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Quelles interactions entre
un programme et son environnement?

Un programme est une suite d'instructions formelles...

Une these, Deux problemes

Equivalence Coeffets
Comparer deux programmes Typer les besoins du
du point de vue utilisateur programme sur |'environnement

. exécutées dans un environnement complexe...Que I’on va abstraire
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Equivalence de programme

Deux programmes sont équivalents si I'on peut les interchanger librement
dans tout environnement

environnement

Intérét pratique: Prouver/infirmer la correction d'une optimisation,
d'une transformation de programme.

Intérét théorique: Mieux comprendre le langage,
quels sont les primitives?
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Equivalence observationnelle de programme

Deux programmes sont équivalents si I'on peut les interchanger librement
dans tout environnement

*\E@

P; observationnellement équivalent a P,

Pour tout environnement E

Obs[E(P1)] = Obs[E(P,)]
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Coeffets

Nécessité d'un paradigme: un programme est une fonction.

’EM

environ-
nement

Sortie
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Coeffets

Nécessité d'un paradigme: un programme est une fonction.
Dans le monde réel, un programme est rarement une routine entrée-sortie

—

environ- <
nement

ety "‘:.,.>
effets

actE)ns

Exemples d'effets/action/monad J

Affichage a I'écran, lecture du clavier, lecture mémoire...
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Coeffets

Nécessité d'un paradigme: un programme est une fonction.
Dans le monde réel, un programme est rarement une routine entrée-sortie

coeffets
besoin

environ- <«
nement

Exemples de coeffets/besoins/comonad

existence d'un fichier,

borne sur la taille d'un tableau,

borne sur le nombre de copies d'un argument,

ordonancement (scheduling)...
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La sémantique: une vue d’ensemble

On ne s'intéresse pas a un programme en particulier,
mais a la structure du langage de programmation dans son ensemble.

Chaque programme est une fonction de ce modéle,
et leur interaction se modélise par des opérations mathématiques.
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Avant-propos
0000e

Characterization of H*
000000000

Models of BsLL
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Ma these

Quels modeles pour
I’équivalence observationnelle?

P1 P3

Il M
P2 P4

Chercher tous les modeles pour:
e mieux comprendre =,

e développer des outils.

Comprendre les coeffets via
les modeles

Disséquer les modeles pour:
e comprendre les coeffets,

e comprendre les modeles usuels

Conclusion

Flavien BREUVART PPS
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Preliminaries

Je vais maintenant parler en anglais,
merci pour votre attention.

| will now switch to English,
thank you for your patience.
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A-calculus: the core of functional programs

Everything is function...
let rec map £ = function Higher order functional program

0 —->10
| t::1 => (£ t)::(map £ 1)

data

enviro-
nment

Odata
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A-calculus: the core of functional programs

Everything is function...

let rec map f = function Higher order functional program
o >0 functional input
| t::1 => (£ t)::(map f 1)

function
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A-calculus: the core of functional programs

Everything is function...

let rec map £ = function Higher order functional program
o >0 functional input and functional output
| t::1 => (f t)::(map £ 1)

function

enviro-
nment

function
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A-calculus: the core of functional programs

Everything is function...

let rec map £ = function Higher order functional program

I >0 functional input and functional output
i -> i - 0 0

| £::1 (£ t)::(map £ 1) abstraction: creating functions,

application: executing functions

...and function is everything
untyped A-calculus: the core fragment

Only functional inputs and only functional outputs
abstraction: Ax.M, application: M N, variable: x

No other constructors.
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Observational equivalence

i c G\

M observationally equivalent to N
For all epvironment context C,
0bs[C(M)] = Obs[C(N]]

Conclusion

Programmes:  A-terms
Environments:  Contexts.
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Observational equivalence

If C Yor

M observationally equivalent to N
For all epvironment context C,

CM)y = C(ND Y

Programmes:  A-terms
Environments:  Contexts.

Observation: Convergence for head reduction:
M| if M —- > Axqg..Xm.y My---
My i Mo
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Observational equivalence: H*

If C Yor

M observationally equivalent to N: M =3+ N
For all epvironment context C,

CM)y = C(ND Y

Programmes:  A-terms
Environments:  Contexts.

. . *
Observation: Convergence for head reduction: H
M| if M —- -5 Xxq..xny My---M,
MY i Mo
Flavien BREUVART PPS Dissecting Denotational Semantics
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Denotational semantics

A model: How to see a language as a whole

Programming language L1, Abstract representation
data-structures s sets/objects
programs o functions/morphisms
primitives s algebraic operations
evaluation > equality

Full abstraction for H*
[M] = [N] iff M=y« N
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Looking for models
for the untyped A-calculus

Sets and functions S° ~ S« Impossible (Cantor theorem)
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Looking for models
for the untyped A-calculus

Sets and functions S° ~ S« Impossible (Cantor theorem)
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extensional K-models
[Krivine1993]

Sets and functions S° ~ S o Impossible (Cantor theorem)
Sets and cont. fun. Cont[S,S] =~ v~ What is continuous?
Domains Scott[D,D] ~ D v~ Too general
K-models Scott[Z(P),Z(P)] ~ Z(P) -~ What use?

< (P=P) =~ P« compact/trace

K-Models Operator =

A preorder (P, <) and a bijection
“>" (P=P)~P,ie:

Va e P,dae€ Pr(P),3d/ € P,
a=a—a

P=P ~P
Pr(P)P x P ~ P
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Characterization of H*
000000000

Models of BsLL
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Conclusion

My thesis

Characterising K-models
that are fully abstract for H*

P1 Ps

IIf i
P2 P4

Looking for models in order to:
e understand H* more deeply,
e develop new tools for FA.

