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INTRODUCTION

(Il était une fois le rêve d’Icare)



Nonlinear dynamical systems
Let ∂z denotes d/dz .

(NDS)


y(z) = f (q(z)),
∂zq(z) = A0(q)u0(z) + A1(q)u1(z),
q(z0) = q0,

where :

I u0(z) and u1(z) are “controles”, or “inputs”,

I the state q = (q1, . . . , qn) belongs the complex analytic
manifold Q of dimension n and q0 is the initial state,

I the observation f ∈ O, with O the ring of holomorphic
functions over Q,

I For i = 0..1, Ai (q) =
n∑

j=1

Aj
i (q)

∂

∂qj
is an analytic vector field

over Q,with Aj
i (q) ∈ O, for j = 1, . . . , n,

I y(z) is the “output” of (NDS).



Examples of Nonlinear Dynamical System

Example (harmonic oscillator)
Let k1, k2 be parameters and ∂zy(z) + k1y(z) + k2y 2(z) = u1(z) which
can be represented by the following state equations

∂zq(z) = A0(q)u0(z) + A1(q)u1(z),

A0 = −(k1q + k2q2)
∂

∂q
and A1 =

∂

∂q
,

y(z) = q(z).

Example (Duffing’s equation)
Let a, b, c be parameters and ∂2

z y(z) + a∂zy(z) + by(z) + cy 3(z) = u1(z)
which can be represented by the following state equations

∂zq(z) = A0(q)u0(z) + A1(q)u1(z),

A0 = −(aq2 + b2q1 + cq3
1)

∂

∂q2
+ q2

∂

∂q1
and A1 =

∂

∂q2
,

y(z) = q1(z).



Nonlinear differential equations with three sigularities

(NDE )


y(z) = f (q(z)),
∂zq(z) = A0(q)u0(z) + A1(q)u1(z),
q(z0) = q0,

where :

I u0(z) =
1

z
, u1(z) =

1

1− z
,

I the state q = (q1, . . . , qn) belongs the complex analytic
manifold Q of dimension n and q0 is the initial state,

I the observation f ∈ O, with O the ring of holomorphic
functions over Q,

I For i = 0..1, Ai (q) =
n∑

j=1

Aj
i (q)

∂

∂qj
is an analytic vector field

over Q,with Aj
i (q) ∈ O, for j = 1, . . . , n.



Particular cases : Fuchsian differential equations (FDE)

∂zq(z) = [M0u0(z) + M1u1(z)] q(z), y(z) = λq(z), q(z0) = η,

where M0,M1 ∈Mn,n(C), λ ∈M1,n(C), η ∈Mn,1(C), and
u0(z) = z−1, u1(z) = (1− z)−1.

Example (hypergeometric equation)
Let t0, t1, t2 be parameters and

z(1− z)∂2
z y(z) + [t2 − (t0 + t1 + 1)z ]∂zy(z)− t0t1y(z) = 0.

Let q1(z) = y(z) and q2(z) = z(1− z)∂zy(z). One has(
∂zq1

∂zq2

)
=

[(
0 0
−t0t1 −t2

)
u0(z)−

(
0 1
0 t2 − t0 − t1

)
u1(z)

](
q1

q2

)
.

λ =
(
1 0

)
M0 = −

(
0 0

t0t1 t2

)
M1 =

(
0 1
0 t2 − t0 − t1

)
η =

(
q1(z0)
q2(z0)

)
.

A0(q) = −(t0t1q1 + t2q2)
∂

∂q2
and A1(q) = −q1

∂

∂q1
− (t2 − t0 − t1)q2

∂

∂q2
.



Present work
By successive Picard iterations, one get

y(z) =
∑
k≥0

∑
i1,...,ik=0,1

Ai1 ◦ . . . ◦ Aik (f (q0))∫ z

z0

ui1(z1)dz1

∫ z1

z0

ui2(z2)dz2 . . .

∫ zk−1

z0

uik (zk)dzk

Let X = {x0, x1} and for any w = xi1 · · · xik ∈ X ∗,

A(w) = Ai1 ◦ . . . ◦ Aik ,

αz
z0

(w) =

∫ z

z0

ui1(z1)dz1

∫ z1

z0

ui2(z2)dz2 . . .

∫ zk−1

z0

uik (zk)dzk .

