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A partition A of n is a non-increasing sequence (A1, Az, ..., Ak) such that
A1+ Ao+ -+ A = n. We represent a partition by its Ferrers diagram.
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Figure: The Ferrers diagram of A=(5,4,3,3,1)
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A partition A of n is a non-increasing sequence (A1, Az, ..., Ak) such that

A1+ Ao+ -+ A = n. We represent a partition by its Ferrers diagram.
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Figure: The Ferrers diagram of A=(5,4,3,3,1) and its hook lengths

Mathias Pétréolle (ICJ, Lyon)

Partitions d’entiers et groupes de Coxeter

CALIN 4 /27



A partition A of n is a non-increasing sequence (A1, A,

..., Ak) such that
A1+ Ao+ -+ A = n. We represent a partition by its Ferrers diagram.
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Figure: The Ferrers diagram of A=(5,4,3,3,1) and the sign ¢, of its boxes

+1 if his stricly above the diagonal
Set &y = —1 else
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A partition A of n is a non-increasing sequence (A1, Az, ..., Ak) such that

A1+ Ao+ -+ A = n. We represent a partition by its Ferrers diagram.
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Figure: The Ferrers diagram of A=(5,4,3,3,1) and the sign ¢}, of its boxes

+1 if his stricly above the diagonal
Set &y = —1 else

5 = +1 if the Durfee square of A is even
A —1 else
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A partition A of n is a non-increasing sequence (A1, Az, ..., Ak) such that
A1+ Ao+ -+ A = n. We represent a partition by its Ferrers diagram.

]

]
e

Figure: The Ferrers diagram of A=(5,4,3,3,1) and the sign ¢}, of its boxes

+1 if his stricly above the diagonal
Set &y = —1 else

P +1 if the Durfee square of X is even
A —1 else

H:(\) the multi-set of hook lengths which are multiple of t
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t-cores

Let t > 2 be an integer. A partition is a t-core if its hook lengths set does
not contain t. It is equivalent to the fact that the hook lengths set does
not contain any integral multiple of t, i.e. H¢(\) = 0.
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t-cores

Let t > 2 be an integer. A partition is a t-core if its hook lengths set does
not contain t. It is equivalent to the fact that the hook lengths set does

not contain any integral multiple of t, i.e. H¢(\) = 0.
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Figure: A 3-core
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Figure: A 3-core

Nakayama (1940): introduction and conjectures in representation theory
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Let t > 2 be an integer. A partition is a t-core if its hook lengths set does
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Figure: A 3-core
Nakayama (1940): introduction and conjectures in representation theory

Garvan-Kim-Stanton (1990): generating function, proof of Ramanujan’s

congruences
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Nakayama (1940): introduction and conjectures in representation theory
Garvan-Kim-Stanton (1990): generating function, proof of Ramanujan’s

congruences
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Nakayama (1940): introduction and conjectures in representation theory
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t-cores

Let t > 2 be an integer. A partition is a t-core if its hook lengths set does
not contain t. It is equivalent to the fact that the hook lengths set does

not contain any integral multiple of t, i.e. H¢(\) = 0.
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Figure: A 3-core

Nakayama (1940): introduction and conjectures in representation theory
Garvan-Kim-Stanton (1990): generating function, proof of Ramanujan’s
congruences

Ono (1994): positivity of the number of t-cores

Anderson (2002), Olsson-Stanton (2007): simultaneous s- and t-core
Han (2009): expansion of 7 function in terms of hooks
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Self-conjugate and doubled distinct partitions

Self-conjugate partitions

411
71412[1]

SC(y): subset of
self-conjugate t-cores.
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Self-conjugate and doubled distinct partitions

Self-conjugate partitions

411
71412[1]

SC(y): subset of
self-conjugate t-cores.

In terms of Frobenius
coordinates, we have:

a ... adg
dy ... dag
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Self-conjugate and doubled distinct partitions

Self-conjugate partitions Doubled distinct partitions DD
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Self-conjugate and doubled distinct partitions

Self-conjugate partitions Doubled distinct partitions DD
SC
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SC(y): subset of DD(;: subset of doubled distinct t-cores.

self-conjugate t-cores.

In terms of Frobenius
coordinates, we have:

a ... dg
dy ... dag
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Dedekind 7 function

We define Dedekind eta function by 7(x) = x*/2* H(l —xh.
i>1
n is a weigth 1/2 modular form.
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Dedekind 7 function

We define Dedekind eta function by 7(x) = x*/2* H(l —xh.
i>1
n is a weigth 1/2 modular form.