Flavien BREUVART PPS Dissecting Denotational Semantics

Understanding BsLL
via models of LL

> > > > >

Dissecting models of LL in order to:
e model and understand BsLL,

e understand models of LL.
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Linear decomposition B=C := |[B—C

{81, B2, B3, Ba} v
?
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Linear decomposition B=C := |[B—C

iﬁh B2, B3, Ba}
> 2
Bi
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Linear decomposition B=C := |[B—C

{B1, B2, Bs, B}
Bi

Linear logic (LL)

. AL B

Conclusion

Weak ——— Der
NALB MN'A+~B
MIAIA - B AL, 1A, - B
——————— Contr Prom
r'A -8B 1A, ,---1A, FIB
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Linear decomposition B=C := |[B—C

B

Linear logic (LL)

. AL B

Weak —— Der
NA+-B A+~ B
FIA A - B A1, JA, - B
——  Contr Prom
r'A +B 1A; ,---1A, B
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Coeffect decomposition A = B := A'—B

I Bl
Lz

Bounded logics (BsLL)

- B NA-B

Conclusion

—— Weak ——  Der
A - B A B
AL A B Al .. 1AL - B
—— Contr Prom
A B A oA ~ B
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Coeffect decomposition A = B := A'—B

[+J

BI+J
L -

Bounded logics (BsLL)
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Coeffect decomposition A = B := A'—B

K*(I+J) L+J

A" B

Bounded logics (BsLL)

- B NA-B

Conclusion

—— Weak ——  Der
A - B A B
AL A B Al .. 1AL - B
—— Contr Prom
A B A oA ~ B
Flavien BREUVART PPS Dissecting Denotational Semantics

15 / 61



Avant-propos Preliminaries Characterization of H* Models of BsLL
00000 000000080 000000000 [e]e]e}

Coeffect decomposition A = B := A'—B

A KH) L+J

A" B

Bounded logics (BsLL)
Coeffects are represented by semirings (S, +.0, %, 1)

M- B A- B

——  Weak —— Der
A+ B A + B
r,A A B Al 1Ak B
—r A’*J B Contr o] Py, 7 Prom
; = Al plxd B

Conclusion

One BgLL per semiring

Flavien BREUVART PPS Dissecting Denotational Semantics
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My thesis

Characterising K-models
that are fully abstract for H*

P1 Ps
IIf i
P2 P4

Looking for models in order to:
e understand H* more deeply,
e develop new tools for FA.

Understanding BsLL
via models of LL

I
~_y AT
A
A
A
A

Dissecting models of LL in order to:
e model and understand BsLL,

e understand models of LL.

Flavien BREUVART PPS

Dissecting Denotational Semantics
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The result

The result (informally):
A K-model P is fully abstract for H* iff P is hyper;

Non-well-founded chains
can exist in P but cannot be
accessible to terms.

Q1 =ayl — a7 d1g(1) o
w

Qp = a1 > -a@2p > d24(02) e
w

Q3 = a3 — a3 > a3 (3) %

Hyperimmune models
A K-model P is hyperimmune when, V(c,,),~0. Vg : N — N,

if for all n, Qp = apn1— - —apngm—0, and a1 € U an k

o o k<
then g is not recursive &(m)

Flavien BREUVART PPS Dissecting Denotational Semantics 17 / 61
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D, is FA for H*
[Hyland76,Wadsworth76]

Scott's D, :
Dy = {*} S
Dn+1=DnU(Af(Dn)XDn)_{(Q?*)} (3 a);a—)&
Dw: UDn ’
Hyperimmunity of D,

Dn (a7a) =a—=a

ul g

Dp_1 (b,f)=b—p

bo * : @ —> ¥
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D; is not FA for H*
[CDZ1987]

Models of BsLL
[e]e]e}

Conclusion

Coppo,Dezani&Zacchi's D% (or Norm):

Dy = {p.q} qg=1{p} —q p={q—p

Non-hyperimmunity of D7

P :{g} — Qopy1 = P
q={p} —>q
w Qop = (
p={q}—p
5 g(n) =1
—

Actually, D is fully abstract for H

Flavien BREUVART PPS Dissecting Denotational Semantics
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Previous works

[Hyl76,Wad76] Full abstraction of D, J

[Milner1977] Milner's theorem for PCF

There is a unique domain fully abstract for PCF
(continuous, extensional and up to iso.)

4

[Gouy1995] And for the pure A-calculus? (head reduction)

There exist many non-isomorphic models
fully abstract for H*

[Manzonetto2009] Sufficient condition

Any well-stratified model, i.e., st
Iflesr(lale) = 1F(a)lk  [flo(L) = [f(L)lo
is fully abstract for H*.

Flavien BREUVART PPS Dissecting Denotational Semantics 20 / 61
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The result

Theorem (Informal)
A K-model P is fully abstract for H* iff P is hyperimmune,

The actual theorem splits in two equivalent forms:

Theorem (semantic) Theorem (syntactic)
For any K-model P that For any K-model P that
e and is approximable: e and is sensible for A (py:
then P FA iff P hyperimmune. then P FA iff P hyperimmune.
w~> semantic proof w~> syntactic proof

Flavien BREUVART PPS Dissecting Denotational Semantics

21 /61



Characterization of H*
00000 000000000 0O0000e000 [e]e]e}

Semantic proof

Approximability of [[_]|
M) = [BTMims:= |J [T

TSBT(M)
T finite

Quasi-approximability of [[_]]
M) = [BTM)e:= |J [T

T<BT (M)
T quasi-finite

Key properties of quasi-finite bohm trees:
e closed by 2 and =,
e T < BT(M) and T quasi-finite imply T recursive.

