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Abstract—Consider a decision support system (DSS) designed
to find optimal strategies in stochastic environments, on behalf of
a user. To perform this computation, the DSS will need a precise
model of the environment. Of course, when the environment
can be modeled as a Markov decision process (MDP) with
numerical rewards (or numerical penalties), the DSS can compute
the optimal strategy in polynomial time. But in many real-
world cases, rewards are unknown. To compensate this missing
information, the DSS may query the user for its preferences
among some alternative policies. Based on the user’s answers,
the DSS can step-by-step compute the user’s preferred policy.
In this work, we describe a computational method based on
minimax regret to find optimal policy when rewards are unknown.
Then we present types of queries on feasible set of rewards by
using preference elicitation approaches. When user answer these
queries based on her preferences, we will have more information
about rewards which will result in more desirable policies. '

I. INTRODUCTION

Suppose Bob wants to determine the shortest route from
his house to his work place, using a computer equipped with
a GPS. If the computer has access to a map, this problem is
easily solved with a shortest-path computation. Assume now
that the computer has also access to some statistics about
traffic jams: for each road, it knows what is the probabil-
ity of being slowed down. With this new information, the
environment may now be modeled as a stochastic Markov
Decision Process (MDP), and Bob’s driving strategy can still
be efficiently computed. In the other hand, suppose the long
term effectiveness of some decisions in some situations are the
same in the environment, for instance choosing to turn to the
right or continuing straight ahead by being in a junction like
T both will result in the same final strategy. Then, instead of
defining a new effect for every state and decision, a limited
set of possible effects (rewards) can be defined in the MDP.
Thus, a wide set of rewards will diminish to a set of possible
rewards with few members. Moreover, assume Bob is a very
demanding individual which is not satisfied with the shortest
route, because he has more complex preferences. For example,
he might prefer not to drive on highways. He might want to
pick up his friend who is waiting for him in the middle of
the way. He might also want to avoid driving through large
cities or on winding roads. In Bob’s mind, his preferences are
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ordinal rather than cardinal: he cannot evaluate routes with a
single number (the expected arrival time), but given two routes
A and B, Bob can naturally tell which one he prefers. To find
the most satisfying route for Bob, the computer will have to
ask Bob many queries in order to elicit his preferences. These
queries might be of the form ”do you prefer route A to route B
7”. Based on these queries, the computer will build a compact
model of Bob’s preferences, and it will then compute Bob’s
prefered routes.

Recently a special model of MDPs with imprecise reward
(IRMDPs) have been proposed [4], [9]. They compute policies
which are robust with respect to the reward uncertainty by
using minimax regret [3]-[7], [10]. Existing models study var-
ious structures on reward functions like “flat” reward function
[4], [10] or ”additive” reward functions [7]. We use another
framework namely ordinal reward MDPs [8] in which rewards
are taken from a given scale, but in this work orders on rewards
is not given.

In this paper, we compute the optimal policy for an ordinal
reward MDP. Assuming that very few information about the
rewards is that they are between zero and one. To elicit more
precise rewards and compute the optimal policy, we ask queries
on scale of rewards. There is a user who answers these queries
regarding her preferences among trajectories in the Markov
Decision process. Our goal is finding optimal policies by
asking a few number of informative queries on rewards from
the user.

To achieve this goal, we provide two main contributions. First,
we develop a computational method (inspired by Ragan and
Boutilier work [5]) based on minimax regret for IRMDPs
with a special structure on unknown rewards. This structure
is also inspired by Weng and Zanuttini work [9]. Second,
we develop a heuristic elicitation method for IRMDPs who
asks comparison questions among rewards by using the idea
of Halve largest Gap [1]. Through these two contributions we
adapt our knowledge about reward parameters and will be able
to find optimal or near-optimal policies effectively.

We proceed by first reviewing some related definitions to
MDPs and explaining minimax regret computation methods
for IRMDPs in Section II. We then describe our approach
of constraint generation procedure used to compute minimax
regret in Section III. In Section IV, we discuss queries types
used to reduce the regret and in Section V we investigate
efficiency of the presented minimax regret method and reward
elicitation procedure. We finally offer some conclusions and



suggestions for future work in Section VI.