Therefore,

y(z) =

[ ∑
w∈X∗

A(w)αz
z0

(w)

]
(f (q0))

= [(A⊗ αz
z0

)D](f (q0)),

where, DX =
∑
w∈X∗

w ⊗ w .



Noncommutative generating series

I Fliess generating series and Chen series

σf|q0
=
∑
w∈X∗

A(w)(f (q0)) w and Sz0 z =
∑
w∈X∗

αz
z0

(w) w .

I The duality between σf|q0
and Sz0 z consists on the convergence of

〈σf|q0
‖Sz0 z〉 =

∑
w∈X∗

〈A(w)(f (q0))|w〉〈Sz0 z |w〉.

I Divergence :(
d

dz

)n

y(z)
z̃→1

? and

(
z

d

dz

)n

y(z)
z̃→1

?

I If theTaylor expansions of (d/dz)ny(z) and (zd/dz)ny(z) exist :(
d

dz

)n

y(z) =
∑
k≥0

dkzn and

(
z

d

dz

)n

y(z) =
∑
k≥0

tkzk

then

dk k̃→∞ ? and tk k̃→∞ ?



Chen’s iterated integral along a path and polylogarithms
Let ω0(z) = u0(z)dz and ω1(z) = u1(z)dz . The iterated integral
over ω0(z) and ω1(z) associated to w = xi1 · · · xik is defined by

αz
z0

(1X∗) = 1 and αz
z0

(xi1 . . . xik ) =

∫ z

z0

ωi1(z1) . . .

∫ zk−1

z0

ωik (zk).

For any w = x s1−1
0 x1 . . . x

sr−1
0 x1 ∈ X ∗x1,

αz
0(w) =

∑
n1>...>nr>0

zn1

ns1
1 . . . nsr

r
= Lis1,...,sr (z).

Example αz
0(x0x1) = Li2(z) =

∫ z

0

ds

s

∫ s

0

dt

1− t

=

∫ z

0

ds

s

∫ s

0
dt
∑
k≥0

tk

=
∑
k≥1

∫ z

0
ds

sk−1

k

=
∑
k≥1

zk

k2
.



Polylogarithms, multiple harmonic sums and polyzetas

Hs(N) =
∑

N≥n1>...>nr>0

1

ns1
1 . . . nsr

r
and Lis(z) =

∑
n1>...>nr>0

zn1

ns1
1 . . . nsr

r
.

If s1 > 1 then by an Abel’s theorem, one has

lim
N→∞

Hs(N) = lim
z→1

Lis(z) = ζ(s) =
∑

n1>...>nr>0

1

ns1
1 . . . nsr

r

else to determine the asymptotic expansion of

H{1}r (N) =
∑

N≥n1>...>nr>0

1

n1 . . . nr
,

H{1}k ,sk+1︸︷︷︸
>1

,...,sr (N) =
∑

N≥n1>...>nr>0

1

n1 . . . nkn
sk+1

k+1 . . . n
sr
r
.

Fact : one has
∑
n≥0

Hs(n)zn =
1

1− z
Lis(z) = Ps(z).

Let Z be the Q-algebra generated by convergent polyzetas.



Encoding the multi-indices by words
Y = {yk |k ∈ N+} and X = {x0, x1}.
Y ∗ (resp. X ∗) : set of words over Y (resp. X ).

s = (s1, . . . , sr )↔ w = ys1 . . . ysr ↔ w = x s1−1
0 x1 . . . x

sr−1
0 x1.

w is said convergent if s1 > 1. A divergent word is of the form

(1k , sk+1, . . . , sr )↔ yk
1 ysk+1

. . . ysr ↔ xk
1 x

sk+1−1
0 x1 . . . x

sr−1
0 x1.

∀w ∈ Y ∗, Liw : w 7→ Liw (z) =
∑

n1>...>nr>0

zn1

ns1
1 . . . nsr

r
,

ζw : w 7→ ζ(w) =
∑

n1>...>nr>0

1

ns1
1 . . . nsr

r
,

Hw : w 7→ Hw (N) =
∑

N≥n1>...>nr>0

1

ns1
1 . . . nsr

r
,

Pw : w 7→ Pw (z) =
∑
N≥0

Hw (N)zN =
1

1− z
Liw (z).