Flavien BREUVART PPS Dissecting Denotational Semantics
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Semantic proof

quasi-approximation
[M]] = [BT(M)]qr

extensionality
M=,N = [[M]=[IN]

hyperimmunity full abstraction

[M]=[N] < M= N

approximation
[M] = [BT(M)]ing

Flavien BREUVART PPS Dissecting Denotational Semantics 23 /61
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The result

Theorem (Informal)
A K-model P is fully abstract for H* iff P is hyperimmune,

The actual theorem splits in two equivalent forms:

Theorem (semantic) Theorem (syntactic)
For any K-model P that For any K-model P that
e and is approximable: e and is sensible for A (py:
then P FA iff P hyperimmune. then P FA iff P hyperimmune.
w~> semantic proof w~> syntactic proof
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Syntactic proof
Sensibility for A, (p)
Va e P (M) < «ael[M]
[M]] #[[IN] = JaeP, ae[M]-[N] or conv.
> JaecP, 714(M)| and 7o(N)ft  or conv.
L9 AL (MDY and CNDE or conv.
— M #£4+ N

(#) By induction on 7,(M)| using:
Key lemma (M = A\x.x)

(AN, () is false for M = Ax.x) = P not hyperimmune

Proof: co-inductively construct («,), by unfolding 7., (N)1.

Flavien BREUVART PPS Dissecting Denotational Semantics
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My thesis

Characterising K-models
that are fully abstract for H*

P1 Ps
IIf i
P2 P4

Looking for models in order to:
e understand H* more deeply,
e develop new tools for FA.

Understanding BsLL
via models of LL

I
~_y AT
A
A
A
A

Dissecting models of LL in order to:
e model and understand BsLL,

e understand models of LL.

Flavien BREUVART PPS
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From semantics to syntax

L: linear category

L[!1,1] forms a left-semiring The slice L1

objects: (A, ¢) with

0= b=d Acl  del[A1]

= 11— nen 2 11— 1| morphisms: £,1[(A, ¢), (B, )]

A ¢
X 1
fgim 11— —L 1 —2 41 J>‘
B "

Theorem

The sliced category L)1 is a model of B, ;|LL:

1
o= A2y

Flavien BREUVART PPS Dissecting Denotational Semantics 27 / 61
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From syntax to semantics

L: linear category, S : semiring
&-Stratification of a model £ of LL Def epimorphism
() iLxS—>L 0a A= A ABBS ¢
—A¥BY% ¢

Such that:

@4, is an epimorphism, =

plus 6 commuting diagrams =1

Theorem
The S-stratification of a model of LL yields a model of BsLL

Applications in Rel, ScottL and Coh.
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From syntax to semantics

L: linear category, S : semiring
&-Stratification of a model £ of LL Def epimorphism
() iLxS—>L 0a A= A ABBS ¢
—A¥BY% ¢
Such that:
@4, is an epimorphism, =
plus 6 commuting diagrams | =1

Theorem

The S-stratification of a model of LL yields a model of BsLL

S-stratification of Rel iff [—] : & — P(N)
I < Jimplies [/T < [/,
el < 17+, {0} = [0s]),
o0V < [+, {1} = [1s1-
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Models of BsLL
ooe

From syntax to semantics and back

Category maximal interpretation internal semiring
L S—7 £['1,1]
Rel P(N) P(N)
Rel™® [CES10] P(R) P(R)
ScottL[Ehrl2] B, B,
CohN [Gir88] P(N) Ny
CohB [Gir8sg] P(B) B

Flavien BREUVART PPS

Dissecting Denotational Semantics
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Closing old problems and opening new ones

Characterising K-models
that are fully abstract for H*

P1 Ps
1l i
P2 Pa

Many side contributions:

e Theory of calculi with tests,

e Inequational = equational full
abst. in K-models,

e A new, more general, proof of
the approximation theorem

v

Understanding BsLL via
models of LL

allp

Many works in progress:
e A maximal stratification

e Toward dependent BsLL
o Effects and coeffects

e Classifying models of LL
e Splitting Semirings

e Distributing monads

Conclusion

Flavien BREUVART PPS

Dissecting Denotational Semantics

30 /61



Works in progress

Works in Progress

A maximal stratification Toward dependence
Another semiring emerging from A semantical study of resource
the stratification. dependence “a la BLL".

Effects and coeffects Classifying models of LL
Studying the interaction between Can we classify linear categories
effects and coeffects. with their internal semiring?

Splitting Semirings Distributing monads
The notion of semiring seems to Many linear cat. comes from a
be splittable into interacting linear | monadic distribution in Set. What
and non-linear versions. | links with coeffects? )

Flavien BREUVART PPS Dissecting Denotational Semantics 31 /61



Works in progress H* BsLL
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Dependence?

BsLL is weak as a logic
Not the case of BLL or D;,PCF which resources are dependent. J

AR B/ (7
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Not the case of BLL or D;,PCF which resources are dependent.

Abn BV o CF

e the elements of the “semiring” are dependent on some resource
context
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Dependence?

BsLL is weak as a logic
Not the case of BLL or D;,PCF which resources are dependent. J

A l_XZN Byfgx_oczs;x
Axs;l [ (Bys;x_oczs;x)x:él

Prom

e the elements of the “semiring” are dependent on some resource
context and exponentials can modify this context: they are binders,
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Dependence?

BsLL is weak as a logic
Not the case of BLL or D;,PCF which resources are dependent. J

Aban B " —oCr B"'—C**' - D
rom Der

Axfgl [ (Byf;x_oczf;x)xggl (By:;;x_oczsézx)xfgl '_ D

e the elements of the “semiring” are dependent on some resource
context and exponentials can modify this context: they are binders,

e derivation can perform global rewriting over formulas,
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Dependence?

