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Weight-dependent binomial coefficients Weighted counting Specializations

For n, k € 7Z, we define the weight-dependent binomial coefficient as The weight-dependent binomial coefficients count weighted hybrid lattice Binomial coefficient
n n paths. For all n, k € Z, For w(s, t) = 1 we obtain the ordinary binomial coefficient (}) studied
= =1 forneZ, m for arbi lues by Loeb
A0 " wln n Z b or arbitrary integer values by Loeb [1].
— %
and for n, k € Z, provided that (n + 1 k) # (0,0), wl K. P Gaussian binomial coefficient
n+1] [n n ok _ where the sum runs over all paths from (0,0) to (k, n — k). For w(s, t) = g we obtain the g-binomial coefficient [Z]q studied for
Aok Lk * k=1 (k,n+1—k), arbitrary integer values by Formichella and Straub [2].
| , | Reflection formulae E"iptiC binomial coefficient
with V‘/(S7 t) — .szl W(S,J) for t AiAr . LA, t >0 | For 6)(3 42t o252 t—s—l/b. )
a sequence of weights w(s, t) and H Ai=<1 t=20. We define the weight-reflections w(s,t) = w(s,1 — s — t)~! and w(s,t) = 9 b9 49 P q
we define products generally by j=1 AalAj . .A;ll t <O w(s,t) = w(l—s—t, t)"! to obtain 0(ags™2t=2, bg>s*tt aqt—st1/b; p)
o ] ) we obtain the elliptic binomial coefficient [3]
k—n—1 .. -1 - _
Z — (—1)*sgn(k) Z H W(j,—j) n] _[n B (g5, agi**, bq'** ag" % /b: q, p)r_s
The lattice path model WL L 1 k wl K k | (q,aq, bg'™%¢ aq/b; q,p)n—k
. —k—1] T o here 0(x; K)(1 — pkt1/x)) is the modified Jacobi thet
For m,n € Z, a hybrid lattice path is a path from (0,0) to (m, n). = (—1)" *sgn(n — k) 1 H W(n+1—j,j) ", WHETE (i p) =TIl ka)_(l g /X)) o e MOAIEE Jacont Tere
_ _ | = , function and (a; q, p)x = | |.—; 0(aq’; p) is the theta shifted factorial.
Depending on m and n, the possible steps of a path are: w - j=1 !
where sgn(n) is 1 for n > 0 and —1 for n < 0. These formulas explain the Symmetric functions
1. n,m>0: 1 and — behavior of the weight-dependent binomial coefficient at negative values. For w(s, t) = aas—+t1 we obtain
2. m<0<n: < and o
" = and ™\ - - ex(ay, a, . . . an)Hlf_ a1 0< k<n
3. n<0< m: | and \ n T RN, 1
| Noncommutative binomial theorem = 9§ h(—a0, —a-1,...,—an1) | |12 n<0<k
4. n,m < 0: no allowed steps vl K 4 =L
Additionally. if o f - - ho—k(—ay ", —a_q,---,—a,1) | [i—xiqai, Kk <n<0
itionally, it m <0, the first step Let x and y be noncommutative variables satisfying the three relations . .
has to be < and if n < 0. the first where e, is the elementary symmetric function and hy is the complete
yx = w(l, 1)xy, xw(s, t) = w(s + 1,t)x and yw(s, t) = w(s, t + 1)y, homogeneous symmetric function of order k.

step has to be J.
P ' then for all n € Z:

Each step is assigned a weight depending on its position: n__ n n—k __ n k. n—k :
o Pl it cepending on s po RN D DN MDD M

(s —1,t) (s—1,t) (s,t) k>0 k<n
Il 11 W(s, t) W(s. 1) W (s 1) \W (s, 1) e Many results from [1] and [2] can be generalized to the weighted case

o—>@ o<+

_ _ _ Convolution formula L - . . .
The weight of a path w(P) is the product over the weights of its steps. e In [1] and [2] binomial coefficients were interpreted with hybrid sets.

Hybrid lattice paths can be translated to the corresponding hybrid sets.

S
>~

Let x, y be noncommutative as before, n,m € Z and k > 0, then

- - ko ¢ - i - k—j
= L x . X W(i+,,n—j).
LR Ll G e ) T e

There are three paths from (0,0) to ( For m,n > 0 or m, n < 0, this identity can be interpreted as convolution

(—4,2) “\ —4,2) \. (—4,2) A over weighted paths with respect to a diagonal.
.+ N (0,0) (0, 0) = (0,0) N LK (0.0 . . .

The weight of the first path is for example
w(P) = W(0,0) *(—=W(-1,1) ") (-W(-2,2) )W(-3,2)"
= (w(—1, D)w(—2, D)w(—2,2)w(—3,1)w(-3,2))"
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