ALGEBRAIC COMBINATORICS
OF FORMAL POWER SERIES

ON NONCOMMUTATIVE VARIABLES

(La conquête de Mars ...)



Shuffle bialgebra and Schützenberger’s factorization
Let LynX be the set of Lyndon words over X .

Pl = l for l ∈ Y ,

Pl = [Ps ,Pr ] for l ∈ LynY \ Y ,

standard factorization of l = (s, r),

Pw = P i1
l1
. . .P ik

lk
for w = l i11 . . . l

ik
k ,

l1 > . . . > lk , l1 . . . , lk ∈ LynY .

Sl = 1 for l = 1X∗ ,

Sl = xSu, for l = xu ∈ LynY ,

Sw =
S tt

i1
l1

tt . . . tt S tt
ik

lk

i1! . . . ik !
for w = l i11 . . . l

ik
k ,

l1 > . . . > lk , , l1 . . . , lk ∈ LynY .

Theorem (Schützenberger, 1958)∑
w∈Y ∗

w ⊗ w =
∑
w∈Y ∗

Sw ⊗ Pw =
→∏

l∈LynY
exp(Sl ⊗ Pl).



Example

l Pl Sl
x0 x0 x0
x1 x1 x1

x0x1 [x0, x1] x0x1

x2
0 x1 [x0, [x0, x1]] x2

0 x1

x0x
2
1 [[x0, x1], x1] x0x

2
1

x3
0 x1 [x0, [x0, [x0, x1]]] x3

0 x1

x2
0 x

2
1 [x0, [[x0, x1], x1]] x2

0 x
2
1

x0x
3
1 [[[x0, x1], x1], x1] x0x

3
1

x4
0 x1 [x0, [x0, [x0, [x0, x1]]]] x4

0 x1

x3
0 x

2
1 [x0, [x0, [[x0, x1], x1]]] x3

0 x
2
1

x2
0 x1x0x1 [[x0, [x0, x1]], [x0, x1]] 2x3

0 x
2
1 + x2

0 x1x0x1

x2
0 x

3
1 [x0, [[[x0, x1], x1], x1]] x2

0 x
3
1

x0x1x0x
2
1 [[x0, x1], [[x0, x1], x1]] 3x2

0 x
3
1 + x0x1x0x

2
1

x0x
4
1 [[[[x0, x1], x1], x1], x1] x0x

4
1

x5
0 x1 [x0, [x0, [x0, [x0, [x0, x1]]]]] x5

0 x1

x4
0 x

2
1 [x0, [x0, [x0, [[x0, x1], x1]]]] x4

0 x
2
1

x3
0 x1x0x1 [x0, [[x0, [x0, x1]], [x0, x1]]] 2x4

0 x
2
1 + x3

0 x1x0x1

x3
0 x

3
1 [x0, [x0, [[[x0, x1], x1], x1]]] x3

0 x
3
1

x2
0 x1x0x

2
1 [x0, [[x0, x1], [[x0, x1], x1]]] 3x3

0 x
3
1 + x2

0 x1x0x
2
1

x2
0 x

2
1 x0x1 [[x0, [[x0, x1], x1]], [x0, x1]] 6x3

0 x
3
1 + 3x2

0 x1x0x
2
1 + x2

0 x
2
1 x0x1

x2
0 x

4
1 [x0, [[[[x0, x1], x1], x1], x1]] x2

0 x
4
1

x0x1x0x
3
1 [[x0, x1], [[[x0, x1], x1], x1]] 4x2

0 x
4
1 + x0x1x0x

3
1

x0x
5
1 [[[[[x0, x1], x1], x1], x1], x1] x0x

5
1



q-stuffle bialgebra
The q-stuffle product defined by u tt q1Y ∗ = 1Y ∗ tt qu = u and

yiu tt qyjv = yi (u tt qyjv) + yj(yiu tt qv)

+ qyi+j(u tt qv),

and its associated coproduct is defined respectively by

∀yk ∈ Y ,∆ tt q
(yk) = yk ⊗ 1 + 1⊗ yk + q

∑
i+j=k

yi ⊗ yj

satistying 〈∆ tt q
(w)|u ⊗ v〉 = 〈w |u tt qv〉 and if π

(q)
1 (yk) is a

homogenous polynomial of deg yk = k and is given by

π
(q)
1 (yk) = yk +

∑
i≥2

(−q)i−1

i

∑
j1,...,ji≥1
j1+...+ji=k

yj1 . . . yji .

then ∆ tt q
(π

(q)
1 (yk)) = π

(q)
1 (yk)⊗ 1 + 1⊗ π(q)

1 (yk).

