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Containing all patterns Containing many patterns Containing a pattern class

Containing one pattern

Definition.
A permutation π is an ordering of the integers {1, 2, . . . ,n}.

A permutation π contains another permutation σ as a pattern if π
contains a subsequence of entries in the same relative order as
those of σ.

•
•

•

•
•
•

•
•

π = 3 6 2 8 5 7 1 43 8 5 1 4

>

>

•

•
•

•
•

2 5 4 1 3 = σ
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Universality

Definition.
A permutation is n-universal if it contains all patterns of length
n.

Ex: The permutation 25314 is 3-universal:

•

•

•

•

•

>
•
•
•

•

•
• •

•

•

•
•

•

•

•
•
•
•
•
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How small?

Definition.
Let Ln denote the length of the shortest n-universal
permutation.

Observation (Arratia; 1999).

n2

e2 6 Ln 6 n2.
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First results

Theorem (Eriksson, Eriksson, Linusson, Wästlund; 2007).

Ln 6
2
3
n2 + O

(
n3/2(logn)1/2

)
.

Theorem (Miller; 2009).

Ln 6
1
2
n2 +

1
2
n.
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Containing all patterns Containing many patterns Containing a pattern class

Infinite zigzag word

Z = . . .. . .1 3 5 77( ). . .( ). . . 88 6 4 2( ). . .( ). . . 1 3 5 77( ). . .( ). . . 88 6 4 2( ). . .( ). . . 1 3 5 77( ). . .( ). . . 88 66 44 22( ). . .( ). . .
σ = 5 2 1 4 3

σ+1 = 6 3 2 5 4

Miller, 2009

Theorem (Miller; 2009).
For all σ ∈ Sn, either σ or σ+1 embed into the first n runs of Z.

Corollary.
Let zn be the restriction of Z to include the first n runs and
n+ 1 values,

and let π be a permutation formed from zn by
breaking ties between values arbitrarily. Then π is n-universal.

6 of 25
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Miller’s construction

•
1

•

3

•

5

•
1

•

3

•

5

•
1

•

3

•

5

•◦

6

•◦

4

•◦

2

•◦

6

•◦

4

•◦

2

→

•

•

•
•

•

•
•

•

•

•

•

•
•

•

•

1 7 131410 4 2 8 1215 9 5 3 6 11

•◦

•◦

•◦

•◦

•◦

•◦

n 1 2 3 4 5 6
(actual) Ln 1 3 5 9 13 17
(Miller) (n2 + n)/2 1 3 6 10 15 21
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Infinite zigzag word, again

Z = . . .. . .1 3 5 77( ). . .( ). . . 88 66 4 2( ). . .( ). . . 1 3 5 77( ). . .( ). . . 88 66 4 2( ). . .( ). . . 1 3 5 77( ). . .( ). . . 88 66 44 22( ). . .( ). . .

Miller, 2009Miller, 2009

E., Vatter, 2018+

Theorem (E., Vatter; 2018+).
Let z∗n be the restriction of Z to include the first n runs and n
values, and let π be a permutation formed from z∗n by breaking
ties between values in a decreasing fashion. Then π is almost
n-universal.
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New construction

•

1

•

3

•

5

•

1

•

3

•

5

•

1

•

3

•

5

•◦

4

•◦

2

•◦

4

•◦

2 →

→

•

•

•

•

•

•

•

•

•

•

•

•

•

3 8 13 10 5 2 7 12 9 4 1 6 11

•◦

•◦

•◦

•◦

n 1 2 3 4 5

6 7

(actual) Ln 1 3 5 9 13

17 6 24
(E., Vatter) d(n2 + 1)/2e 1 3 5 9 13 19 25

(Miller) (n2 + n)/2 1 3 6 10 15

21 28
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Pattern counting

Definition.
Let

c(π,m) = # of patterns of lengthm contained in π.

and
C(n,m) = max

π∈Sn
c(π,m).
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1

1

2

2

3

3

4

4

5

5

6

6

7

7

8

8

9

9

m
k

1

1

1

1

1

1

1

1

1

1

1

2

2

2

2

2

2

2

2

2

2

2

4

6

6

6

6

6

6

6

6

6

6

5

12

19

23

24

24

24

24

24

24

24

6

21

41

71

94

112

119

120

120

120

120

7

28

76

156

273

408

720

8

36

114

291

614

9

45

162

477

10

55

220

11

66

286

12

78

364

526

618

670

705

1094

1724

2412

3107

1127

2310

4214

7064

699

1856

4302

9037

988

2876

7405

1355

4282

(
m+1

1

)
(
m+2

2

)
(
m+3

3

)

C(m+ k,m)

:

• Columns increasing.

