















































































Gradient Descent Neural Networks

A Categorical Approach

Gradient Descent

Categorical model Para Optic

Naïve Neural Networks

Categorical NeuralNetworks

Training YourNetwork

Following Fong, Spivak, Tuyéras, Capucci, Gavranović, Hedges, Rischel … 


















































































Gradient descent algorithm to find local minima
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GD for Function Approximation
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1 A shape of funotin
2ⁿᵈ

degree polynomial

Papapire pa peu p
n

2 An error distance function

elayl fln.gl
Total error E p a b 1

p
al b

3 A step E 0


















































































Get

1 An update function

U
p

a b
p Etp Elp a b

2 A request function
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Instead of a
map R R we have

2 R R

U 2 RYR 23

r 2 Rx R R


















































































Categorical Model

Definition Let l be a category with productsand
terminal

he category Paratel has

Objects same as C

Morphisms A Pls B

pairs Ptoble Px A B

identities 11A B
P B 918 C

Composition
QXP goQxl

Q XP A Q Q B 8 C


















































































Definition Let l be a category with

he category Opticle has

Objects pains F table
Morphisms Ps are classes oftriples

Mtoble f A B M g
B M A

A u B

Optic ellh.lk
Mtoblel À

JE A MxBIxe MBIA
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Paramétrised
Optics Para Optic

e has

objects ob e

morphism A I c R
P
A B
À K

v B
Q


















































































Def Smooth has ob Smooth 11

Smooth n m C R Rm
n X m n t m

harem Fong Spivak Tuyères Given a

step E and an error function e there is

a Gradient Descent functor

GD Para Smooth Para Optic
Smooth

E C
such that


















































































GD A AA

GD API B Ê f is representedby

I PA B
A K
P c

k U B

LÀ
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n our Example

papyp.pe patpa p
i13Is1EParalSmooth
GDgel1 311,1
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Reparametrisation

Sara e is in fact a 2 category with

2 cells A Pil B PxA B
r A 0

A Pil B P XA f
P Q

n Para Optic

Î E p à
A à B
A x v B

111 1 1


































































Generalisation ofGD using Differential Categories

Def A Cartesian Differential Category is a cartesian

leftadditi.ve CategoryCepippedwitha differential

combinator A l B satisfying

AXA Dl B

u l m

Example SMOOTH with D
mtn Dl m

a

g Dafly
Remember Npab E T.Elp.a.tl


































































Generalisation ofGD using DifferentialCategories

Def A Reverse Differential Category is a cartesian

leftadditi.ve CategoryCepippedwitha differential

combinator A l B R satisfying

Ax Rl B

Example SMOOTH with l
mp

ntm Rf n

E y Aflᵗ y


































































he crem Cockett Cruttwell Gallagher Lemay MacAdamPlotkinPrenk

or
any

2D.CC there is a functor

L C optic
e such that

L A AA and

A f Al B
L A B

A R f3 B

GD Para L


































































aire Neural Networks

Ex I want to
go
to London if

a The plane ticket is cheap enough

b Theweather is good enough

price ofticket
decision to

go
on not

weather quality 0


































































1 Set weights w importance of cheapness

W importance ofweather

2 Set a bias I'll go if Wittwer β
3 Choose an activation function o e

g f g

21 Wr 3

0 6 wie wir β
wz

1 LayeredNeuralNetwork


































































Composing Neural Networks

want to fly my kite
a If I can find it
b If theweather is good

but if I go to London I maybe too busy
proba ofgoingtoLondon

puce ofticket
w proba offlying

w pif
alite

weatherputty Wh

proba of finding my
hire


































































Categorical Neural Networks

Def The category PROP NNE has

objects

morphism m n freely generated by P
Cm m

8i

no Ém
n'o Ok 46 ok kg 0m

fmerphismigeret1 layeredmorphism
n m

n m
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Prof Fong Spivak Tuyéras
Given S R R

there is a functor

1 NNE Para Smooth such that

n m and for n m

I CI n m'Ism with

I R R SIR

fujiljike βj'jeansKilian offijiait
jem


































































erminology Fong Spivak Tuyères Given 6 E e

G eo NNET Para Optic Smooth

is deep learning The resulting request function

is deep dreaming


































































TrainingYour
Network

Go toLondon example

price ofticket 0 Wi β
probability ofpurchasing

ticketsweather
quality O we

a Pick a starting guess for we we β

b Train your network using
a data set

conditions outcome e
g

ticket was 80 weather was meh didnotpurchase


































































For each sample data compute

U ur W β
conditions outcome new We We β

so

At the end

I we we β
conditions

predicts thedecision


































































Example Image recognition
Aim Recognise hand drawn digits in b w

4096 64 64 pixels images

1 Encoding images a
1124096

2 First Layers recognisesmall edges

un O w

ne 0 we Br

i appears

4096
4096


































































3 Train your
network with sample date

5 mostly yes
1

4 Repeat for many edges toget firstloyer

k
appears

Y
appears

appears

4096 appears


































































5 Second loyers third layers more complexshapes

appears appears
appears 1 appears
appears appears

appears appears

6 inal Layer

probability thatitisa 0

probability thatitisa 1

probability thatitisa 9


































































What does r do
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This is definitely

r w β an 8

8

Image Generation
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