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Closed paths on a square lattice

• n-steps lattice path
• closed paths : start from and return to the origin ⇒ n even (= 2n)

•
(

n
n/2

)2
such paths

Algebraic area

algebraic area = area enclosed by the path, weighted by the winding
number: if the path moves around a region in counterclockwise (positive)
direction, its area counts as positive, otherwise negative; if the path winds
around more than once, the area is counted with multiplicity

An example: n = 36

• winding numbers: +2,+1,0,-1,-1 (winding
number 0 = +1− 1 does not contribute)

• number of lattice cells per winding sectors:
2,14,1,1,1

• algebraic area
A = 2× 2+ 14× 1+ 1× (−1)+ 1× (−1) = 16

Counting the algebraic area A: hopping operators u and v

u = right v = up
v u = Q u v do not commute(
u + u−1 + v + v−1

)n
=
∑

A Cn(A) Q
A + . . .

Tr
(
u + u−1 + v + v−1

)n
=
∑

A Cn(A) Q
A

In quantum mechanics: the Hofstadter model

Q = e i2πΦ/Φo where Φ flux external magnetic field through unit lattice cell
⇒ quantum particle hopping on the square lattice coupled to external
magnetic field
Hamiltonian H = u + u−1 + v + v−1 : this is the Hofstadter model

when flux is rational Q = e i2πp/q p, q coprimes ⇒ Harper equation

H=



Qe iky + Q−1e−iky e ikx 0 · · · 0 e−ikx

e−ikx Q2e iky + Q−2e−iky e ikx · · · 0 0
0 e−ikx . . . · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · . . . e ikx

e ikx 0 0 · · · e−ikx Qqe iky + Q−qe−iky


secular determinant

det(1− zH) =

⌊q/2⌋∑
n=0

(−1)nZ (n)z2n − 2
(
cos(qkx) + cos(qky)

)
zq

Kreft (1993) → Z (n) =

q−2n+2∑
k1=1

k1∑
k2=1

· · ·
kn−1∑
kn=1

sk1+2n−2sk2+2n−4 · · · skn−1+2skn

sk = (1− Qk)(1− Q−k) = 4 sin2(πkp/q)

Algebraic area enumeration

Introduce b(n) via

log

( ∞∑
n=0

Z (n)zn

)
=

∞∑
n=1

b(n)zn

and coefficients c(l1, l2, . . . , lj) labeled by compositions l1, l2, . . . , lj of n

c(l1, l2, . . . , lj) =

(
l1+l2
l1

)
l1 + l2

l2

(
l2+l3
l2

)
l2 + l3

· · · lj−1

(
lj−1+lj
lj−1

)
lj−1 + lj

so that b(n) = (−1)n+1
∑

l1,l2,...,lj
composition of n

c(l1, l2, . . . , lj)

q−j+1∑
k=1

s
lj
k+j−1 · · · s

l2
k+1s

l1
k

use log det(1− zH) = Tr log(1− zH) ⇒ Tr Hn=2n = 2n(−1)n+1b(n)

so Tr Hn=2n = 2n
∑

l1,l2,...,lj
composition of n

c(l1, l2, . . . , lj)

q−j+1∑
k=1

s
lj
k+j−1 · · · s

l2
k+1s

l1
k

one can also compute the trigonometric sum
∑q−j+1

k=1 s
lj
k+j−1 · · · s

l2
k+1s

l1
k

The formula: Tr Hn =
∑

A Cn(A) Q
A

Cn(A) =2n
∑

l1,l2,...,lj
composition of n

(
l1+l2
l1

)
l1 + l2

l2

(
l2+l3
l2

)
l2 + l3

. . . lj−1

(
lj−1+lj
lj−1

)
lj−1 + lj

2l3∑
k3=0

2l4∑
k4=0

. . .

2lj∑
kj=0

j∏
i=3

(
2li
ki

)
(

2l1
l1 + A +

∑j
i=3(i − 2)(ki − li)

)(
2l2

l2 − A−
∑j

i=3(i − 1)(ki − li)

)

Why Zn and bn ? statistical mechanics and generalization

• Z (n) = the n-body partition function with exclusion statistics g = 2
and spectrum sk = e−ϵ(k)

• b(n) = the n-th cluster coefficient

generalization to g -statistics

Z (n) =

q−gn+g∑
k1=1

k1∑
k2=1

· · ·
kn−1∑
kn=1

sk1+gn−gsk2+gn−2g · · · skn−1+gskn

b(n) :
∑

l1,l2,...,ln
composition of n

c(l1, l2, . . . , lj) →
∑

l1,l2,...,ln
g− composition of n

cg(l1, l2, . . . , lj)

cg(l1, l2, . . . , lj) =
(l1 + · · · + lg−1 − 1)!

l1! · · · lg−1!

j−g+1∏
i=1

(
li + · · · + li+g−1 − 1

li+g−1

)
g - composition obtained by inserting at will inside a given composition
no more than g − 2 zeroes in succession
example g = 3
n = 3 = 2 + 1 = 1 + 2 = 1 + 1 + 1 = 2 + 0 + 1 = 1 + 0 + 2 =
1 + 0 + 1 + 1 = 1 + 1 + 0 + 1 = 1 + 0 + 1 + 0 + 1
→ algebraic area numeration chiral triangular walks on triangular lattice
same sk = 4 sin2(πkp/q)
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numbers”, NPB[FS] Volume 960 (2020) 115174

https://lipn.fr/~cb/LPC/2021/

