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General motivations/philosophy

General subject:
Denotational semantics of untype A-calculus.

Why looking at denotational semantics for untyped \-calculus?

For Most People: For Me:
To show denotational semantics Fo-cateh-al-Seottemons:
efficiency to treat functional To perform a limitation annalysis
programming related problems. on our models and technics.

Ultimate objective:
Understand realisability /reducibility at a deeper level.
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Flavien BREUVART

A map of the land of A-models

In this talk we only consider extensional
models

Extensionality:
[Ax.M x] = [M]

(In this work, extensionality is used only
as an arbitrary constraint forcing more
structure to the models.)

Key:
(O : set of models
respecting some property

extensional

LIPN
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Flavien BREUVART

A map of the land of A-models

extensional

Sensibility:
M, N head diverges = [M] = [N]

The most fundamental and least under-
stood property of A-models.

(warning:  there is sensible non-
extensional models, but we are not con-
sidering them in this talk.)

Key:
(O : set of models
respecting some property
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Flavien BREUVART

LIPN

extensional

A map of the land of A-models

BT, or adequat for Bohm Trees :
BT(M) = BT(N) = [M] = [N]

where BT(M) is the set of Bohm ap-
proximants of M

(given by the application-free trunca-
tures of reducts from M)

Key:
(O : set of models
respecting some property
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A map of the land of A-models

corresponding to specific A-theory
TEM=N < [M]=[N]

A-theory: Congruence on lambda terms
respecting (8

e.g.: H™ and H*, the coarsest and lean-
est extensional BT theories

There is infinitly many non-isomorphic
models coresponding to the same A-
theory

Key:
(O : set of models
respecting some property

extensional
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A map of the land of A-models

Some examples of known models

Scott's D, : first model proven fuly ab-
stract for H*

CDZ's D%, : first model proven fuly ab-
stract for H*

Park's P, : standard example of non-
sensible model.

Park's Z, : a coinductive model we will
come back to.

Key:
(O : set of models
respecting some property

P ® e : Particular models

extensional
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A map of the land of A-models

Question 1:
Where are situated the models that we
have been studied ?

Our Answer: All studied models so
far fall in two categories, approximable
models and non-sensible models ob-
tained by forcing.

approximable

He©

(The second are left out, but they are
very interesting, in marticular tey can
equate easy terms)

Key:
(O : set of models
respecting some property

PO e : Particular models

. : models we know a bit
extensional
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A map of the land of A-models

Approximability
(or approximation theorem):

vi= U [

teBT(M)

approximable

Notice that approximable implies BT,
but, a priori, BT does not imply approx-
imable

BT, or adequat for Bohm Trees :
BT(M) = BT(N) = [M] =[N]

Key:
(O : set of models
respecting some property

PO e : Particular models

. : models we know a bit
extensional
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A map of the land of A-models

Question 2:
Why did we not find any sensible but
non approximable model ?

Our Answer: Because standard proofs
of sensiblility can be extended to proof
of approximability.

approximable

Z..®
(We will see that approximability cor-
responds to sensibility of an extension
of the A-calculus called A-calculus with
tests.)

Key:
(O : set of models

respecting some property
P ® e : Particular models

. : models we know a bit
extensional
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A map of the land of A-models

An other argument is that approximable
models are easier to deal with

[B.14] Characterization of approximable

approximable H* models

[B,Manzoneto,Polonsky,Ruopulo.16]
Characterization of approximable H™
models

He©

Key:
(O : set of models
respecting some property

PO e : Particular models

. : models we know a bit
extensional

— : limit we can characterize
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A map of the land of A-models

Question 3: Is there any sensible non-
approximable models 7

(This question only make sens for a par-

approximable ticular class of models.)

Previous answer :

e Relational models are all approximable
e Kerth gave a non BT model conjec-
tured sensible.

He©

Key:
(O : set of models
respecting some property

e : Particular models

. : models we know a bit
extensional

— : limit we can characterize
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A map of the land of A-models

Our answer (not in the paper)

Non well founded approximable models:
An extension of previous proofs but still
working on approximable models.

approximable

A non-approximable sensible model:
U is proven non approximable and sen-
sible, it may even be H*.