BsLL is weak as a logic
Not the case of BLL or D;,PCF which resources are dependent. }

My M
A }_XZN By:féx_OCz:f:ix Byf’{\l;ocz?gl I* D
Prom Der

Ax<51 l_ (By{x_oczﬁx)xf{l (Byf’;x_oczf;x)xfél }_ D
Axf{l l_ D

Cut

e the elements of the “semiring” are dependent on some resource
context and exponentials can modify this context: they are binders,

e derivation can perform global rewriting over formulas,

e cut-elimination can perform global rewriting over proofs.
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Toward dependence

Co-classical U L[',1] v WY, e L[y, vI= U
u € L with €, p: Y . q
Ouyi=ly—1—>v lyyi=ly —u
! ! I+yvJ = !UL’!U®!UﬁU®VL>V
@u—"" sy Fowd o= Iy ——s gy — > 1y — L w
U acts on U,
If /' elh|u,v] and ceU[v,w], then [;relhfu,w]
A dependent B5LL?
A A L B rAC/C'+, B
Prom er
A]_II.J, . .An/,,-J l_v BJ r, Al-L l_v B
where J € L[!u,v] and o € L[u, v]
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Definition of K-models

Extensional K-model [Krivine 1993]:
A preorder (D, <) with a bijection “—" from A¢(D)°"x D to D.

Antichains Order on antichains
Af(D) are finite antichains The order < on D extends to
over D, i.e. a€ Af(D) if: A¢(D) by a < b iff:
Va,fea, a<£p Vaega, 16eb, a < f

We can replace A¢(D) by Pr(D), M¢(D) or intersections
Sub-class of filter models.
Contain historical models: Dy, Py, DX ...
Contain all well-stratified filter models.

Flavien BREUVART PPS Dissecting Denotational Semantics
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K-models are the reflexive elements of ScottL,

A model of linear logic: ScottL [Ehrhard2012]
Objects: Posets Morphisms: linear fct. Z(D) — Z(P)
Exponential: Finite antichains !D = A¢(D)

Z(D) represents the complete lattice of initial segments over D
a function is said linear if it preserves every sups

The Kleisli category: Scottl,
Objects: Posets Morphisms: continuous fct. Z(D) — Z(P)
Identities: 1p = idz(p
Composition: the function composition
Cartesian product: &, , D; := {(i,a)|ie l,a € Ap}
Exponential object: A= B = A;(A)°" x B
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Examples (well-stratified)

Reminder on well-stratification:

It is the approximation by projections (|.|x)keN S-t.

[l (i) = £ (%) [flo(L) = [f(L)lo

(Equivalent presentation of) Well-stratified K-models:

They are extensional completions of (where o is a permutations)

U= A Vae A, a=J — o(a)

Well-stratified models

The completion preserves are hyperimmune

hyperlmmunlty forall &y e Aand g : N — N,

A completion E is hyperimmune o =J— - —>F—o"(ar)
iff E is.

Flavien BREUVART PPS Dissecting Denotational Semantics
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Our main result

Theorem

For any extensional K-models D, the following are equivalent when D
respects approximation theorem:

D is hyperimmune,
D is inequationally fully abstract for H*,
D is fully abstract for H*.
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Semantic proof:

Bohm trees

Definition of the Bohm tree BT (M) of a term M

BT is a coinductive structure defined by:

If M head diverges, BT (M) = Q,
if M —% Axq..xp.y Ni--- Ni then

BT (M) = Axy...xp.y BT(Ny) - BT(Ng).

Example: BT (J xo)

)\Xl.Xo o

)\XQ X1 .

)\X3.X2 o

J = Y(Auxy.x(uy))

vy

Flavien BREUVART PPS Dissecting Denotational Semantics
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N
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Q
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Approximant

Definition of the approximation M Sgr N
M is an approximant of N if BT (M) is a subtree of BT (/) with
truncated edges replaced by Q's. It if the largest relation st.:
Qc Vforall V
If for all i < k, U; € V;, then
(Mg xpy Up - Uk) S (Axqeexpy Vi-o- V).

Example Y (Auxy.x(uy)Q) <gr Y (Auxy.x(uy)(Jx))

)\XOX1.X0 o o )\XOX1.X0 o o
I I ~—

AXo.X1 . \ Q = AXo.X1 . . )\_yl.Xl o
I I ~— ~

)\X3.X2 .. Q >\X3.X2 .. )\yl.XQ . )\yg.yl .
2 Q L T ~ . >~

Flavien BREUVART PPS Dissecting Denotational Semantics
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noo-order

Definition of the order <,
We said M <, N if BT(N) is the result of infinitely many 7-expansions
on BT(M). Or co-inductively M <, N if:
either M and N diverges,

or N =¥ Axy..xp.y Ni--- N and there is
AX1...Xp.y My - My >, M such that N; <, M; for all i < k.

Example: | <,0 J <300 Y (Auxyz.x (uy) (uz))

/

)\Xo.X() )\XOX1.X0 ° )\X()lel.Xo o o
I I —~
ﬁnoo )\X2.X1 ° ﬁnao )\X2y2.X1 o o )\y222.y1 o o
I I —~ N .
/\X3.X2 5 )\X3y3.X2 .. )\y323.y2 L]

Flavien BREUVART PPS Dissecting Denotational Semantics
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Full abstraction and noo-order

Theorem [Barendregt]
M =, N iff they are noo-bounded.

)\X()Xl X0 -

)\X2.X]_ o

)\X3.X2 0

Example: J =, Y (Auxyz.x y (uz))

)\X()lel.Xo o o )\X()lel.X() X1 .

I > I

=<nwo AX2.X1 . AXpY2.X1 X2 . Znoo AXoY2.X1 X .

)\X3.X2 o )\X3y3.X2 X3 )\X3y3.X2 X3 .

Flavien BREUVART

PPS

Dissecting Denotational Semantics

41/ 61



H*
[e]e]e} 00000000 e000000 000000000000

Semantic proof: quasi-approximation

A — Al — D
BT [
BT
Several interpretations of BTs Quasi-finite BTs

finite/inductive one: Vg M =V recursive,

[UTing = U v stable by 2 and =,,.