Examples, with q = +1, 0,−1, lead respectively to stuffle, shuffle,
minus-stuffle products.



Extended Schützenberger’s factorization (q = 1)


Πy = π1(y) for y ∈ Y ,
Πl = [Πs ,Πr ] for l ∈ LynY ,

standard factorization of l = (s, r),

Πw = Πi1
l1
. . .Πik

lk
for w = l i11 . . . l

ik
k ,

l1 > . . . > lk , l1 . . . , lk ∈ LynY ,



Σy = y for y ∈ Y ,

Σl =
∑

{s′
1
,··· ,s′

i
}⊂{s1,··· ,sk},l1≥···≥ln∈LynY

(ys1 ···ysk )
∗⇐(y

s′
1
,··· ,y

s′n
,l1,··· ,ln)

ys′1+···+s′i

i !
Σl1···ln

for l∈LynY
l=ys1 ···ysk ,

Σw =
1

i1! . . . ik !
Σ i1
l1

. . . Σ ik
lk

for l1>...>lk

w=l
i1
1 ...l

ik
k ,

DY =

↘∏
l∈LynY

exp(Σl ⊗ Πl) ∈ H∨ ⊗̂H .



Example (for q = 1)

Πy4 = y4 −
1

2
y1y3 −

1

2
y2y2 −

1

2
y3y1 +

1

3
y 2

1 y2 +
1

3
y1y2y1

+
1

3
y2y 2

1 −
1

4
y 4

1 ,

Πy3y1 = y3y1 −
1

2
y2y 2

1 − y1y3 +
1

2
y 2

1 y2,

Πy2y2 = y2y2 −
1

2
y2y 2

1 −
1

2
y 2

1 y2 +
1

4
y 4

1 ,

Πy2y2
1

= y2y 2
1 − 2 y1y2y1 + y 2

1 y2,

Πy1y3 = y1y3 −
1

2
y 2

1 y2 −
1

2
y1y2y1 +

1

3
y 4

1 ,

Πy1y2y1 = y1y2y1 − y 2
1 y2,

Πy2
1 y2

= y 2
1 y2 −

1

2
y 4

1 ,

Πy4
1

= y 4
1 .



Example (for q = 1)

Σy4 = y4,

Σy3y1 =
1

2
y4 + y3y1,

Σy2
2

=
1

2
y4 + y 2

2 ,

Σy2y2
1

=
1

6
y4 +

1

2
y3y1 +

1

2
y2y2 + y2y 2

1 ,

Σy1y3 = y4 + y3y1 + y1y3,

Σy1y2y1 =
1

2
y4 +

1

2
y3y1 + y 2

2 + +y2y 2
1 +

1

2
y1y3 + y1y2y1,

Σy2
1 y2

=
1

2
y4 + y3y1 + y 2

2 + y2y 2
1 + y1y3 + y1y2y1 + y 2

1 y2,

Σy4
1

=
1

24
y4 +

1

6
y3y1 +

1

4
y 2

2 +
1

2
y2y 2

1 +
1

6
y1y3

+
1

2
y1y2y1 +

1

2
y 2

1 y2 + y 4
1 .



ALGEBRAIC COMBINATORICS OF POLYLOGARITMS,
HARMONIC SUMS AND POLYZETAS

(La vie sur Mars ...)



Noncommutative generating series of polyzetas
Let X = {x0, x1} and Y = {Yi}i≥1.

Definition
L(z) :=

∑
w∈X∗

Liw (z) w and H(N) :=
∑
w∈Y ∗

Hw (N) w .

Theorem (HNM, 2009)

∆ tt L = L⊗ L and ∆ H = H⊗H,

L(z) = ex1 log 1
1−z Lreg(z)ex0 log z and H(N) = eH1(N) y1Hreg(N),

where Lreg(z) =

↘∏
l∈LynX
l 6=x0,x1

eLiSl (z) Pl and Hreg(N) =

↘∏
l∈LynY
l 6=y1

eHΣl
(N) Πl .

Definition
Z tt := Lreg(1) and Z := Hreg(∞).