He©

Key:
(O : set of models
respecting some property

e : Particular models

. : models we know a bit
extensional

— : limit we can characterize
Flavien BREUVART LIPN Refining Properties of Filter Models: 3/6



Flavien BREUVART LIPN Refining Properties of Filter Models: 4/6



Flavien BREUVART

LIPN

Our Subject: Realisability
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Models of pure A-calculus

model of (pure) A-calculus

Model for typed A-calculus: Cartesian closed category (D = E).

Model for pure A-calculus: reflexive object in this ccc:
abs

< abs o app = idp—p
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Definition of Filter models

Distributive extensional filter models (DEFiM):

Pointed meet-semilattice D = (|D|, A, <,w),
Closure: binary operation — on D such that

Y—6 >p /\Oz,'—>ﬂ,' = 0 >p /\ Bis

{ilv<ei}

Extensionality: extp : D—Pr(D x D) such that a = /\
(B,v)€extp(a)
Distributivity: Yo > Ay, 36’ >p 8, 37 >p v, a= B'AY.

B—,

e Stone dual of Scott domains,
e Contain historical models: Dy, Ps, DX ...

e Can be seen as intersection type systems.
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Examples (D)

Scott's D, :
Ey = {+} Th.e order is
uniquely generated
En+1 - En U (DnXDn) - {(03 *)7 (e,@) | EGD}
D, = As(Ep) Completion
This is an
D=1\ |D
o LHJ " extensional
completion:
a—a=(aaq) if a0 ora#x Do = Dy
a—->w=w
@ — k = %
extpa=a aAb=aUb w=10

Correseponds to intersection types generated by * and the equation
% = ()—x.
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Examples (Px)

Park's P :

Po = {*}
Poy1 = PaU (Af(Pn)x Pp) —{(0, %), (e,0) | eeD}

Poo:UPn
n

(2, ) = a—« if a2 {x}ora#x*
a s w=w
wx= {x}—x
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Zilions of Examples

Extentional completion of simple generators :

Di: {p<gq} p=q—p q=p—q

Ny : N Qptl = Qp—Q, QO = W—Q

Zw: Z Qi1 = Qp—Qlp

Uso 0 {#,7} * = W—rk v = (YA (w— x —%))—x%

Quotient of type systems, exemple of coinductive types :

a,Bi=a=0 | X|aAB|w|vX.(a—p)
restricted to close and positive types and quotiented by axioms of DEFiM
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Zilions of Examples

Extentional completion of simple generators :

Di: {p<gq} p=q—p q=p—q

Ny : N Qptl = Qp—Q, QO = W—Q

Zw: Z Qi1 = Qp—Qlp

Uso 0 {#,7} * = W—rk v = (YA (w— x —%))—x%

Quotient of type systems, exemple of coinductive types :

a,Bi=a=0 | X|aAB|w|vX.(a—p)
restricted to close and positive types and quotiented by axioms of DEFiM

No good formalism...

We will work with the firsts
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Complements on filter models

e pointed meet-semilattice D = (|D|, A, <,w),
e closure: binary operation — on D such that

v=6>p Neai=pi & =0 N\ B

i {ilv<Lai}
e extensionality: extp : D—P¢(D x D) such that
o= /\ B—y
(B,7v)€extp(a)
N F=y)gim(=)  and o A By
(B ")el (B " )€extp(a)—(B,7)

In particular (8,w) € extp(a) implies & = w, moreover
extp(w) = {(B,w)} for some arbitrary /3 since f—w = w.
Unfortunately, the choice of the function extp is generally not unique or
even canonical. In order remove any influence from this choice, we
restrict our study to distributive filter models.
A filter model D is distributive whenever any o > 8 A~y is accessible in
the sense that there exists a decomposition a = 8’ A/ such that

">p B and v >p
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Bohm trees

Definition of the Bohm tree BT (M) of a term M

BT is a coinductive structure defined by:
o If M head diverges, BT (M) = Q,
o if M =% Axy..Xxp.y Ny --- Ni then
BT (M) = Axy...xp.y BT(Nj)--- BT (Ng).