\Y=r3V}
Diagram

coninductive one,

quasi-finite one: If + = ind ~~> approximation,

[[U]]ind o= U [[V]]coind- If

VeLU x = gf v quasi-approximation,

v

Flavien BREUVART PPS Dissecting Denotational Semantics
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A (p): amodel-specific language

N LI _— D
< I
A+ ()
M. (p) extends A with elements of D

We add the operators €,, 7,(Q) and 7,(M) for all « € D

We have some control over Full abstraction
the assertion a € [[M]| via deffinissability
Upto the approxiation theorem, Upto the approxiation theorem,

D co-defines all prime algebraic D is fully abstract for A, (p)
elements: by defining all prime algebraic:
«(M)| < ac[M] Va e D, [€n] =! «

Flavien BREUVART PPS Dissecting Denotational Semantics
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Syntax of tests

2 syntactic kinds

(term) M, N:=x|[MxM|MN| >, 7 (Q) V()€ D"

(test) P,Q =2, Pil Ili<,Pi | 7a(M) ,Vaue D

Polarised view: tests are processes

To(M) =~ M=a To(Q)xm =~ Q-(axm)

Reduction strategy (extending head reduction)

7(M): infinite application, T(Q): infinite abstraction,
Y ;E;: may non-determinism, I1;Q;: must non-determinism.
v
Flavien BREUVART PPS Dissecting Denotational Semantics
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Tests and typing

Type inference procedural for — w: 2

Fw:2 )
Reduction of 7»(w) Notations
() w = AX.X X
7o (w
’ D is the completion
on N with
n=1[0,n[—0
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Tests and typing

Type inference procedural for — w: 2

x:{0,1} - xx:0
Fw:2

2={0,1}—-0

Reduction of 7 (w) Notations

W= AX.X X

(@) - TO(E{O’I} E{O’l}) D is the completion

on N with
n=1[0,n[—0
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Tests and typing
Type inference procedural for + w : 2

x" {0}, x:{0,1} - x’ x: 0 x' {1}, x:{0,1} - x' x: 0

01 0 Choice

x : {0, X X : B .

——— 2=1{0,1}—-0 |
Notations

Reduction of 7>(w)
w = AX.X X

T2(w) — 70(€f0,1} €f0,1})

— 7'0(50 E{OJ}) + 7'0(51 E{0,1})

D is the completion
on N with
n=1[0,n[—0
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Tests and typing

Type inference procedural for + w : 2

x:{0,1} - x:0 0<0

1=0—
x" {0}, x:{0,1} - x" x: 0 x {1}, x:{0,1} - x" x: 0 00
Choice
x:{0,1} - xx:0
2= 1}—
Fw:?2 {0,1}-0 |
Reduction of 7 (w) Notations
() @ _ ) W= AX.X X
T (w) — 10(E €
? ° _{O’_l} 0.1} o D is the completion
= 70(80 Eo,13) + 70(& Eo,13) on N with
— 70(80 €0,13)+70(To(T0(€(0,13))) n=[0,n—0
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Tests and typing

Type inference procedural for + w : 2

x:{0,1} - x:0 0<0

T
x" {0}, x:{0,1} - x" x: 0 x {1}, x:{0,1} - x" x: 0 00
Choice
x:{0,1} - xx:0
2= 1}—
Fw:?2 {0,130 |
Reduction of 7 (w) Notations

W= AX.X X

n(w) — TO( €1} €0, 1}) o D is the completion
70(€0 6{0 1}) + 1o(€1 €{o, 1}) on N with
— 70(80 €0,13)+70(To(T0(€(0,13))) =[0,n[—0
— 70(&

1

€ €10,13)+70(€g0,13)
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Tests and typing

Type inference procedural for + w : 2

x:{0,1} —x:0 0<0

1=0—
x {0}, x:{0,1} - x’ x: 0 x' {1}, x:{0,1} - x' x: 0 00
Choice
x:{0,1} Fx x:0
o0 2 ={0,1}—0 ]
Reduction of 7 (w) Notations
_ W = AX.X X
m2w) = 1oy Eo) o D is the completion
= 70(& Eon) + 7@ Eouy) on N with
— 70(&0 €0,13)+70(To(70(€0,1}))) n=[0,n[—0
— 70(€0 €0,1})+70(€0,1})
— /o( €0 (_01}>+€
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Infinite derivation

x:pJx:p

Notations
J=Y (Quxy.x (uy)),
Y is a fixpoint.

eg., Y =
(A\gf.f (gef))(\ef.f (ggf))

Flavien BREUVART PPS Dissecting Denotational Semantics

Model: D}
Completion of {p, g} with:

p={q}—p
q={p}—q
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Infinite derivation

(&) =F p(\y.& (J y))

x:pkAyxJy):p

Jx—=FAyx (Jy)

x:pHJx:p

Notations Model: D}
J=Y (Auxy.x (uy)), Completion of {p, g} with:
Y is a fixpoint.
eg., Y = p={q}—p
(Agf.f (gef))(Aef -f (ggf)) q={p}—q
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Infinite derivation

(J &) —F (A& (J y))

— 7p(€p (J &)
x:py:gkxJy):p

x:pkEAyx (Jy):p

p=q—p
Jx—>FAyx(Jy)

x:p=Jx:p

Notations Model: D}
J=Y (Auxy.x (uy)), Completion of {p, g} with:
Y is a fixpoint.
eg., Y = p={q}—p
(Agf.f (gef))(Aef-f (ggf)) q={p}—q
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Infinite derivation

(J &) —=F (A& (Jy))
Y:.qI—J-y:q Jplépp:q_,p — 7,8 (J &))
xipyiabx(Jy):p p=qg—p - Tp(%p(Tq(J gq)))
x:pkEAyx(Jy):p

Jx—FAyx (J
x:pJx:p x—=h Ayx (Jy)

Notations Model: D}
J=Y (Quxy.x (uy)),
Y is a fixpoint.