II. BACKGROUND

In this section we will present some notifications and
formulations of Markov decision processes and minimax regret
criterion.

A. Markov Decision Process(MDP)

A Markov Decision Process(MDP) [2] is defined by M =

(S, A, p, 7,7, 3) where S is a set of states, A is a set of actions
(S and A are finite sets), p(s’|s, a) is a probability of choosing
state s’ by being in state s and taking action a. 7 : S x A — R
is a reward function, 0 < v < 1 is a discount factor and (3 is
a distribution on initial states.
In this work, for convenience we use matrix-vector notations.
Assume |S| = n and |A| = k, then r is a matrix of length
n X k whose elements of matrix are rewards r(s,a). P is a
(n x k) x n probability transition matrix, where every row
presents pair of (state, action) and every column is a state.
Another definition is matrix E which has the same dimension
as matrix P and is defined as follows:

E(s'|s,a) = { p(s']s,a)

p(s'|s,a) -1

if s’ #s
if s =s

A deterministic policy is a function like 7 : S — A which
allocates an action a to every state s. To compare policies with
each other, they are evaluated by a value function v™ which
is expected sum of rewards and is defined as follows:

VT (8) = Bagmpd_ A7 (51, 7(s0)) ] (1)

t=0

Our goal as a user is to find the optimal policy that denotes
by 7* such that:

’

™ = argmar, v" 2)

Remind that v™ = v™ & Vs € S, v™(s) > v™ (s). The
optimal policy 7* can be deduced from the optimal value
function v*, which can be computed with the bellman equation
as follows:

v*(8) = mazaea r(s,a) +7 Z p(s'|s, a)v*(s")
s’'eS

m(s) = argmazaca r(s,a) +v »_ p(s'|s, a)v*(s')
s'es

Note that these equations can be linearized, and then solved
with any Linear Programming package.

Interestingly, there exists a dual formulation of the above
Bellman’s equations based on the notion of occupancy fre-
quency function [2]. This dual formulation also leads us
to an alternative way of computing the optimal policy. The
occupancy frequency function f* : S x A — R of a policy
m is the total discounted probability of being in state s and
taking action a:

f7(s,a) = Z”YtP(St =s,a; = a)
t=0

The set F of valid occupancy frequencies for a given MDP

is the polytope of all functions f satisfying YE' £+ 5 = 0 [2].

The value of the policy associated to the occupancy function
" is:

Vi(s) =r'f" 3)

We can now find the optimal occupancy frequency by solving
the following Linear Programming problem:

f* = argmazgy v’ f @
subjtofe F

Note that the optimal policy 7* can again be recovered

from the optimal occupancy frequency by the following equa-

tion: 7(s,a) =f7(s,a)/ > caf (s,a").

B. Imprecise Reward MDP

Inspired by Ordered Reward MDP(ORMDP) in [8], we in-
troduce an MDP with unknown rewards where reward function
is defined as 7 : S x A — E. E is the set of possible reward
values £ = {A1,..,\g}, such that V \; € E 0 < \; < 1.
Again \;s are unknown and will be estimated by interaction
with the user.

As explained in [9] we reformulate ORMDP to an Im-
precise Reward MDP (S, A, p,7,v,5) where 7(s,a) is a
d-dimensional vector. If #(s,a) = X; then 7(s,a) =
(0,..,0,1,0,..,0) which 1 is the ith element of vector. The
reward of state action s and a is 7(s,a) = [\, .., \g].7 ' (s, ).
In this way we have 7(s,a) = 7(s,a). Now, we look for
the optimal policy 7*, in other words we look for optimal
occupancy function f*.