Lehmer's conjecture (1947)

Coefficents of the expansion of n?* are nonzero.
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Nekrasov-Okounkov type formulas

Theorem (Nekrasov-Okounkov, 2006; Westbury, 2006 ; Han, 2009 ;

P., 2015)

For all complex number z, we have :

]h_‘[(l—xk)z_:l = pr‘l H (1—%)

k>1 AEP heH(N)
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Nekrasov-Okounkov type formulas

Theorem (Nekrasov-Okounkov, 2006; Westbury, 2006 ; Han, 2009 ;

P., 2015)

For all complex number z, we have :

H(l—Xk)z_l = ZXW H (1—%)

k>1 AEP heH(N)
k\2z2+z Al/2 2z +2
[Ta-xb = > o2 ] (1— T )
k>1 AEDD heH ()
2z—1
(1 _ X2k)z+1 5 27
(HW = > o ]I (1-
k>1 AESC heH(A)

Mathias Pétréolle (ICJ, Lyon) Partitions d’entiers et groupes de Coxeter [@\R]\ 8 /27



Table of Contents

© Generalizations through Littlewood decomposition

Mathias Pétréolle (ICJ, Lyon) Partitions d’entiers et groupes de Coxeter [@\R]\ 9 /27



Generalization of the type C Nekrasov-Okounkov formula

Theorem (P., 2015)

Let t be a positive integer. For any complex numbers y and z we have

S a2 ] (y_%)

xeDD hett(N)
0 (z—1)(zt+t-3)/2
]:[(1 . Xk)(]. _ th)t -1 (1 _ thy2k> = z Ift _ 2tl + 1
k>1
=)y @ (e
11 1 Xkt 1— yhxkt =2t
k>1
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The t-core of a partition

Let t be a fixed integer. The t-core of a partition A is the partition
obtained by successively deleting in A all the ribbons of length t, until we
can not remove any ribbon.
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The t-core of a partition

Let t be a fixed integer. The t-core of a partition A is the partition
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The t-core of a partition

Let t be a fixed integer. The t-core of a partition A is the partition
obtained by successively deleting in A all the ribbons of length t, until we
can not remove any ribbon.

Exemple : A =(5,5,4,4,2)

has for 3-core [ 1]

Facts: The t-core of a partition is a t-core.
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The t-core of a partition

Let t be a fixed integer. The t-core of a partition A is the partition
obtained by successively deleting in A all the ribbons of length t, until we
can not remove any ribbon.

Exemple : A =(5,5,4,4,2)

has for 3-core [ 1]

Facts: The t-core of a partition is a t-core.
The t-core of a self-conjugate partition is self-conjugate
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The t-core of a partition

Let t be a fixed integer. The t-core of a partition A is the partition
obtained by successively deleting in A all the ribbons of length t, until we
can not remove any ribbon.

Exemple : A =(5,5,4,4,2)

has for 3-core [ 1]

Facts: The t-core of a partition is a t-core.
The t-core of a self-conjugate partition is self-conjugate
The t-core of a doubled-distinct partition is doubled-distinct

Mathias Pétréolle (ICJ, Lyon) Partitions d’entiers et groupes de Coxeter CALIN



Littlewood decomposition

Theorem (Littlewood, 1951, probably)

The Littlewood decomposition maps a partition A to (5\, AL AL
such that:

(i) X is the t-core of A and \°, AL, ... Xt~ are partitions;
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Littlewood decomposition

Theorem (Littlewood, 1951, probably)

The Littlewood decomposition maps a partition A to (5\, AL AL
such that:

(i) X is the t-core of A and \°, AL, ... Xt~ are partitions;
(ii) ’)‘| = |5\‘ = t(’)\()’ + ’)\1’ dbooodt |)\t71|)
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Littlewood decomposition

Theorem (Littlewood, 1951, probably)

The Littlewood decomposition maps a partition A to (5\, AL AL
such that:

(i) X is the t-core of A and \°, AL, ... Xt~ are partitions;
(i) Al = AL+ £(20] + A + - - + A1)
(ii) {h/t,h € He(N)} = HOAO)UHOA) U--- UH(AD).
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Littlewood decomposition

Theorem (Littlewood, 1951, probably)

The Littlewood decomposition maps a partition A to (5\, AL AL
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(i) Al = AL+ £(20] + A + - - + A1)
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t=3
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Littlewood decomposition

Theorem (Littlewood, 1951, probably)
The Littlewood decomposition maps a partition A to (5\, AL AL
such that:
(i) X is the t-core of A and \°, AL, ... Xt~ are partitions;
(i) Al = AL+ £(20] + A + - - + A1)
(ii) {h/t,h € He(N)} = HOAO)UHOA) U--- UH(AD).