Global regularizations

Z tt =

↘∏
l∈LynX
l 6=x0,x1

exp[ζ(Sl)Pl ] and Z =

↘∏
l∈LynY
l 6=y1

exp[ζ(Σl)Πl ].

L(z)
z̃→1

exp

[
x1 log

1

1− z

]
Z tt and H(N)

Ñ→∞ exp

[
−
∑
k≥1

Hyk (N)
(−y1)k

k

]
πY Z tt .

For any w ∈ Y ∗ and for any k ≥ 1, we have

Hw (N) =

|w |∑
i=1

αi logi (N) + γw +
k∑

j=1

|w |−1∑
i=0

βi,j
1

N j
logi (N) + O

(
1

Nk

)
,

where γw , αi and βi,j belong to Z[γ].

Zγ :=
∑

w∈Y ∗
γw w .

Theorem (HNM, 2005)
Zγ is group-like and Zγ = B(y1)πY Z tt = eγy1 Z , where

B(y1) := exp

[
−γy1 +

∑
k>1

ζ(k)
(−y1)k

k

]
and B ′(y1) := eγy1 B(y1).



Generalized Euler constants

By specializing at
t1 = γ

and

∀l ≥ 2, tl = (−1)l−1(l − 1)!ζ(l)

in the Bell polynomials bn,k(t1, . . . , tk), we get

Corollary

γyk
1

=
∑

s1,...,sk>0
s1+...+ksk=k

(−1)k

s1! . . . sk !
(−γ)s1

(
−ζ(2)

2

)s2

. . .

(
−ζ(k)

k

)sk

.

γyk
1 w

=
k∑

i=0

ζ(x0[(−x1)k−i tt πXw ])

i !

[ i∑
j=1

bi ,j(γ,−ζ(2), 2ζ(3), . . .)

]
.



Generalized Euler constants by computer

γ1,1 =
γ2 − ζ(2)

2
,

γ1,1,1 =
γ3 − 3ζ(2)γ + 2ζ(3)

6
,

γ1,1,1,1 =
80ζ(3)γ − 60ζ(2)γ2 + 6ζ(2)2 + 10γ4

240
,

γ1,7 = ζ(7)γ + ζ(3)ζ(5)− 54

175
ζ(2)4,

γ1,1,6 =
4

35
ζ(2)3γ2 + [ζ(2)ζ(5) +

2

5
ζ(3)ζ(2)2 − 4ζ(7)]γ

+ ζ(6, 2) +
19

35
ζ(2)4 +

1

2
ζ(2)ζ(3)2 − 4ζ(3)ζ(5),

γ1,1,1,5 =
3

4
ζ(6, 2)− 14

3
ζ(3)ζ(5) +

3

4
ζ(2)ζ(3)2 +

809

1400
ζ(2)4

−
(

2ζ(7)− 3

2
ζ(2)ζ(5) +

1

10
ζ(3)ζ(2)2

)
γ

+

(
1

4
ζ(3)2 − 1

5
ζ(2)3

)
γ2 +

1

6
ζ(5)γ3.



NONLINEAR DIFFERENTIAL EQUATIONS

(Sur la trace d’Icare)



Nonlinear differential equation

y(z) =
∑
n≥0

ynzn is the output of :

(NS)


y(z) = f (q(z)),
∂zq(z) = A0(q)u0(z) + A1(q)u1(z),
q(z0) = q0,

(ρ, ρ̌,Cf ) and (ρ, ρ̌,Ci ), for i = 0, ..,m, are convergence modules of
f and {Aj

i}j=1,..,n respectively at q ∈ CV(f )ei=0,..,m,j=1,..,n CV(Aj
i ).

σf|q0
=
∑
w∈X∗

A(w)(f (q0)) w satisfies the χ−growth condition.

Theorem (extended Fliess’ fundamental formula, HNM, 2007)

y(z) = 〈σf|q0
‖Sz0 z〉 =

∑
w∈X∗

〈A(w)(f (q0))|w〉〈Sz0 z |w〉.

Recall that Sz0 z = L(z)L(z0)−1.