Based on our presented structure we have the following
notification on rewards :

[T(Sh a/l)a o ,7‘(51, ak))a T ,T(Sn,a1)7 T ;T(Sna a/k)] =
— 4T
7(s1,a1)

7(s1,ar)
[/\1,..,)\51] :
——

A F(sm al)

L 77<Sn7ak) |
N————’
rl

Then we have r = )\rcT.Here, r. is known but X is known
and has be elicited. On the other side, we only know the
feasible set of reward values As which they are confined by a
d—dimensional cube at the beginning. We denote this feasible
set of As by A.

As we have mentioned earlier, we look for

f* = supger g1 = supge 7 Ar, .g (5)

C. Preference Elicitation

Among various types of preference elicitation methods,
we focus on the one which defines a utility function on the
set of possible outcomes. In our case, a set of outcome is a
set of all possible occupancy functions (F). If utility function



U : F — R" can be extended from user’s preferences, we
can easily predict the best decision for the user among set of
outcomes (The prediction will be argmazs,cr U(f;)). The
problem is that these utility functions are not specified at the
beginning in most real cases.

Based on Equation 3, we look for the policy with the max value
function in comparison with other policies. In the other hand,
value of optimal 7* corresponds to the value of optimal f*
and we have: vI = Ar] .f*. Therefore, considering Equation
5 and the relation between long term value functions and
occupancy functions, we define U(f) = Ar].f. If we had
precise values of As, we would choose f,,¢p,+ such that
foutput = SUPgeF U(g) = SUPgeF Ar;rg

In our case like Regan and Boutilier’s situations [4], we also
don’t have full utility functions information. Then, we can
refine knowledge of As through some constraints. In most cases
decisions can be made even without knowing exact value utility
functions [1] because of two reasons:

1-  Optimal decisions can often be made with only little
knowledge of utilities.

2-  Value of certain utilities regarding their efficiency to
make decisions is expensive and is not worthy.

Now, since our imprecise As are bounded in the A polytope, we
use minimax regret decision criterion to make decisions and
find optimal policy f*. Minimax regret is a robust optimization
method in presence of uncertain data and which we utilize it
for approximating optimal policies.

Definition 1: The pairwise regret of policy f w.r.t g over
feasible set A is defined as

R(f, g, A) = maxyep Ar. .g — Ar] £
If the system was forced to choose f instead of g, the worst

case loss with respect to possible set of A € A would be
R(f,g,A).

Definition 2: The maximum regret of decision f is
MR(f,A) = mazgerR(f, g, A)
= MATrer MATgeF Ar] g — A/ f
MR(f, A) is the maximum regret which system can make by
choosing policy f.
Definition 3: The Minimax Regret of feasible set A is:
MMR(A) = minger MR(f, A)
= Minge FMATAcAMATge F /\rz—.g — )\r;r.f
Finally, a minimax optimal decision f* is a decision which
minimizes the max regret as bellow:

£ = argminger MR(f, A)

III. COMPUTING MINIMAX REGRET

Minimax regret is a robustness criterion to make a
decision in partially known systems and it guides elicitation
effectively. Minimax regret computation is a complex task.
As an example Xu and Mannor [10] have implemented a
computation method for Imprecise Reward MDPs which is

NP-hard. Also inspiring Benders decomposition, Regan and
Boutilier [3], [4] use a Mixed-Integer Program (MIP) model
which is only applicable to small size of MDPs?. In this
section, we present a calculation method namely the random
points method to solve approximately the minimax regret
problem.

A. Selected Random Points Method

Let A be a set of feasible X vectors, which can be defined
by a set of bounds on reward values specified priorly by a user
or an expert. Assume feasible set of rewards A is given by a
convex polytope A = {A|CX < d}. Then by using Minimax
regret criterion, optimal policy f* can be computed from the
following equation :

£ = argminger mazge r maryep Ar,.g—Ar] f
subject to: YE'f4+5=0
YE'g+3=0
CA<d

Equation 6 is a quadratic program and solution of these kinds
of equations are always complex. Then, we use the constraint
generation approach [4] to simplify the equation by changing
it to series of linear programmings :