Example: BT (J xo) Example: BT (x (/) (y Y1))
AX1.X0 - X ..

| N
AXo.X] . =

AN

| Q
/\X3 X2 .
AX. X

J =Y (Auxy.x(uy))
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Approximant

Definition of the approximation M Cgr N

M is an approximant of N if BT (M) is a subtree of BT (N) with
truncated edges replaced by Q's. It if the largest relation st.:
e Q C V forall V
o If forall i < k, U; C V;, then
(Axaeexpy Uy - Uk) C (Axqoxpy Voo Vi).

Example Y (Auxy.x(uy)Q2) Cpgr Y (Auxy.x(uy)(Jx))

AXgX1.X0 - - AXgX1.X0 - -
| | T~
)\X2.X1 oo Q Q )\Xg.Xl oo >\}/1-X1 0
I~ \ ~ ~
AX3. X0 . . Q AX3. X0 . . Ayixo . Aya.yt -
: Q o : :
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Approximation theorem

Definition of the property

It is when terms are interpreted as the sup of the interpretation of its
finite approximants (approximants with finite Bohm trees):

IMIo= |J [N

BT (N)C BT (M)
BT (N) finite

Conjecture

Any fully abstract K-model respect the approximation theorem.
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A-(p): a model-specific language

A+ (py extends A with elements of D

We add the operators €,, 7o(Q) and 7,(M) for all & € D

We have some control over Full abstraction
the assertion « € [M] via deffinissability
Upto the approxiation theorem, Upto the approxiation theorem,

D co-defines all prime algebraic D is fully abstract for A;(p)
elements: by defining all prime algebraic:
To(M)| & a € [M] Vae D, [e]=I«a
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Goal of tests

We need some control over We want to define
the assertion « € [M] prime elements of D
To(M}) & a € [M] [€n] =) @

Ta(M[Ea,-/Xi | I])U’ -~ (31...an,a) c |[M]IX1‘..X,,
[ (@ ={ (a1...an, @) & Qlés/xi | 1]V
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avien

Goal of tests

We want to define
prime elements of D

We need some control over

the assertion a € [M]
To(M}) & a € [M] [F(@)] =0 if Qf
[7(Q)] = la if Q)

Ta(M[Ea /X, | I])U’ -~ (31...an,a) c |[M]IX1‘..X,,
Fal Q™ =L (a1ama) & Q[én/x | il
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Syntax of tests

2 syntactic kinds
(term) M, N:=x|Mx.M|MN| 3, 7a(Q) V()i € D"

(test)  P.Q:=Ycp Pi | TLich Pi | 7a(M) VaeD

Polarised view: tests are processes

To(M) = Mxa«a To(@)x7m =~ Q-(axm)

Reduction strategy (extending head reduction)

7(M): infinite application, 7(Q): infinite abstraction,
2 ;E;: may non-determinism, I1;Q;: must non-determinism.
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Tests and typing

Type inference procedural for Fw: 2

Fw:2 )
Reduction of 7»(w) Notations
® W= AX.X X
T2 (w) . .

e D is the completion
on N with
n=1[0,n[—0

v
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Tests and typing

Type inference procedural for Fw: 2

x:{0,1} Fxx:0

2=40,1}—0
Fw:2 0 |
Reduction of 7»(w) Notations
(@) — 70(F _ ) ® W= AX.X X
To\W To\€ € . n
(0.1} =101} e D is the completion
on N with
n=1[0,n[—0
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Tests and typing

Type inference procedural for +w : 2

x" {0}, x: {0,1} Fx' x:0 x" {1}, x: {0,1} Fx' x: 0

Choice
x:{071}~|—xx:02 (0,150
=1{0,1}—
Fw:2 )
Reduction of 7 (w) Notations

_ _ ® W= AX.X X
m2(w) = 70(F01) Fo1y) e D is the completion
— 70(%0 &0.1}) +70(&1 E(0.1) on N with

n=1[0,n[—0
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Tests and typing

Type inference procedural for +w : 2

x:{0,1} Fx:0 1<0

x": {0}, x : {0,1} Fx' x:0 x" {1}, x:{0,1} F x' x: 0 ! :_O%O
x:{0,1} Fx x:0 2= (0,150 choee
Fw:2 ' )
Reduction of 7 (w) Notations
_ _ ® W= AXXX
nW) = To(i{o,j} 6{0’1}) o e D is the completion
— 70(€o 6{071}) + 10(€1 6{071}) on N with
— 10(€0 €(0,13)+70(To(70(€{0,13))) n=1[0,n[-0
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Tests and typing