Solution of nonlinear differential equation

Corollary

The output y of the nonlinear dynamical system with singular
inputs admits the following functional expansions

y(z) =
∑
w∈X∗

gw (z) A(w)(f (q0)),

=
∑
k≥0

∑
n1,...,nk≥0

gxn1
0 x1...x

nk
0 x1

(z) adn1
A0

A1 . . . ad
nk
A0

A1e log zA0(f (q0)),

=
∏

l∈LynX
exp

(
gSl (z) A(Šl)(f (q0))

)
= exp

( ∑
w∈X∗

gw (z) A(π1(w))(f (q0))

)
,

where, for any w ∈ X ∗, gw ∈ LIC and

π1(w) =
∑
k≥1

(−1)k−1

k

∑
u1,··· ,uk∈X∗+

〈w |u1 tt · · · tt uk〉 u1 · · · uk .



Successive differentiations of L
Let ∂z = d/dz and θ0 = zd/dz . For any n ∈ N, we have

∂nzL(z) = Dn(z)L(z) and θn0L(z) = En(z)L(z),

where

I Dn(z) and En(z) in C〈X 〉 are defined as follows

Dn(z) =
∑

wgt(r)=n

∑
w∈Xdeg(r)

deg(r)∏
i=1

(∑i
j=1 ri + j − 1

ri

)
τr(w),

En(z) =
∑

wgt(r)=n

∑
w∈Xdeg(r)

deg(r)∏
i=1

(∑i
j=1 ri + j − 1

ri

)
ρr(w),

I for any w = xi1 · · · xik and r = (r1, . . . , rk) of degree deg(r) = k and
of weight wgt(r) = k + r1 + · · ·+ rk , τr(w) = τr1 (xi1 ) · · · τrk (xik ) and
ρr(w) = ρr1 (xi1 ) · · · ρrk (xik ) are defined by

τr (x0) = ∂r
x0

z
=
−r !x0

(−z)r+1
and τr (x1) = ∂r

x1

1− z
=

r !x1

(1− z)r+1
,

ρr (x0) = θr0
x0

z
= 0 and ρr (x1) = θr0

zx1

1− z
= Li−r (z)x1.



Examples of the coefficients of θn
0L

θ0 Lix0 (z) = 1,

θ0 Lix1 (z) = z(1− z)−1 =: Li0(z),

θ2
0 Lix1 (z) =

∑
n≥1

nzn =: Li−1(z),

θ3
0 Lix1 (z) =

∑
n≥1

n2zn =: Li−2(z),

θ4
0 Lix1 (z) =

∑
n≥1

n3zn =: Li−3(z),

. . .

θ0 Lix2
1
(z) = Li0(z)Li1(z),

θ2
0 Lix2

1
(z) = Li−1(z)Li1(z) + Li20(z),

θ3
0 Lix2

1
(z) = Li−2(z)Li1(z) + 3Li−1(z)Li0(z),

θ4
0 Lix2

1
(z) = Li−3(z)Li1(z) + Li−2(z)Li0(z)

+ 3Li−2(z)Li0(z) + 3Li2−1(z),

. . .

θ0 Lix0x1 (z) = Li1(z).



Asymptotic behavior of the nonlinear differential equations

Corollary

Let ∂z = d/dz and θ0 = zd/dz. For any n ∈ N, we have

∂nz y(1)
ε̃→0+

∑
w∈X∗

〈A(w) ◦ f|q0
|w〉〈Dn(1− ε)e−x1 log ε Z tt e−x0 log ε|w〉

and

θn0y(1)
ε̃→0+

∑
w∈X∗

〈A(w) ◦ f|q0
|w〉〈En(1− ε)e−x1 log ε Z tt e−x0 log ε|w〉.



Asymptotic of the Taylor coefficients of the output

Corollary

The n-order differentiation of the output y of the system (NDE ) is
a C-combination of the elements belonging to the polylogarithm
algebra.
Moreover, if the ordinary Taylor expansions of ∂ny and θn0y exist :

∂ny(z) =
∑
k≥0

dkzn and θn0y(z) =
∑
k≥0

tkzk

then the coefficients of these expansions belong to the algebra of
harmonic sums and there exist algorithmically computable
coefficients ai , a

′
i ∈ Z, bi , b

′
i ∈ N and ci , c

′
i ∈ Z[γ] such that

dk k̃→∞

∑
i≥0

cik
ai logbi k and tk k̃→∞

∑
i≥0

c ′i k
a′i logb

′
i k.
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