. And the context n[s] can be fully decomposed
into distinct non-terminals/context Ci covering each part Qi ∈ Q. The rule is
thus: (n, s, Q, (C1 , . . . , C|Q| )).
3.3.1. How to quickly compute the overlappings of n[s]
The purpose of this step (Algorithm 3) is to compute the overlappings of
a non-terminal n which are still overlappings in n[s]. In Figure 11, the buds
associated to the overlapping 1 (height 2) are given by the segment of height 2
(i.e. the buds 4, 5, 7). Hence, s1 =
, whereas segmentM (3) =
(See
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Figure 8). Thus the overlapping 1 is not continued by s. The buds associated
to the overlapping’s root 3 (height 1) are given by the segment of height 1 (i.e.
the buds 6, 7). We have s3 =
and segmentM (2) =
. Therefore the
overlapping 3 is continued by s.
Algorithm 3: Compute a list of overlappings in n[s]
1

n=

2

3

1
4

5

6

7

2
3
4

s=

5

Marked nodes continued by s :
3 4 6 7

6
7
8
9
10

Data: A non-terminal n and a segment
s ∈ SN
Result: The list L of n[s] overlappings
L ← buds(s);
forall overlapping m of n do
n0 ← context associated to m;
sn0 ← segment s reduced to buds(n0 );
h ← height(n0 );
if segmentM (h + 1) = sn0 then
Add m in L;
end
return L;
end

Figure 11: On the right, the algorithm to compute the list of overlappings continued by a
segment s. On the left, an example for a fixed couple (n, s).

3.3.2. Overlappings Partition
The idea behind this partition is to detect when the branchings in a tree have
become independent, i.e., when an occurrence of the pattern cannot overlap two
parts of the partition. This allows us to control the size of our grammar and,
if needed, to parallelize the computation. It also allows to computes the nonterminals which are not stumps of the pattern. Indeed, if the buds of two
overlapping intersect without including one another, we need to consider the
overlapping of the associated non-terminals as a distinct non-terminal in order
to preserve non-ambiguity.
Let m1 , m2 be two overlapping’s roots and c1 , c2 their associated context.
The overlapping’s roots m1 and m2 are in the same part of the partition if
buds(c1 ) ∩ buds(c2 ) 6= ∅. In Figure 11’s example, Over = (3, 4, 6, 7). The buds
of the context enrooted in the overlapping’s root 3 are 6 and 7. All the other
elements in Over are buds. Hence, according to the previously announced rules:
P = {{4}, {3, 6, 7}}.

3.3.3. Creation of a non-terminal
A non-terminal in a grammar might not be a stump. Figure 13 shows an
example of how such a non-terminal can appear.
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1
2

3

n=
4

5

6

7

s=

Figure 12: Rule obtained by the algorithm for the couple (n, s) in Figure 11
1
2

4

s=

3

5

6

7

Figure 13: This example differs from Figure 12
because of the segment s. The overlapping’s
roots continued by s are 1, 3, 5, 6, 7 and the
partition of Over is equal to {{1, 3, 5, 6, 7}}.
Since all the buds of n are in a same part Pi ,
the context Ci contains two overlapping occurrences of segmentM (3) and segmentM (2),
which have to be dealt with in a common nonterminal.

3.4. Grammar: properties and complexity
Lemma 1. The grammar produced by Algorithm 1 has the following properties:
1. Each tree defined on a set S can be derived in a unique way.
2. The derivation of a tree t containing k occurrences of the pattern p reaches
k non-terminals in U .
Proof. The grammar is deterministic and thus non-ambiguous, meaning there
is at most one possible derivation for a tree in our grammar. Any tree can be
derived since the grammar is complete and since a leaf is never followed by a
non-terminal.
The derivation of a tree can be seen as deriving its stump, one after another.
At each step, the set of overlappings (in a stump) is computed and partitioned
into subsets closed by inclusion. The biggest overlapping of each subset labels a
non-terminal. The non-terminals associated to each stump of t can be computed
using the rules in our grammar. Indeed, the overlappings in each stump can be
computed using Algorithm 3. From this point, the partition of overlappings and
computation of the non-terminals is dealt with Algorithm 2. A non-terminal is
in U iff the associated overlapping contains p. According to Algorithm 1, a nonterminal is in U if is labelled by a context of the same height as p, meaning it is
12

either labelled by p itself or a context obtained by Algorithm 2 when computing
a rule. This context is necessarily enrooted in an overlapping of the same height
as p, ergo it includes p.
Lemma 2. The grammar produced by Algorithm 1 has the following size properties:
• the number of non-terminals is logarithmic in the best case scenario and
exponential in the worst case scenario, in the size of the pattern.
P
• the number of rules is equal to t∈N |S|buds(t) .
The number of rules is therefore at least exponential in the maximal number of
internal nodes of a given height the pattern (i.e. its stumps maximal number of
buds).
Proof. The number of non-terminals is lower bounded by the pattern’s number
of stumps. Since a non-terminal is associated to a tree in which a stump of the
pattern might be enrooted, the height of this tree is bounded by the pattern’s
height. Therefore the number of non-terminal is bounded by the number of
trees whose height is less or equal to the pattern’s height. The number of rules
is given by the number of buds of each non-terminal.
4. From the Grammar to a Random Sampler
We will briefly sketch how to use our grammar with two classical automatic
methods: recursive method [12] and Boltzmann sampling [9, 10]. Both methods
are usually described in the symbolic method [11] formalism, which is based on
specifications. Grammars obtained by Algorithm 1 can easily be transformed
into specifications from which we can automatically derive a system over its
generating function [11]. Each non-terminal t of the grammar is associated to
an equation, which is a product of Z r (where r is the size of segments compatible with t) and the union of all the rules Rt . When t ∈ U , we just add a
multiplicative monomial U to the equation. For example, the grammar given in
Figure 6 leads to the specification:

A = Z(1 + A × A )






A = Z(1 + A )
A






A

= Z 2 (1 + A × A + A

+ A × A × A )

= UZ(1 + A )

Using the recursive method, one can directly use our grammar to randomly
generate trees with exactly n nodes and exactly m occurrences of the pattern. To
do so, one needs to compute and store the coefficients of the bivariate generating
function.
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The Boltzmann method requires the grammar to be transformed into a generating function and a manual study of its main singularity. Gladly, this can
already be done automatically for monovariate exponential generating function
using a tool like Mapple, and the proper packages: Combstruct and NewtonGF 3 [16].
The study of main singularity in a bivariate function still requires a “manual” work. Once this is done, we can obtain another kind of sampler: for any
ε > 0, the bivariate Boltzmann sampler [5] draws trees of size n ± ε and of number of occurrences approximately m (the precision depends on n). Its average
complexity is Θ(n), because the average distribution of pattern is Gaussian [6]
for the free sampler. In both cases, the sampling is always efficient if the size of
the pattern is negligible compared to the size of the trees we want to sample.
Remark 1. Note that the random sampler can be generalized by controlling the
average number of occurrences of nodes with a given arity, as it has been done
in [5, 1].
A factorized representation of the generating function :. The main difference
between the grammar and the generating function is the quantity of information
that needs to be kept. We can obtain a non-linear equation system, in which
each line corresponds to a non-terminal in the grammar. A line in this system,
for a pattern M , can be written the following way:
N = T − A + B,
• N is a non-terminal in the grammar.
• T is the tuple of non-terminals Over[N ] different from the root, maximal
by inclusion.
• let S be the set of segments containing segmentM (height(N )),
• B is the tuple of rules obtained by substituting T with S.
• A is the tuple of rules obtained by substituting N with S.
5. Experimental Results
The algorithm has been implemented and tested on random binary trees
and binary-ternary trees. For a hundred random binary trees with 20 nodes,
there is experimentally always a pattern for which the grammar explodes in
such proportion that the program stops. Figure 14 shows an histogram of the
number of non terminals when the size doesn’t explodes.
The weakness of the algorithm is currently the number of generated rules.
Figure 15 shows the proportion/number of patterns amongst a hundred random
pattern whose number of rules is included in a given interval.
3 This
new
package
can
be
downloaded
lyon.fr/bruno.salvy/software/the-newtongf-package/
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Figure 14: Number of non-terminals given the algorithm on 100 random pattern of various
size and proportion of unary nodes.
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Figure 15: Number of rules given the algorithm on 100 random pattern of various size and
proportion of unary nodes.

Those experiments shows that the algorithm is not always efficient. The
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worst case can be reached even with small sized patterns. Though it also shows
that it might also be efficient in a lot of cases. A more detailed analysis of
our algorithm’s efficiency would require an average study of the overlappings in
random trees.
6. From the grammar to a Pattern Matching Algorithm
Using the grammar described in Section 3, we describe an algorithm which
counts the occurrences of a patterns p in a tree t with a time complexity Θ(|t|).
This algorithm can be seen as a top-down version of the bottom-up pattern
matching algorithm proposed in [14]. Though, since its pre-calculus can be
exponential in the size of p, this method will always be useful in a context
where |p| is exponentially smaller than |t| and/or to match the same pattern in
a very large amount of different tress.
Algorithm 4: Pattern matching algorithm
Data: A tree t, a grammar G =< N, U, A, Σ, R > associated to a tree
pattern p
Result: The number of occurrences of p in t
1 a queue of non terminals QN := push(A);
2 a queue of tuple of trees QT := push(t);
3 result := 0;
4 while QN is not empty do
5
N := pop(QN );
6
(t1 , . . . , tr ) := pop(QT );
7
if N ∈ U then
8
result := result + 1
9
end
10
P := RN [t1 ] · · · [tr ];
11
foreach P ∈ P do
12
QN := push( the non-terminal associated to P );
13
QT := push( tuple formed with the subtrees rooted at P ) ;
14
end
15 end
16 return result

Theorem 1. The algorithm 16 returns the number of occurrences of p in t. Its
time complexity is Θ(|t|) and its space-complexity is O(|t|).
Proof. The algorithm counts the number of times a non-terminals in U is seen,
which is equivalent to counting the occurrences of the pattern (Lemma 1). The
time and space complexity can be easily seen: each node of t is added in QT
exactly once and the number of non-terminals added in QN is bounded by |t|.
Moreover, each instructions between lines 5 and 13 can be dealt with in constant
time using adequate data structures.
16

7. Conclusion
The algorithm we introduced can be used in practice on large quantity of
patterns. Though, it can still be improved in several ways:
• it can be generalized to a set of pattern,
• one can tremendously decrease the grammar representation using the factorized representation given in Section 4. An algorithm in order to obtain
this factorization should be detailed and implemented. This should be
done in a future work.
• an average study would be useful to understand when the algorithm is
efficient.
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