t=3

01 11

[ [ 1% 1
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Littlewood decomposition

Theorem (Littlewood, 1951, probably)
The Littlewood decomposition maps a partition A to (5\, AL AL
such that:
(i) X is the t-core of A and \°, AL, ... Xt~ are partitions;
(i) Al = AL+ £(20] + A + - - + A1)
(ii) {h/t,h € He(N)} = HOAO)UHOA) U--- UH(AD).

t=3
w =---00110001.101110011 - - -

[T]e°
E
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Littlewood decomposition

Theorem (Littlewood, 1951, probably)
The Littlewood decomposition maps a partition A to (5\, AL AL
such that:
(i) X is the t-core of A and \°, AL, ... Xt~ are partitions;
(i) Al = AL+ £(20] + A + - - + A1)
(ii) {h/t,h € He(N)} = HOAO)UHOA) U--- UH(AD).

t=3
=---00110001.101110011 - - -
N wp=--- 1 0 1 1 O

01 1 1

g
|

[ [ 1% 1
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Littlewood decomposition

Theorem (Littlewood, 1951, probably)
The Littlewood decomposition maps a partition A to (5\, AL AL
such that:
(i) X is the t-core of A and \°, AL, ... Xt~ are partitions;
(i) Al = AL+ £(20] + A + - - + A1)
(ii) {h/t,h € He(N)} = HOAO)UHOA) U--- UH(AD).

t=3 .
&_10 w =---00110001.101110011 - - -
e wo = 1 0 110
0 4
01‘1‘1|0 w=---0 1.0 0 1 1 ---
[ [ 1% 1
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Littlewood decomposition

Theorem (Littlewood, 1951, probably)
The Littlewood decomposition maps a partition A to (5\, AL AL
such that:
(i) X is the t-core of A and \°, AL, ... Xt~ are partitions;
(i) Al = AL+ £(20] + A + - - + A1)
(ii) {h/t,h € He(N)} = HOAO)UHOA) U--- UH(AD).

t=3 .
LI w =---00110001.101110011 - - -
o wy = 10 110
01 4
Ol‘ﬁﬂ wp=---010 01 1 -
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Mathias Pétréolle (ICJ, Lyon) Partitions d’entiers et groupes de Coxeter CALIN



Littlewood decomposition

Theorem (Littlewood, 1951, probably)
The Littlewood decomposition maps a partition A to (5\, AL AL
such that:
(i) X is the t-core of A and \°, AL, ... Xt~ are partitions;
(i) Al = AL+ £(20] + A + - - + A1)
(ii) {h/t,h € He(N)} = HOAO)UHOA) U--- UH(AD).

t=3
=...00110001.101110011 - - -
wo 10 110
S wy=--010 01 1-- A=
[Tl s wy=---0 0 1 1 0 1--- A=

[[]e=
LI
g
|
S
I
HDHE:I
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Littlewood decomposition

Theorem (Littlewood, 1951, probably)

The Littlewood decomposition maps a partition A to (5\, AL AL
such that:

(i) X is the t-core of A and \°, AL, ... Xt~ are partitions;
(i) Al = AL+ £(20] + A + - - + A1)
(ii) {h/t,h € He(N)} = HOAO)UHOA) U--- UH(AD).

t=3 .
0 =... 1
:1:10 w 00110001.101110011 30—
131 19 wy = 1 0 1 1 0
319 1
66 gl\l\llﬂ wi=---0 1 0 0 1 1. --- N=
12 6] 131 1% we=---0 01 1 0 1--- M=
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Properties of the Littlewood decomposition

When X\ € DD, its Littlewood decomposition (5\, AL L AETL) satisfies:

(i) X and \° are doubled distinct partitions
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Properties of the Littlewood decomposition

When X\ € DD, its Littlewood decomposition (5\, AL L AETL) satisfies:

(i) X and \° are doubled distinct partitions
(i) A" and A\~ are conjugate for i € {1,...,t — 1}
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Properties of the Littlewood decomposition

When X\ € DD, its Littlewood decomposition (5\, AL L AETL) satisfies:

(i) X and \° are doubled distinct partitions
(i) A" and A\~ are conjugate for i € {1,...,t — 1}

Bl
3
6

A0 AL A2

> =
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New properties of the Littlewood decomposition

When X\ € DD, its Littlewood decomposition (5\, AOAL L AETD) satisfies:

(iii) 0y = 50,0 if tis odd and 0y = 050,00, if t = 2t' is even

131
3
6
6[3[ 1]
2 [ T6[ 3] ] 0
A A A0 Al A2

Mathias Pétréolle (ICJ, Lyon) Partitions d’entiers et groupes de Coxeter CALIN



New properties of the Littlewood decomposition

When X\ € DD, its Littlewood decomposition (5\, AOAL L AETD) satisfies:

(iii) 6y = 6560 if tis odd and 6y = 056,00, if t is even.
(iv) Let v be a box in \” and V its canonically associated box in A. v is
strictly above the principal diagonal in \° iff it is also the same for V

in .
EIl
3
6
613 [ 1]
2 1 [6] 131 ] 0
A A \ AL A2
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New properties of the Littlewood decomposition

When X\ € DD, its Littlewood decomposition (5\, AOAL L AETD) satisfies:

(v) Let v = (j, k) be a box in A, with 1 < i < t' and v* = (k,j) a box in
A2t +1=1 — \i* \We denote by V and V* the boxes of \ associated
with them. If V is stricly above (resp. below) the principal diagonal
of A, then V* is stictly above (resp. below) this diagonal.

131
3
6
6[3 [ 1]
2l [ T6[ 3] ] 0
A A A0 Al A2
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Proof of our generalization

o Fix t = 2t' + 1 an integer, A € DD and its Littlewood decomposition
(A A0 N L),
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Proof of our generalization

o Fix t = 2t' + 1 an integer, A € DD and its Littlewood decomposition
(A A0 N L),

o Write:

t(2z + 2
2 T (y _ %)

heH(N)
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Proof of our generalization

o Fix t = 2t' + 1 an integer, A € DD and its Littlewood decomposition
(A A0 N L),

o Write:
2 T (y _ M) _ 52
heHe(\) € h
X 030 xtA%1/2 H (y - y—(2sz -; 2)>

heH()\0) h

t/ 2
i 2z 42

T ] <y2 _ (y( : )) >

i=1 heH (M)
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Proof of our generalization

o Fix t = 2t' + 1 an integer, A € DD and its Littlewood decomposition
(A A0 N L),

o Write:
2 T <y _ M) _ 52
heHe(N) € h
X 030 xtA%1/2 H (y - y—(2sz -; 2)>

heH(A\0) h

t/ 2
i 2z +2

T ] <y2 _ (y( : )) >

i=1 heH(\)

@ And sum over all doubled distinct partitions.
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And for self-conjugate partitions ?

Same types of properties apply for self-conjugate partitions.
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And for self-conjugate partitions ?

Same types of properties apply for self-conjugate partitions.

Theorem (P., 2015)

Let t be a positive integer. For all complex numbers y and z, we have :

o I (- 5a)

AESC heHM(N)
1—x* 2ke\ ! 2k 2kt\(22—1)t' . /
H1—2k<1—x ) (1 — y?hx2kt)Z-DE e — ot
k1 X
- 1 — xk (1 i szt)t/+1 (1 _ yzkxzkt)(tz2+z—t—1)/2 ” 0 1 1
t =2t
/<1;[1 1 — 2k ] _ xkt (1 — ykxkt)z—1 ! +
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Some consequences

Corollary (P., 2015)

Whell t =y =1, we recover the Nekrasov-Okounkov formula in types C
and C”.
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Some consequences

Corollary (P., 2015)
Whell t =y =1, we recover the Nekrasov-Okounkov formula in types C
and C”.

Corollary (P., 2015)

We have:
bt /
Al/2 _ 2t k ket —1
Z S x P/ H E—exp(—tb X /2)H(1—x )(1 — x™)
AeDD het(X) k>1

CALIN 18 /27
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New hook formulas

Corollary

if t is odd, if t is even,
1 (—1)" 1
Z 2 H h_sh ~ pl2ngn Z H h n'2”t”
XEDD, |A|=2tn heH(N) AESC,|A|=2tn heH+(N)
#HHe(N)=2n #He(\)=2n
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New hook formulas

Corollary

if t is odd, if t is even,
1 (—1)" 1
Z 2 H h_sh ~ pl2ngn Z H h n'2”t”
XEDD, |A|=2tn heH(N) AESC,|A|=2tn heH+(N)
#HHe(N)=2n #He(\)=2n

> oIl 5o > o Il

XESC,IA|=tn  heH(N) hen AEDD,|A|=tn  h€H ()
H#Hi(N)=n #H#He(N)=n
= [th] eXp(—Xt — tX2t/2) = [th/2] exp(—xt/2 — txt/2)
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And after?

@ Links with representation theory?
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@ Links with representation theory?

@ Prove general theorem using the Littlewood decomposition
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@ Links with representation theory?