Completion of {p, g} with:

eg, Y= p={qt—p
(Agf . (gaf))(Aef - (ggf)) q={p}—q
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Infinite derivation

7(J &) =" ,(\y.& (Jy))
y:gJy:q pépp:q_)p —>TP(EP(JEq))
x:ip,y:q=x(Jy):p

Y Uy p=qg—p - Tp(%p(Tq(J gq)))
X:p yxJy):p o r )z
x:pJdx:p Ix =i Ayx () aJ &)
Notations Model: D}

J=Y (Auxy.x (uy)), Completion of {p, g} with:

Y is a fixpoint.

eg., Y = p={q}—p

(Agf.f (gef))(Aef-f (ggf)) q={p}—q
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Infinite derivation

(&) =" (A& (J y))

y:qkJy:q p

Cx U )g P p=q—p = Tp(& (J &)
X : X : - _
p[;yl— z U ))/ pp p=qg—p = 7p(Tp(1q(J &)))
X : yx (Jy): " i (JE
x:pJx:p Ix =i dyx(Jy) alJ &)
Notations Model: D}
J=Y (Auxy.x (uy)), Completion of {p, g} with:
Y is a fixpoint.
eg., Y = p={q}—p
(Agf.f (gef))(Aef-f (ggf)) q={p}—q
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Procedural of 7, (M)

MN-=-M: «
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Procedural of 7, (M)

M= Axqo.xp.x Np-- - Npy, -«
M- M:«

Flavien BREUVART PPS Dissecting Denotational Semantics
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Procedural of 7, (M)

M= A xnXe Ny -~ Ny i a1 — - - —a,—ao
M= Axqpeoxp.xe Ny Ny @«
M= M: «

a=a— - —a,—a

M =¥ Ax1...xn.xk Ni- - N
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Procedural of 7, (M)

M= xe Ny--- Ny 2 o
M= Mg XnXe Ny -~ Ny i a1 — - - —ap—a
M= Axqo.xpxx Np-- - Ny, » «

N M: «

F’ = (F, (X,' . a,-),-)
a=a—- - —a,—a

M —>Z‘ AX1... XXk N1+ Ny,
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Procedural of 7, (M)

I.x, B x Ny-o- Ny o
M= xe Np-o- Ny s o
M= Axqo..xpxe Np--- N, - a1— -+ - —a,—«
M= Axqpeoxp.xe Ny Ny @«
M= M: «

EI,Beak

I" = (I', (X,' . a,-),-)
a=a— - —a,—a

M =¥ Axq...xp.xk Ni-- Ny

/
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Procedural of 7, (M)

M,x, :by— - —bp—f = x, Ny Ny o
Mox, B x Np-o- Ny o
M= Ny Ny o
T M. Xpxe Np--- Ny a1— -+ —a,—a
M= Axoo.xpx Np-- - Npy, -«
NrN-=M:a«a

ﬁ = b1—--- ~>bm—>ﬁ/

48 € ax

F’ = (F, (X,' . a,-),')
a=a— - —a,—a
M —>,’f AX1... XXk N1+ Npy,
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Procedural of 7, (M)

F’I—N,-:y,- a’éﬁ’
M, x,:b1—- —bp—f Fx, Ny Ny o
Mox, B x Npoo- Nyt o
Me=xe Ny--- Ny o
M= Axqo..xpxe Np--- N, - 21— - —a,—a
M= Axqeoxpxe Np--- Ny @«
M= M:a«a

Vi, V’V,‘ € b,’

Hﬁeak

F’ = (F, (X,' . a,—),—)

’
Q= a;— - —ap—oQ

/

M =¥ Axq.o.xp.xic Ny Niy
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Procedural of 7, (M)

e Ny o <p
M x, :by— - —bn—f = x Ny Ny o
Mox, B x Ny-o Ny o
M= Ny Ny o
T XXX Np--- Ny a1— -+ —a,—a
M= Axgoo.xpxe Np-- - Npy, -«
NrN-=M:a«a

Vi,V’yi € b,'
[‘3 = b1~> ‘e Hbmaﬁ/

48 € ax

F’ = (F, (X,' . a,-),-)

a=a— - —a,—a

M —>,’f AX1... XXk N1+ Npy,
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Procedural of 7, (M)

TENcy o' <f

M x, :by— - —bn—f = x Ny Ny o

Mox, B x Ny-o Ny o
M= Ny Ny o

M= Ax1o.xp.x Ny---Np, - a1— - —a,—>a

M= Axgeoxpxe Ny Ny @«

Vi,V’yi € b,'
ﬁ = b1~> ‘e *)bm%/@/

48 € ax

F’ = (F, (X,‘ . a,-);)
a=a— - —a,—a

M —>,”: AX1... XXk N1+ Npy,

/

N-M:«a
4 possible failures Consistence N+ (D)
M diverges This procedlrjre succeeds | The A-calculus with
a = iff a e [M]] D-tests internalizes this
duction:
O/ $ B/ b i . re
y the approximation
infinite derivation theorem's hypothesis T = @ &[]
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Bohm trees and tests

Typing of = J : u—p Completion of {x, u}

® = (% W= {*}—)*

Derivation of 7,,_,,,(J)

Tu—pu(J)

FJ:u—p

Bohm tree

P

v
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Bohm trees and tests

Typing of = J : u—p Completion of {x, u}

* = (% W= {*}—)*

Derivation of 7,,_,,,(J)

Ty () =% 700, (Mxy.x (J y))
FAxy.x (Jy): p—p
HJ:p—p

Bohm tree

(Axy.x (J y)r .

v
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Bohm trees and tests

Typing of - J : p—p

X,y ek x (Jy):«
EAxyx (Jy):p—p
FJ:u—p

Bohm tree

Axty*.(x (4 y))*.

v
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Completion of {x, u}

* = (% W= {*}—)*

Derivation of 7,,_,,,(J)

Ty () =% 700, (Mxy.x (J y))

—? T (€ (J &))

48 / 61



H*

0000000000000 0e

BsLL

000000000000

Bohm trees and tests

Typing of - J : p—p

yixbJy: % < x
X,y ik x (Jy): =
FAxy.x (Jy): p—p

EJ:u—p

Bohm tree

AxPy* xt (J y)* .