Type inference procedural for +w : 2

x:{0,1} Fx:0 1<0

1=0-0
x" {0}, x:{0,1} Fx' x: 0 x' {1}, x: {0,1} F x' x: 0 -
Choi
x:{O,l}I—xx:O2 (0,1} 550 o
={0,1}—
Fw:2 ' )
Reduction of 7 (w) Notations

® W= AX.X X

m2(w) = mo(Eoy Eoy) e D is the completion
— 7o(& €f0,13) + 70(€1 E{0,1}) on N with
— 70( €{0,13)+70(To(70(€10,1}))) n=1[0,n[—0
— 10(€ €{0,13)+70(€{0,1})
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Tests and typing

Type inference procedural for +w : 2

x:{0,1}Fx:0 1<0

x' {0}, x : {O,l} Fx' x:0 x' {1}, x:{0,1} - x' x: 0 ! :_0_>O
x:{0,1}Fxx:0 2= (0,150 choiee
Fw:2 )
Reduction of 7»(w) Notations
T(w) — To(g{o 1} €0, 1}) ° w=Axxx
_ _ e D is the completion
— 70(%0 Eo13) + To(& Eo.1}) on N with
— 7o(€0 €10,13)+70(To(70(€40,13))) n=1[0,n[—0
— 70(%0 €10,13)+70(€f0,1})
— 7o(€0 E{0,1})F€ )
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Infinite derivation

7p(J €p)
x:pkEJx:p
Notations Model: D
e J=Y (Auxy.x (uy)), Completion of {p, g} with:
e Y is a fixpoint.
eg, Y = p=1{q}—=p
(Aef -f (ggf))(Aaf.f (ggf)) q9={p}—q
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Infinite derivation

x:pFAyx(Jy):p
x:pEJx:p

Notations
o J=Y (Auxy.x (uy)),
e Y is a fixpoint.
eg., Y=
(Aef -f (ggf))(Aaf.f (ggf))

Flavien BREUVART LIPN

Refining Properties of Filter Models:

To(J &) =" T(Ay.E (J y))

Jx—=pAyx (Jy)

Model: D
Completion of {p, g} with:

p={at—p
qg=1{p}—q
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Infinite derivation

To(d &) =" (M. (J y))
= 7(& (J &))
x:ipy:qbx(Jy):p

p=q—p
x:pFAyx(Jy):p

Jx =5 Ayx(Jy)

x:pkEJx:p
Notations Model: D
e J=Y (Auxy.x (uy)), Completion of {p, g} with:
e Y is a fixpoint.
eg, Y= p=1{q}—=p
(Aef -f (ggf))(Aaf.f (ggf)) q9={p}—q
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Infinite derivation

To(d &) =" T(Ay.E (J y))

y:'qFJ'y:l_q JP.SPPZCHP — 7,(8, (J &))
xpy abxUy)ip o, = (7ol )
x:pFAyx(Jy):p
Jx—=pAyx (Jy)
x:pEJx:p
Notations Model: D
e J=Y (Auxy.x (uy)), Completion of {p, g} with:
e Y is a fixpoint.
e.g., Y = P = {q}_>P
(Aef - (ggf))(Aaf.f (ggf)) qg={p}—q
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Infinite derivation

To(d &) =" T(Ay.E (J y))

y:_qFJ.y:l_q . p.§p p=q—p = 7p(€p (J &)
ipyial xUNp g = 7o(Tolrald 7))
PP XUNP oy — 74(J &)
x:pEJx:p
Notations Model: D
e J=Y (Auxy.x (uy)), Completion of {p, g} with:
e Y is a fixpoint.
eg, Y = p=1{q}—=p
(Aef - (ggf))(Aaf.f (ggf)) qg={p}—q
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Infinite derivation

