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SOS

Assume! - signature! - set of (meta)variables.
ti=nil|at|t+t]|t! t

't g y!"bl Yy’

A  d
ax —x ax+yl o X+yI' vy

x ' xt o yrt y

X#yrs x'#y

Hopefully:
- rules debPne an LTS in some way,
- our favourite equivalence Is a congruence.
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Compositionality failures
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Compositionality failures

- rl g
tz=f [ g]h(t) NE) e h(£) !" h(g)

d I |

xI'e xt oyre oy

t o= nil|at|t+t]t! t _
X#EyYy!I' xX#y

a.(b+ c)! ¢ (a.b) +( a.c)
a.(b+c)! ab"y (ab)+(ac)! ab
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Compositionality failures

r!og
to=f n(t
olh(t)y LT h(£) I" h(g)
x ! x' oyt y

t o= nil|at|t+t]t! t _
X#EyYy!I' xX#y

a.(b+ c)! ¢ (a.b) +( a.c)
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Compositionality failures

r!og
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x ! x' oyt y

t = nillat|t+t|t! t .
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a.(b+ c)! ¢ (a.b) +( a.c)
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GSOS

@]

Vit it m X4 B ST
f(X1,...,%,) I'" ¢

{Xij r

- LTS obtained by induction on the structure
of transition sources

- Bisimilarity Is a congruence

- but not necessarily other equivalences.

How to prove compositionality?
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Modal logic decomposition

For each formuld and operatére! ap(f)=n |
bnd a tuple! 4,..., I'h" such that

f(Xq,..., X, ! T X1 F!'1#aaax, F!,
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Decomposition, actually:

For each formuld and operatdre! ar(f)= n

bnd afamily of tupleg! i1, ..., oin ")ir1 such that
f(zr,....an) EL Y\ N\ 2 F Uy

el J=1..n
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Example
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Example

x 'Y x't oyre y

X#yrs x'#y
X1 yE "a#$ %8 (X E "a#$)’ (v E "a#$)
X1y E "afHS %8 (X E "a#bES) ' (v E "athis)

x! yl=1 % A\, (XE 'a#$ yF 'a#)
X! yE"a# $o 277

NB. (a.b+ a.c)! a.cF "atw
but a.(b+c¢)! a.ck #9d
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Example 2

X — X' X /A— Yy —>Yy

a | a
XY — X4,Y XY —Y
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Example 2

XX X/ Yoy
X;y ——xhy Xy —y

X;)YyE!a%% $0 (XE!'a%)&(XEF @' yF 'a'#)
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Looking for decomposition

Induction on formulas

For each logical operatof# (of arity )
and formula variables;
with decompositiond ;

debnel for ("4,..., ")

so that the decomposition property holds.
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Coalgebras and predicate liftings
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Coalgebras and predicate liftings

LTSs areB -coalgebras f@&x = (P, X)"

Modal logic: =T @! ]! [
Predicate liftings? :B(2")! 2 2 = {tt, £}

| :B1" 2 L (D) = tt

la":B2# 2 la"(l)=tt #& tt %! (a)

| :B1! 2 ()=t '# a$A l(@="9

la"(#1, % 4ad#,):B2" % 2
la"(#1$aad#,)(!)=1t %& (tt,..., tt)' ! (a)
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Predicate liftings for syntax

t:=nl Ja|t! t

| X =14+ A+ X?
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Predicate liftings for syntax
t:=nl |a|t! t
I X =1+ A+ X*

T:111 2 T(t)=tt

aillo2 at)=tt I' t=a

1]:t2n 2 )=t % t=tt ! tt

M 128 2 M=t o t=v" Vv, &{v, V')
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Predicate liftings for syntax

t:=nl Ja|t! t

| X =14+ A+ X?

T:111 2 T(t)=tt

aillo2 at)=tt I' t=a

1]:t2n 2 )=t % t=tt ! tt

M 128 2 M=t o t=v" Vv, &{v, V')

L " 51224 2
al ["]:22# 2
etcC.
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Construction of liftings

Variable renaming

| - B2" 1 2 f:n! m

If ;B2 1 2
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Construction of liftings

Variable renaming

| :B2"1 2 f:n! m Xp! Xp:1 22" 2
f (B2M 1 2 X®X:12—2

|

!X
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Construction of liftings

Variable renaming

| :B2"1 2 f:n! m Xp! Xp:1 22" 2
f (B2M 1 2 X®X:12—2
I
!X
Composition
B2t 2 (r2m )
1 ("q,...,"n) B 2™ 2 _ o
("1 n) m=" "1 m
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Example

I X =1+ A+ X?