4
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* = (% W= {*}—)*

Derivation of 7, ,,(J)

Tuopu(J) =% 700, (Mxy.x (J y))
—? T*(Eu (J &))

= T (Te (T (J &)))

48 / 61



H*

0000000000000 0e

BsLL

000000000000

Bohm trees and tests

Typing of - J : p—p

yixbJy: % * < *
X,y ik x (Jy): =
FAxy.x (Jy): p—p

EJ:u—p

Bohm tree

AxPy* xt (J y)* .

4
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Completion of {x, u}

* = (% W= {*}—)*

Derivation of 7, ,,(J)

Tuopu(J) =% 700, (Mxy.x (J y))
—? T*(Eu (J &))
— Ty (T (7 (J &)))

— Ty (J Ex)
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Bohm trees and tests

Typing of - J : p—p

yiskAzy (Jz): =
yixbJy: = < %
Xy # b x (Jy):
FAxyx (Jy): p—p
FJ:u—p

Bohm tree
AxPy® xt .

|
(Azy (4 2))*

v
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Completion of {x, u}

® = (% w= {*}—)*

Derivation of 7, ,,(J)

Tuopu () =% 705, (Mxy.x (J y))
—? T (€u (J &)
— T (T (74 (J €4)))
— Ty (J Ex)

—>* T (A\V.€, ()
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Bohm trees and tests

Typing of - J : p—p

yixz: By (Jz): =
yixbAzy (Jz):=
yixbJy: = * < *
X,y kb x (Jy): =
EAxyx (Jy):p—p
FJ:u—p

Bohm tree

AxPy® xt .
|
A9 (y (J 2))*

v
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Completion of {x, u}

* = —>x w={x}—>=

Derivation of 7,_,,(J)

Tuou(d) =" Ty (Axyx (J y))
—? T (€ (J &)
— T (T (T2 (J &)))
— Ty (J &)
—* T*()\y.E* (Jy))
— 7. (€x (JQ))
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Bohm trees and tests

Typing of - J : p—p

* < %
yi#z: Gy (Jz): =
yixkAzy (Jz):=
yixkJy:x * < %
Xy x (Jy): =
FAxyx (Jy): p—p
HJ:pu—p

Bohm tree
Axty® xt .

A9 .y* (J z)?

v
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Completion of {x, u}

* = —>x w={x}—>=

Derivation of 7,_,,(J)

Tuou(d) =" Ty (Axyx (J y))
—? Tw(€u (J &)
— T (T (T2 (J €)))
— 7y (J Ex)
—* T*()\y.E* (Jy))
— 7. (€x (JQ))

— Ty (€x)
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Bohm trees and tests

Typing of - J : p—p

* < %
yixz: @y (Jz): =
yixkAzy (Jz):=
yixbJy: = < %
X,y ik x (Jy): =
EAxyx (Jy):p—p
FJ:u—p

Bohm tree

AxPy® xt .
|

A9 y* (J 2)?

v
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Completion of {x, u}

* = —>x w={x}—>=

Derivation of 7,_,,(J)

Ty (d) =% Ty Ay x (J y))
—? Tu(€u (J &)
= Toe (T (T2 (J &)))
— 7y (J &)
—* T*()\y.E* (Jy))
— 7. (€x (JQ))
— Ty (€x)

— €
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Bohm trees and tests

Typing of - J : p—p

* < %
yixz: @y (Jz): =
yixkAzy (Jz):=
yixbJy: = < %
X,y ik x (Jy): =
EAxyx (Jy):p—p
FJ:u—p

Bohm tree
AxFy® xH .

Az9 y* Q9

v

Flavien BREUVART PPS Dissecting Denotational Semantics

Completion of {x, u}

* = —>x w={x}—>=

Derivation of 7,_,,(J)

Ty (d) =% Ty Ay x (J y))
—? Tu(€u (J &)
= Toe (T (T2 (J &)))
— 7y (J &)
—* T*()\y.E* (Jy))
— 7. (€x (JQ))
— Ty (€x)

— €

48 / 61



BsLL

[e]e]e} 000000000000 000 900000000000

Formalisation of BsLL

Ordered semiring (S|, +,0, %, 1, <) Examples
+ and # are associative (Bool, v, ff, n, tt, {f<tt})
+ is commutative and distribute overs | (N, +n,On;, *N, Iny <n)
0 is neutral for + and 1 is neutral for = ‘
lax-semiring

+ and * are monotone for <.

We can relax:
(I+J)K <

(I-K) +(J-K)

v

Formulas and Sequents I' - A
(types) A,B,C:=a|A®B|A-B|A

I Al
M- B Voak NA-B o MASA

rA-B FA B Y
LAY AL LA/ B

Al A B rA' B

VieS

B

Contr

J=1

J—Prom
A A L BY rA B

SwlL
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Brunel&al’s categorical semantic

Ordered semiring & as a bimonoidal category
The preordered dual category:

Objects: /, J, K e S Morphisms: S|[/. J| singleton if | = J

The sum and product are two monoidal products

Bounded exponential situation

a symmetric monoidal category (model of IMLL) (A, ®, —,1),
a bifunctor: (L) : A xS > A
6 natural transformations:

p A — (Al d A — A
A = AxA w A =1
m':A/®B’=>(A®B)’ n:1=—1

plus 20 commutative diagrams.
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Stratification diagrams

da WA mg

IA— A 1A 1 1——— 11
Oa1 24 240 Ow fm ]
Al —— A AO _1 1] — 1/
d’'a WA m'y

A~ 1A A" IAQIA  IA®!B . I(A®B)