To(d &) =" T(Ay.E (J y))

y:qk-Jy:q PSP, gp — 15(6, (J &)
Py aTXUNP g = 7o(F(rol )
X:pl—)\y.X(Jy):p Jx =4 Ayx (Jy) _)Tq(ng)
x:pkEJx:p
— ..
Notations Model: D
e J=Y (Auxy.x (uy)), Completion of {p, g} with:
e Y is a fixpoint.
eg, Y= p={qt—=p
(Aef.f (ggf))(Agf .f (ggf)) qg=1{p}—q
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Procedural of 7,(M)

r=M:«
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Procedural of 7,(M)

MEAxqo.xp.xk Np---Np @«
N-=-Mm:a

M —); )\X1...X,1.Xk N1 cee Nm
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Procedural of 7,(M)

FEAxg.xpxe Np--- Ny s ag— -+ —a,—a’
M= Axgo.xp.xx Np-- - Npy, -«
r=M:«

oa=ar— - —ap,—a’
M =7 Ax1..xp.xk Np -+ Ny,
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Procedural of 7,(M)

MbExe Np--- Ny, o ,
M= (I, (x:ai)i)
M Axqoxp.xe Np--- Ny, 2 ay— - - —a,—a’

— — .- —ap /
MM xpxx Np--- Ny : o )\a a N aN—m
— 5 AX]...Xn. X <o Ny
M=M: « h AXL k N1
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Procedural of 7,(M)

Moxp:BFxp Ny-o- Ny o o/
35 € ax
M Ny--- Ny o o r’—(r(x--a-)-)
FE Mg xpxe Np--- N s ay— - —a,—al 7

r /\Xl---Xn-Xk /\/1 . Nm e Yo /\(L = a1%-l\-l-ﬁal,ilﬁu
X1...Xp.X Tt Nm
FFM: o S
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Procedural of 7,(M)

T x; i b=+ —by—B"F x|, Ny Ny
M x :BFx. Ny---N,, :a

SRR AL m 3B € ak

r’l—Xk N1-.-Nm:o/ r/*(r (Xa))

rl_AX]_...Xn,X,< Nl"'Nm131—>-"—>an—>a’ - S\ Xi 2 di)i

| I— = — s —ap— !
AXq...Xp X Ni - N @ M —; )\” ) N a/\/ :
re X1...Xn.X) co o Ny
M : « h 1 kT

B=bi—-—bn—f
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Procedural of 7,(M)

r/l—N,'Z’)/,' o/gﬂ’
I, x; :by— - —bn—p" Fx; Ny - Ny«
M x, :B8Fx, Np-- Ny, : o
X O X N Y Bea
r’l—XkN1~-~Nm:O/ r,*(r (xa))
FE Mg xpxe Np-o- N s 31— - —a,—al 07

r|—>\X1---Xn-Xk Nl"’Nm e Yo )\(L:a1~>-l\.l-~>al,il~>u
X1...Xn. X, Tt Nm
Mo S

Vi,Vvi € b;

B=bi—-—bn—f

/
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Procedural of 7,(M)

TEN:vy o<
Mx, i by —bm—B Fxf Ny-- Nyt
Mx :BFx. Ny---N,, :a
)Xk /3 Xk 1 m - 3363;(
rll_Xk N]_...Nm:al r/i(r (Xa))
rl_AX]_...Xn,)(,< Nl"'Nm331—>-'~—>an—>a’ - S A\Xiai)i

— — .- —ap /
MEAxqo.xp.xk Ny---Np @« o )\a a y aN—m
— 0 AX1...Xn.X| co o Ny
MrM=M:« h AXL kN1

Vi, Vi € bi

B=bi—--—by—p

/

Flavien BREUVART LIPN Refining Properties of Filter Models: 22/6



Procedural of 7,(M)

ke N;:~; o < p
M, b= —=bp—=0 Fx Ny---Np o/
Mx, :BEx. Ny---Np o
M= xe Ny--- Ny oz o
T xpxe Np-o- Ny s ag— - - —ap—a’
M= Axqoxpxe Np--- N @«

Vi, Vi € b;

B= b —bm—f

a8 € ax

"=, (: a)i)

a=ar—- - —a,—a’
.
M —p Ax1...Xn. Xk Np--- Ny,

M-M:a
4 possible failures Consistence A+ (D)
e M diverges This procedlyre succeeds | The A-calculus with
e a, =10 iff a € [M] D-tests internalizes this
duction:
oo £p b P e
y the approximation
e infinite derivation theorem’s hypothesis (M)} & o € [M]
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Bohm trees and tests