(6)

minimizers 6
subjectto: § > Arl .g—Ar, f Vg€ F, Ac A (7)
YE'f+5=0
Equation 7 is a linear program with an infinite number of
constraints, one fore each pair g, A. Instead of enumerating all
As, we will draw randomly some As from A. we inspire idea of
Regan and Boutilier [5] in using non-dominated policies. First
we select randomly many A points from a given polytope A,
then solve the following sub-Problem for a given A;. By that,
we will form a GEN set (generating set) made up of (A;, g;)
pairs:
g, = Marimize; \ir} .g
subjectto: YETg+ =0
Considering three following algorithms, after preparing
generation set we will find series of constraints and will

compute our main linear programming problem (Based on
Algorithm TII-A) which will result in the optimal policy f*.

®)

Algorithm 1 Find-g();)

Input: \;

Output: g;
1. g, «— Maximizeg Air] .g
2: subjectto: YE'g+ =10
3: return g,

We changed the quadratic problem (Equation 6) to the
linear programming with |S|.|A| + 1 number of variables and
K + |S| number of constraints (KX is number of randomly
selected points from A polytope). Moreover, every constraint
is a solution of another LP with |S|.|A| number of variables
and |S| number of constraints.

2We will investigate their results as well in experimental part of this paper.



Algorithm 2 Calculate-GEN-set(N, A)

Input: let NV be the number of randomly selected points from
polytope A
Qutput: GEN set is including constraints for main problem
Arandom <— 0 random selected points from polytope A
GEN +— ()
fori=1to i< N do
choose A; randomly in A
Arandom — A'random U A1'.
end for
for \; € Avandom do
g; «— find-g(\i)
GEN <— GEN U{(A;,g,)}
end for
return GEN

—
TV RN

Algorithm 3 Calculate f* for a given polytope A = {A\|CA <
d}

Input: N is the number of selected points from polytope A
Output: f*

1: Constraint <— ()

2: GEN <— Calculate-GEN-set(N, A)

3: fori=1to N do

4 Choose (A;,g;) € GEN

5: Constraint «+— Constraint U )\irchi —Arlf<s§
6: end for
7
8
9
10

. Constraint +— Constraint U yE"f+ 3 = 0
S g — M?:n&f 1)

: subject to: Constraint

. return f*

IV. REWARD ELICITATION

We now wish to elicit and asses current knowledge of
reward functions (in our case A polytope) by proposing infor-
mative and effective queries to the user after each interaction
between her and the Decision Support System. As explained in
[3], these queries are questions about user preferences in many
different forms such as reward values (in our case are \s),
states, state-action pairs or trajectories. After user response,
every query implements a new bound on the reward scale and
shrinks the feasible the reward set. Assume, the A polytope
is given by a set of inequalities on a linear combination of
A1, .., Ag. At the beginning a given bound on s is a unit cube?
in d-dimensional space. These inequalities have the form “Is
WA + ... + wgAg > a 77 where WA —a = 0 is the plane
in which W = (wy, .., wg) is the unit normal vector* of plane
and a = W.\g ( The plane passes through the point Ay). We
remind that the proposed queries to the user should be easy
enough to be answered by the user.

We use a heuristic strategy namely Halve Largest Gap (HLG)
[1] to find query forms, reduce regret and finally find the
optimal policy. Based on HLG method for every two vertices

3A cube whose sides are 1 unit long and it is located in the first orthant
with one vertice on the origin.
4The normal vector perpendicular to the plane.

(vi,v;) from polytope A, we define a Gap as :
A(vi,vj) = mazpeq {d(P,v;) + d(P,v;) | d(P,v;) = d(P,v;)}

d
Q:{Zwi)\ifa:(Hwa =1}
i=1

d(P,v;) is the distance between plane P and point v;. In the
other words, A(v;,v;) is the max sum of distance of v; and
v; from a plane like P which has the equal distance from two
given vertices. Now we choose P* plane such that:

P* = argmazx,, .,y A(vi,vj) s.t. v;,v; € vertices(A)’

The query has the form : ”Is P* > 0 77, which means which
side of plane P* is preferred by the user. Assume v; and v;
are given, thus finding the appropriate plane P = WA —a will
change to the following problem:

Maacw,vi,vj W.(Vi — Vj)
subject to: Cv; < d

9
CVj S d ( )
Wil =1
We mentioned that the plane has equal distance from two
chosen points: W.v; —a = —W.v; + a. Thus after solving
Equation 9, a will be calculated by:
o= 7“; %) (10)
Equation 9 is equivalent to the simple maximization:
Mazw,, ., W.(vi —v;) (an

subjectto: ||W]|| =1 Vv, v, € vertices(A)
To clarify the proceeding part of this section, consider W*,
vy and v} are d-dimensional vectors and they are solutions
of Equation 11. Thus, the proper plane will be W*X — a*
where a* = W~*.(v; + v})/2. Equation 11 is a quadratic
problem which is computationally complex in case of huge
set of vertices(A). To tackle this problem we form two LP
problems inspired by the iterative solution to quadratic problem
presented by [5] (Modified ICG-ND). If Wy, is a given
normal vector of plane, then a linear programming which we
call Find-Pairs() is:

maxy, v, Wiz (vi —vj)
subject to: Cv; < d
CVj S d
In the other hand, for two given points v; ¢;,, v; i the normal
vector of plane is as following:
mazw W.(vifpim — ijm)
subject to: ||[W|| =1

Equation 12 is quadratic problem again and can be simplified
as a simple equation namely Find-Normal-Vector():

12)

W= Vifiz = Vjfig

Visie =75 ]
In both Find-Pairs() and Find-Normal-Vectors(), we find value
of a from Equation 10.
Lastly to solve Equation 11, we use Algorithm IV that is
iteration of Find-Pairs() and Find-Normal-Vector().

Svertices(A) is a set of all A polytope vertices.



Algorithm 4 Find-Query()

Input: CA < d polytope and € constant are given
Output we look for W*X — a* plane
(W*X —a*) pirst <— 0
x <— choose a random point € vertices(CA < d)
y «— choose a random point € vertices(CA < d)
(W*X — a*) finai +— Find-Normal-Vector(z, y)
A [|[(W*A = a") finar — (WA = a*)firstH
while A > € do

z,y <— Find-Pair(W* ¢;,,4;)

(WX —a") pirst <— (WA =a") 40

(W*X — a*) finai +— Find-Normal-Vector(z, y)

A [|[(W*A = a*) finat — (WX = a*) pirst|
: end while
return (W*X — a*) final

AN A

_— =
N oY

V. EXPERIMENTS

We will examine performance of our Minimax Regret

calculation from two points of view including: Number of all
possible value of rewards (A polytope dimension), and MDP
size. Afterwards, we will investigate effectiveness of minimax
regret as a conductor of reward elicitation.
Since this work is preliminary and we would like to compare
our results with whole previous approaches, we used a set
of randomly generated MDPs to evaluate our approach®.
A random MDP is defined by several parameters including
number of states n, number of actions &£ and number of
possible value of rewards d. We utilize normalized set of
feasible reward functions for each MDP, where the reward for
each pair s, a is bounded between 0 and 1. We implement
some structure on MDP with making a semi sparse transition
function. From any state s restrict transitions to reach
[log,(n)] other states. For each pair of (s,a) draw reachable
states based on uniform distribution over the set of states.
For drawn states, transition probabilities are formed based
on Gaussian distribution. For the rest of states transition
probabilities are equal to 0. The initial state distribution g
is a uniform distribution over states and we choose discount
factor v = 0.95. Remind that in the first step polytope of
rewards is a unite d-dimensional cube. To have more effective
results, we average the numeric results for computations over
10 times and we choose 1000 number of random As for every
iteration.

