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Assume     - signature, ! ! - set of (meta)variables.

Hopefully:
- rules deÞne an LTS in some way,
- our favourite equivalence is a congruence.
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x
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GSOS

5

{ xij

aj!" yj} 1! j! m { xik #
bk!" } 1! k! l

f (x1, . . . , xn) c!" t

- LTS obtained by induction on the structure
of transition sources

- Bisimilarity is a congruence

- but not necessarily other equivalences.

How to prove compositionality?
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Modal logic: ! ::= ! | 〈a〉! | ! | ! ! !

Predicate liftings: ! : B (2n ) ! 2 2 = { tt, ff}

! (β) = tt! : B 1 " 2
!a" : B 2 # 2 !a"(! ) = tt #$ tt %! (a)

! : B1 ! 2 ! (! ) = tt !" # a $ A. ! (a) = %

!a"(# 1 $ á á á$ # n ) : B 2n % 2

!a"(# 1 $ á á á$ # n )( ! ) = tt %& (tt , . . . , tt ) ' ! (a)

BX = ( P! X )ALTSs are    -coalgebras forB
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Predicate liftings for syntax

13

! X = 1 + A + X 2

t ::= nil | a | t ! t

T : ! 1 ! 2 T(t) = tt

a : ! 1→ 2 a(t) = tt !" t = a

[! ](t) = tt "# t = tt ! tt

!"# (t) = tt $% t = v " v!, tt & { v, v!}

[! ] : ! 2 " 2

!"# : ! 2 $ 2

a ! [" ] : Σ2 # 2

etc.

! 1 " ! 2 : ! 22 # 2
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[! ]x
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! : B2n ! 2
(
! i : ! 2m i ! 2

)
i =1 ,...,n

! (" 1, . . . , " n ) : B! 2m ! 2 m =
! m

i =1 mi

Composition:

Variable renaming:

! : B2n ! 2 f : n ! m

! |f : B 2m ! 2

x1 ! x2 : ! 22 " 2

x ⊗ x : ! 2→ 2

[! ]x

=
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15

! X = 1 + A + X 2 BX = ( P! X )A

[! ] : ! 2 " 2

!a" : B 2 # 2

[! ]"a#: ! B 2 $ 2 x a
−→ y x! a

−→ y!

x ⊗ x! a
−→ y ⊗ y!a a!" nil

! : ! B =! B !!a"[# ] $ λ2 : ! B2 % 2

=

validates! !a"[# ] = [ # ]!a"
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! (" 1(x11, . . . , x1n 1 ), . . . , " m (xm 1, . . . , xmn m ))
=

! (" 1(y11, . . . , y1k1 ), . . . , " l (yl 1, . . . , ylk l ))

- LHS deÞnes a      -lifting B !

- RHS+  deÞne a      -lifting of the same arity. ! B

then use    to get a      -lifting! B !

The equation is valid
if the two      -liftings are equal.B !
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Compositionality
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Thm. For a family           of    -liftings, (! i )i ! I B

- Þnd a family            of    -liftings, (! j )j ∈J !

- for every possible LHS:
! (" 1(x11, . . . , x1n 1 ), . . . , " m (xm 1, . . . , xmn m ))

-- Þnd an RHS
! (" 1(y11, . . . , y1k1 ), . . . , " l (yl 1, . . . , ylk l ))

s.t. the equation is valid wrt   .λ

Then the logical equivalence deÞned by (! i )i ! I

is a congruence on the coalgebra induced by   . λ
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a a!" nil

! ::= ! | "a#!

-liftings:B ! -liftings:

!a" : B 2 # 2
! : B 1 " 2 T : ! 1 ! 2

! = T

a ! [" ] : ! 2 # 2

!a"T = a # [$ ]!a"%

[! ] : ! 2 " 2
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Example

18

a a!" nil

! ::= ! | "a#!

-liftings:B ! -liftings:

!a" : B 2 # 2
! : B 1 " 2 T : ! 1 ! 2

! = T

a ! [" ] : ! 2 # 2

!a"T = a # [$ ]!a"%

[! ] : ! 2 " 2

!a"(b # [$ ]x) = [$ ]!a"x
!a"[# ]x = [ # ]!a"x

x a!" x! y a!" y!

x # y a!" x! # y!
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x ⊗ x! a
−→ y ⊗ y!

1 + A + X 2 T, a, [⊗]
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1. Modal logic lifts     to a slice category
2. If     lifts as well, the logical equiv. is a congruence

B

!