J!(JA.U
AL, op |(AI) Car+d @c e®e e Om Ca®B,1

JL)A/AJ

AI~J i) AIJ AI+J M) AI ® BJ AI ® B;n/i:’J(A® B)I

(d',p',w,c’ and m’ are uniquely determined)
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An example of required diagram

a® nat o® oF j oc o
m@ m-——
e AN
©®0)®(e®e) om®0om b0
e U

m ®m
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Stratifications

Stratifications of the reational model with the free exponential:
Semiring interpretation Rel : a model of BsLL
[-1:S — P(N) (given [-] : S — P(N))
I < Jimplies [/T < [/], Bounded exponential:
Al = {[a1,....,an] € M¢(A) | ne [J]}
(el <+, {0} [os] : ,

epi transformation:

TTOr/Q < =1, {1} <ts]- Oa={(u,u)|ue A}

v

Stratifications of the reational model with the non-free exponentials:

Semiring interpretation Rel? : a model of BsLL
[-1:S— P(R) J (given [-]] : S - P(R)) J

Surprising emergence of (lax-)semirings
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The model Rel of LL
The category Rel : a model of IMLL
Objects: Sets Morphisms: Relations
Exponential: |A = M¢(A)
Semiring interpretation Rel : a model of BsLL
[-1:S5 — P(N) (given [-] : S = P(N))
I < Jimplies [[/] < [/, Bounded exponential:

Al={[a1,.....,an] € Mf(A) | ne [[J
[el/1<l/+/, {0}<osl, d epi tran]sformfa(tic2n|: l

[melaQe =1, {1tc [[1:]] 2sa={(u,u)|ue A}

=
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The model Rel of LL
The category Rel : a model of IMLL
Objects: Sets Morphisms: Relations
Exponential: A = M¢(A) )
Semiring interpretation Rel : a model of BsLL
[-1:S5 — P(N) (given [-] : S = P(N))
I < Jimplies [/T < [/], Bounded exponential:
Al = {[a1, ..., an] € M¢(A) | ne [J]}
[el/1<l/+/, {0}<osl, epi transformation:
I1eoM/acs =/, {1}c [[15;]]. 2sa={(u,u)|ue A}

Exemples of semiring interpretations
(Bool, fi<tt) | [F]:=1{0}, [tt]:=N || AT = {[} Af=1A

(Bool.id) | [7] = {0}, [l = [Loo | A" — {0} | A"=1A—{}
(N, id) [~] := {n} A" = {[a1, ..., an]}
(N, <n) [7] := [0, n] A" ={[a1,...,am] | m < n}
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The model Rel” of LL [Carraro&Al]

Multiplicity semiring R Rel? : a model of ILL
A semiring with coalgebraic Exponential: |A = R(A)

constraints (ass.oc.iativity of the set of finitely supported
additive splitting...) functions from A to R.

(It is a generalization of RelN since M¢(A) = N¢(A>.)
Interpretation [—]| : S — P(R)

Similar to the Universal interpretation
interpretation in P(N). []:8 — P(M¢(Ss))

<

Rel? : a model of BgLL
Bounded exponential: A’ = {ue R(A) | L.cau(a) e [[J]}

epimorphism: ¢, 4 = {(u,u) | ue A’}
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Examples and interest

Counting resources

N: if t : A”—oU then a CbNAM on (t s) will evaluate at most n
times the program s.
Poly: if t is typable then (t s) has a polynomial head reduction on the
size on s.
R*: if t : A’—U then the expected value over the number of
evaluations of s in the execution of (t s) is at most r (in presence
of probabilistic operations).

A more complicated example: Ghica&Smith's
[— - — ] — | S I
[ — o [— — = | — —

This computes the sequentially of an execution (with scheduling op).
A term t : Al======]_oB will use its argument two times: once during
the first third of the execution time and once during the last third.
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The operations @ and ©

The cs-semiring P(N)

p®qg={m+n|Vmep, Yne q}
pOG={n+..+ny|Ymep, Vni,...,nm € q}

Not a full semiring

({1@{l}) 0{1,2} = (2,4}, ({}o{1,2})® ({1}O{1,2}) = {2,3,4} |

The cs-semiring P(R)

a®B:={p+qg|pea,qge b},

h h
aGﬁ:: {ZPI‘Qi|h>0,ZQi€5>Vi<haPi€a

i=1 i=1

h
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Multiplicity [Carraro&Al]

A semiring R has multiplicities if
(MS1) it is positive: p+gq=0 = p=qg=0
(MS2) it is discreet: p+g=1 = p=0orqg=0
(MS3) it has additive splitting properties.
p1+q1 = po+q = I(rij)i<ij<2, Pi = fi+ri, qj = rj+n;.
(MS4) it has multiplicative k-ary splitting property:
qutq =1rp =3k, 11, .., M, PL1s oo PLks P2,15 05 P2,k

r=>1n, =Y 6pij, Vi <kp=pLitp,

i<k i<k )
Examples R morally behave like N
N M¢(M) R contain N as sub semiring
N PO/Y/(X2:0) The sum in R is the one of N
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Multiplicity [Carraro&Al]

(MS3)

o ll/\j-
(MS4)

B &

u

= l
@ @
n n

> %'EE
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The model Rel” of LL [Carraro&Al]

Definition of R¢(A)
Given a semiring R and a set A, the space of functions f : A — R of
finite support is denoted R¢(A). It is a semimodule over R with:
A commutative sum: (f+g)(x) = f(x)+g(x)
An external product: (/-f)(x) = I-f(x)

Rel*® : a model of MELL
Exponential: A = R¢(A)

Sp=1{(u, V)| VelA u=S,aaV(v)v) cr={([1-a],a) | a€ A}
={(u,(v,w) |u=vtwelA} wa={([],%)} n={([J=])JeR}

map ={((u,v),w) | Va,u(a) = Xpepw(a, b), Vb, v(b) = Lcaw(a, b)} )
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