1]:12" 2
la"  B2# 2
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Example

I X =1+ A+ X? BX = (P, X)A
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la"  B2# 2

1 "a#:1 B2$ 2
la'[#]1:B! 2$ 2
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Example
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Example

I X =1+ A+ X? BX = (P, X)A
1]:12" 2
la" :B2# 2
;
1 T"a#: 1 B2$ 2 X—y X =y
I al'® nil XX 2y®y
" [#]1$ N2 ! B2% 2 ' B=! B!
\

| validateda"[#]=[#]'a"
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Valid equations
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Valid equations

(" 1(511 ----- Y1k1_,--/'|(vjll, . -1\YIk| ))
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Valid equations

(" 1(511 ----- Y1k1_,--/'|(vjll, . -1\YIk| ))

- LHS debPnes@! -lifting

- RHS+ debnelaB -lifting of the same arity.
then useé togetd! -lifting
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Valid equations

(" 1(511 ----- Y1k1_,--/'|(vjll, . -1\YIk| ))

- LHS debPnes@! -lifting

- RHS+ debnelaB -lifting of the same arity.
then useé togetd! -lifting

The equation iwalid
If the twoB! -liftings are equal.
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Compositionality

Thm. For a family!i)i:1  oB -liftings,

-Pnd a famil{}j)jes of -liftings,
- for every possible LHS:

I ( 1(X11 ..... Xlnl) ..... "m (Xml ..... Xmn ))
-- Pnd an RHS
L (" 112, - -, Yiki)s- oo 1Y, - Yik, ))

s.t. the equation Is valid wrx
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-Pnd a famil{}j)jes of -liftings,
- for every possible LHS:

I ( 1(X11 ..... Xlnl) ..... "m (Xml ..... Xmn ))
-- Pnd an RHS
L (" 112, - -, Yiki)s- oo 1Y, - Yik, ))

s.t. the equation Is valid wrx

Then the logical equivalence debPnedhy:: |
IS a congruence on the coalgebra induced by
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xI'e xt oyrt oy
al'® nil X#EYyI' X #vy
o= 1 | "a#
B -liftings: I -[iftings:
I B1" 2
la" :B2# 2
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xI'e xt oyrt oy
al'® nil X#EYyI' X #vy
=1 | o
B -liftings: I -[iftings:
| iB1" 2 (none)
la" :B2# 2
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xI'e xt oyrt oy
al'® nil X#EYyI' X #vy
=1 | o
B -liftings: I -[iftings:
| iB1" 2 (none)
la" :B2# 2
=7
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x I oxtoyre oy
al'® nil X#EYyI' X #vy
=1 | o
B -liftings: I -[iftings:
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x I oxtoyre oy
al'® nil X#EYyI' X #vy
=1 | af
B -liftings: I -[iftings:
I :B1" 2 T:111 2
la" :B2# 2
| =T
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Example

x I oxtoyre oy
al'® nil Xx#yr® x'#y
l =1 | "a#

B -liftings: I -liftings:
I :B1" 2 T:111 2
la" :B2# 2

| =
1a"T = ?
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I = | ‘"a;l:,ﬂ_
B -liftings: | -liftings:
I B1" 2 T:111 2
la':B2# 2 al ["]:12# 2
| =
1a'T = ?
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Example

d I |

x I oxtoyre oy

a1 nil X#yrs x'#y
=1 | "aft
B -liftings: I -liftings:
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Example

x I oxtoyre oy
ar® nil X#yI? x'#y
=1 | "aft
B -liftings: I -liftings:
I B1" 2 T:111 2
la" :B2# 2 al ["]:12# 2
11120 2
=

la'T = a# [$]'a"%
la"(b# [$|z) = [$|la"x

IFIP WG1.3, Etelsen, 04/07/10

18/ 19



Example

d I |

x I oxtoyre oy

a1 nil X#yrs x'#y
=1 | "aft
B -liftings: I -liftings:
I :B1" 2 T:111 2
la" :B2# 2 al ["]:12# 2
17120 2
=T

la'T = a# [$]'a"%
la"(b# [$lz) =[P |la"x
la"[#]x =[#]'a"x
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Abstract view

1. Modal logic lift8 to a slice category
2.1t lifts as well, the logical equiv. Is a congruence
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Abstract view

1. Modal logic lift8 to a slice category
2.1t lifts as well, the logical equiv. Is a congruence

(P.X)M ]
\B- ...2! N
— — > Setg ! woet ;-
XXX — YRV 3 ;
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Abstract view

1. Modal logic lift8 to a slice category
2.1t lifts as well, the logical equiv. Is a congruence

[(PWX)AJ | [T,<a>J
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Abstract view
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Abstract view

1. Modal logic lift8 to a slice category
2.1t lifts as well, the logical equiv. Is a congruence

[(PWX)AJ | [T,<a>J

\B | 2 ...... ) L/ ( \
(X Sy x' = y!\ | SN @ A la"[# ]z
—" | 3 -
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