• Rows increasing.

• Columns 6 m!.

• Entries 6
(
m+k
m

)
.

• Columns are eventuallym!.

• Rows are eventually
(
m+k
m

)
.
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k-prolific permutations

Definition
A permutation π is k-prolific if every deletion of k points from π

yields a distinct permutation.

A permutation π has breadth at least ` if the taxicab distance
between any two points in its plot is at least `.

•

•

•

•

•

Theorem (Bevan, Homberger, Tenner; 2018)
A permutation π is k-prolific if and only if π has
breadth at least k+ 2.

12 of 25



Containing all patterns Containing many patterns Containing a pattern class

k-prolific permutations

Definition
A permutation π is k-prolific if every deletion of k points from π

yields a distinct permutation.
A permutation π has breadth at least ` if the taxicab distance
between any two points in its plot is at least `.

•

•

•

•

•

Theorem (Bevan, Homberger, Tenner; 2018)
A permutation π is k-prolific if and only if π has
breadth at least k+ 2.

12 of 25



Containing all patterns Containing many patterns Containing a pattern class

k-prolific permutations

Definition
A permutation π is k-prolific if every deletion of k points from π

yields a distinct permutation.
A permutation π has breadth at least ` if the taxicab distance
between any two points in its plot is at least `.

•

•

•

•

•

Theorem (Bevan, Homberger, Tenner; 2018)
A permutation π is k-prolific if and only if π has
breadth at least k+ 2.

12 of 25



Containing all patterns Containing many patterns Containing a pattern class

k-prolific permutations

Definition
A permutation π is k-prolific if every deletion of k points from π

yields a distinct permutation.
A permutation π has breadth at least ` if the taxicab distance
between any two points in its plot is at least `.

•

•

•

•

•

Theorem (Bevan, Homberger, Tenner; 2018)
A permutation π is k-prolific if and only if π has
breadth at least k+ 2.

12 of 25



Containing all patterns Containing many patterns Containing a pattern class

Theorem (Bevan, Homberger, Tenner; 2018)
Permutations of breadth k+ 2 exist for exactly those lengths
n > dk2/2 + 2k+ 1e.

Corollary
For allm,k, C(m+ k,m) =

(
m+k
m

)
iff k >

√
2m− 1 − 1.
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State of Affairs

m! ?
(
m+ k

m

)
14 of 25
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Permutation classes

Definition.
A permutation class C is a set of permutations which is closed
downward.

A permutation is layered if it is the sum of decreasing
permutations:

•

•••

•

•••••

•

15 of 25



Containing all patterns Containing many patterns Containing a pattern class

Permutation classes

Definition.
A permutation class C is a set of permutations which is closed
downward.
A permutation is layered if it is the sum of decreasing
permutations:

•

•••

•

•••••

•

15 of 25



Containing all patterns Containing many patterns Containing a pattern class

Permutation classes

Definition.
A permutation class C is a set of permutations which is closed
downward.
A permutation is layered if it is the sum of decreasing
permutations:

•

•••

•

•••••

•

15 of 25



Containing all patterns Containing many patterns Containing a pattern class

Universality for C

Definition.
A permutation π is n-universal for a class C if it contains every
permutation of length n in C.

I Given a class C, determine the length of the shortest
n-universal permutations for C.

I Given a class C, determine the length of the shortest
n-universal permutations for C which themselves lie in C.
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Universal permutations for L

Let L be the class of layered permutations.

Proposition (Albert, E., Pantone, and Vatter; 2018).
Given any permutation π, there is a layered permutation of the
same length that contains every layered permutation contained
in π.

Corollary (Albert, E., Pantone, and Vatter; 2018).
Among all shortest permutations which are n-universal for L,
there is one which itself is layered.
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Layerization

Proof of Proposition.

•
••
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Theorem (Albert, E., Pantone, and Vatter; 2018).
For all n, the length of the shortest permutation that is
n-universal for layered permutations is given by the sequence
defined by

a(n) = n+ min {a(k) + a(n− k− 1) : 0 6 k 6 n− 1}

and a(0) = 0.

Note: As a consequence, a(n) ∼ n log2(n).
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Containing many patterns in a class

Definition.
Let

cL(π,m) = # of layered patterns of lengthm contained in π

and
CL(n,m) = max

π∈Sn
cL(π,m).

C∈L(n,m) = max
λ∈Ln

cL(λ,m).

Corollary.

CL(n,m) = C∈L(n,m).
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L = Av(231, 312)
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A = Av(321)
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