Typing of = J : p—p Completion of {x, u}

* = (—x o= {*}—x*

Derivation of 7,_,,,(J)

Tu—u(J)

EJ:p—p

Bohm tree

P

v
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Bohm trees and tests

Typing of = J : —p Completion of {x, u}

* = —x = {x}—x

Derivation of 7,_,,,(J)

Tusu(d) =" Tusn(Myx (4 y))
FAxy.x (Jy):p—p
EJpu—p

Bohm tree

(Axy.x (4 y)) .
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Bohm trees and tests

Typing of = J : u—p Completion of {x, u}

* = —x = {x}—x

Derivation of 7,_,,,(J)

X:ipyixbEx(Jy): = Tu=n(d) =7 Tusu(Axyx (4 y))
FAxyx (Jy):p—p =2 7.6, (J &)
FJ:pu—p
Bohm tree

APy (x (Jy))" .
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Bohm trees and tests

Typing of = J : —p

Completion of {x, u}

* = —x o= {x}—x

yixbEJy:x x < %
x:ipyikbEx(Jy): =
FAxy.x (Jy):p—p
EJ:p—p

Bohm tree

Axty* xt (4 y)" .

Derivation of 7,_,,,(J)
Tuou(d) =" Tusu(Axy.x (J y))
=2 (€ (J &)
= (T (J &)))
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Bohm tree
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Bohm trees and tests

Typing of = J : u—p

yixbAzy (Jz):%
yixkEJy:x

Xy sk Ex(Jy):

FXxyx (Jy):p—up
FJ:u—p

* < %
*k

Bohm tree

AxHy* . x? .
|
(Az.y (J 2))*

Completion of {x, u}

* = —x o= {x}—x

Derivation of 7,_,,(J)

Tu—u(d) =" T (Axyx (4 y))
=2 7.6, (J &)
= T (T (7 (J E4)))
— 7. (J &)
=" T (Ay-E. (1))
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Bohm trees and tests

Typing of = J : p—p

y %z2: 0y (Jz): =
yixEAzy (J 2): %

yixkEJy:x

* < x

x:ipyikbEx(Jy):x

Faxyx (Jy): p—p
FJ:u—p

Bohm tree

AxPy* xt

|
)\zw.(y J 2)"

Completion of {x, u}

* = —x = {x}—x*

Derivation of 7,,_,,(J)

Tu—u(d) =" T, (Axyx (4 y))
216 (JE)
— Tu(Tu (7 (J E4)))
— 7(J &)
=" T (A\y-E. (1))
(& (JO)

4
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Bohm trees and tests

Typing of = J : p—p
* <
y xz2:0Fy (Jz): =
y xbXzy (Jz): %

Completion of {x, u}

* = —x po= {*}—x*

yixbEJy:x

* < %

x:ipy ik bEx(Jy): =

FAxy.x (Jy):p—up
FJ:pu—p

Bohm tree

AxHy* . xt .

|
A2y (U 2)?

Derivation of 7,_,,(J)

Tu—su(d) =" Tusn(Pxyx (4 y))
=% 1u(€u (J &)
= T(Tu(7(J &)))
— 7(J &)
=" T (A\Y-E. (1))
— 7.(€: (JQ))
— T (&)
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Bohm trees and tests

Typing of = J : p—p

* < %
y %z: 0y (Jz): =
yixEAzy (Jz): %

Completion of {x, u}

* = —x po= {*}—x*

yixkEJy:x

* < x

x:ipyikbEx(Jy):x

Faxyx (Jy): p—p
FJ:u—p

Bohm tree

AxPy* xt
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Derivation of 7,_,,,(J)
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€
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Typing of = J : p—p

* < %
y %z: 0y (Jz): =
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Completion of {x, u}
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yixkEJy:x

* < x

x:ipyikbEx(Jy):x

Faxyx (Jy): p—p
FJ:u—p

Bohm tree

AxPy* xt
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Derivation of 7,_,,,(J)
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