@ Prove general theorem using the Littlewood decomposition
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Table of Contents

e Coxeter groups and automata theory
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A Coxeter group is given by a matrix (ms¢)s tes

s2=1
Relations { sts--- = tst--- braid relations
Se—— =
Ms,t Ms,t if ms = 2, commutation relations
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Coxeter groups

A Coxeter group is given by a matrix (ms¢)s tes

s2=1
Relation sts--- = tst--- braid relations
elations
Mms. t Mms ¢

if ms = 2, commutation relations

Length of an element w := ¢(w) = minimal integer ¢ such that
W = 515...5) with 5, € S
A such word is a reduced decomposition of w € W
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Coxeter groups

A Coxeter group is given by a matrix (ms¢)s tes

s2=1
Relation sts--- = tst--- braid relations
elations
ms,t Mms. ¢

if ms = 2, commutation relations
Length of an element w := ¢(w) = minimal integer ¢ such that
W = 515...5) with 5, € S

A such word is a reduced decomposition of w € W

Theorem (Matsumoto, 1964)

Let w be an element of W. Any two of its reduced decompositions are
linked by a series of braid relations.
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Cyclically fully commutative elements

Definition
An element w is fully commutative if, given two reduced decompositions
ofw, there is a sequence of commutation relations which can be applied to

transform one into the other.
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Cyclically fully commutative elements

Definition
An element w is fully commutative if, given two reduced decompositions
ofw, there is a sequence of commutation relations which can be applied to

transform one into the other.
$55354505153525655 FC, 0—0—0—0—0—0 Ag¢

S1 S2 S3 S4 S5 Sg

53505152545355 not FC
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Cyclically fully commutative elements

Definition

An element w is fully commutative if, given two reduced decompositions
ofw, there is a sequence of commutation relations which can be applied to
transform one into the other.
$55354505153525655 FC, 0—0—0—0—0—0 Ag¢
S1 S2 S3 S4 S5 Sg
$3525150545355 not FC

Definition

An element w is cyclically fully commutative if any cyclic shift of any of its
reduced decompositions is FC.
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Cyclically fully commutative elements

Definition

An element w is fully commutative if, given two reduced decompositions
ofw, there is a sequence of commutation relations which can be applied to
transform one into the other.

$55354505153525655 FC, 0—0—0—0—0—0 A
S1 S2 S3 S4 S5 Sg
53505152545355 not FC

Definition

An element w is cyclically fully commutative if any cyclic shift of any of its
reduced decompositions is FC.

In Ag, S5535452515355655 not CFC $»51535»51 not CFC
525153 CFC
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Stembridge's property

Theorem (Stembridge, 1995)

A reduced expression correspond to a fully commutative element if and

only if it does not contain up to commutation a subword stst ... of length
Mgt .
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Theorem (P., 2015)

The set of reduced expressions of cyclically fully commutative elements is
recognizable by an explicit finite state automaton.
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Theorem (P., 2015)

The set of reduced expressions of cyclically fully commutative elements is
recognizable by an explicit finite state automaton.

Ideas of the proof:

@ Construct the automaton state by state, checking Stembridge's
property along the reading of the word
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Theorem (P., 2015)

The set of reduced expressions of cyclically fully commutative elements is
recognizable by an explicit finite state automaton.

Ideas of the proof:

o Construct the automaton state by state, checking Stembridge's
property along the reading of the word

@ Encode also in the states the information about chains of type stst ...
at the beginning of the word
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Theorem (P., 2015)

The set of reduced expressions of cyclically fully commutative elements is
recognizable by an explicit finite state automaton.

Ideas of the proof:

o Construct the automaton state by state, checking Stembridge's
property along the reading of the word

@ Encode also in the states the information about chains of type stst ...
at the beginning of the word

@ Define final states according to these informations
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Rationality

Theorem (P., 2015)

The generating function of CFC elements refined by length is rational.
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Rationality

Theorem (P., 2015)

The generating function of CFC elements refined by length is rational.

Ideas of the proof:

@ select one normal form among all reduced epressions of an element
through another finite state automaton
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Rationality

Theorem (P., 2015)

The generating function of CFC elements refined by length is rational.

Ideas of the proof:

@ select one normal form among all reduced epressions of an element
through another finite state automaton

@ conclude as generating series of languages recognizable by finite state
automata are rational
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Rationality

Theorem (P., 2015)

The generating function of CFC elements refined by length is rational.

Ideas of the proof:

@ select one normal form among all reduced epressions of an element
through another finite state automaton

@ conclude as generating series of languages recognizable by finite state
automata are rational

Let W be a Coxeter group. The generating function of CFC element is
algorithmically computable.
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Thank you for your attention!
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