A. Computation efficiency

To measure the performance of our minimax regret
computation method (selected random points method), we
display the change of average minimax regret computation
time with respect to MDP size. Figure 1 indicates how
calculation time changes as a function of number of states or
number of actions. In one of the diagrams, we fixed number
of actions at 5 and varied the number of states while in the
other one we fixed number of states at 10 and altered action
numbers. Additionally, the Number of unknown rewards (d)

6We did these experimental results with R version 3.0.1 and “Ip-
SolveAPI” package to solve LPs. We used Irslib Ver 4.3 as a li-
brary of the reverse search algorithm for vertex enumeration/convex
http://cgm.cs.mcgill.ca/ avis/C/lrs.html.
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Fig. 1. Changing of states and actions vs calculation time for minimax regret.
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Fig. 2. The ICG can not see beyond 11 states [3]

is equal 10. Figure 2 and 3 are two results from Regan and
Boutilier work. The former shows minimax calculation time
using integer linear programming method namely ICG in
[3] and the latter indicates minimax calculation time using
nondominated policies [5]. Both of these methods are not
able to do calculations for huge size of MDPs because
of complexity of their calculations, while our method is
applicable for very huge MDPs (Figure 1). For instance,
we can calculate minimax regret for a MDP with 200 states,
while previous approaches don’t have any results more than
10 states. Therefore, our approach is significant for MDPs
with too many states and actions and few number of different
reward values.



T T T T T
Xu & Mannor (LP-ND1)

—— Xu & Mannor - Modified (LP-ND2)

— — Regan & Boutilier - Modified (ICG-ND)

q10

N Regan & Boutilier (ICG-MIP) e )
10° F 9 ( ) . il 410°
: ’ S
: 3
3 2
10? q10° B
.y T
[5} =4
3 €
@ . 3
g e E BT
= 2
S
100 100§
€
=]
=4
107! q10~"
1077 E; . 31072
2 3 4 5 6 7
Number of States
Fig. 3. Scaling of minimax regret computation (line plot on left y-axis) and

nondominated policies (scatter plot on right y-axis) w.r.t. less than 7 number
of states [5]

o _| ~
< PN
/\ /
- 7 \7

g 81
@
3
[Sa
G o _|
= I3
)
Q
€
=}
S o _|

-

! — = varying the number of states
varying the number of actions
o -
I I I I I
0 50 100 150 200
number of states/number of actions
Fig. 4. Required number of queries when d =7

B. Effectiveness of elicitation

In this section, we study our approach of regret-based re-
ward elicitation on random MDPs. We set € error of Algorithm
IV equal 10~* and compute the number of queries proposed
to the user until minimax regret reduce to value of 0. In
Figure 4, we observe changing of states and actions when
d = 7. When sates change we fix |A| = 5, and set |S| = 10
during actions changing. The figure shows that query numbers
increase linearly as a function of state parameter while it’s
changing w.r.t actions is approximately constant.

Weng and Zanuttini in [9] and Regan and Boutilier in [6] both
have run their methods on a special size of MDP where |A| = 6
and d = 14 for |:S| < 500. The former result with 46.5 queries

is better than the latter result which is equal 60 queries. In
comparison with our case, we have |[A] = 5 and d = 7 in
figure 4. As shown, the average required number of queries
change linearly and doesn’t reach 40 for less than 150 states.
Moreover, we ran instances of the size |A] = 5 and d = 10.
In this part, we could continue calculations until 70 states
while queries had again linear form and didn’t exceed 25. Our
results are not strong enough to make any conclusion because
of complexity of our calculations in reward elicitation. Then
we can not fulfill calculations in a finite time for huge MDPs
with value of d > 10. Also, we don’t have any theoretical
proof that shows this diagram will continue linearly for more
number of states.

VI. CONCLUSION

In this work, we proposed a new structure on rewards in
IRMDPs using [9]. Also we presented a robust policy computa-
tion method for this set of unknown rewards by using minimax
regret criterion which is less complicated and computationally
faster than previous works. Moreover, we proposed a reward
elicitation approach in order to refine knowledge of rewards
and reducing this regret with the goal of finding optimal
policies. Since this work is preliminary, there will be many
interesting subjects that we will work on in the future. One
of them is defining non-dominated rewards and profit this
definition in policy calculation and reward elicitation. Besides
we will consider another type of structure on rewards, and
present various types of queries in order to find more effective
results.
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