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What is the combinatorial reciprocity theorem?

For a sequence ( f,,)nez, if both | f,| and | f—,| count some combinatorial objects of
size n > 1, such a result is called a combinatorial reciprocity theorem.

Examples

1. binomial coefficients (Z)
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What is the combinatorial reciprocity theorem?

For a sequence ( f,,)nez, if both | f,| and | f—,| count some combinatorial objects of
size n > 1, such a result is called a combinatorial reciprocity theorem.

Examples

1. binomial coefficients (2)

2. chromatic polynomials x¢(n)
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What is the combinatorial reciprocity theorem?

For a sequence ( f,,)nez, if both | f,| and | f—,| count some combinatorial objects of
size n > 1, such a result is called a combinatorial reciprocity theorem.

Examples

1. binomial coefficients (})
2. chromatic polynomials x¢(n)
3. Ehrhart polynomials Ehrp(n)
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Dyck paths and Motzkin paths
Dyck paths

€ Dyckg

(0,0) (8,0)
weight =M A3\
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Dyck paths and Motzkin paths
Dyck paths
€ Dyckg
(0,0) (8,0)
weight =M A3\
Motzkin paths
€ MOtg
(0,0) (8,0)

weight = b N3br Ao\
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Dyck paths and Motzkin paths
Question

® s there a combinatorial object counted by | Dyck_,, | or | Mot_, |?

5/26



Introduction Preliminaries Combinatorial interpretation General reciprocity theorem

o 00000 [o]e] [e]e]
oeo 000 8880
Dyck paths and Motzkin paths
Question

® s there a combinatorial object counted by | Dyck_,, | or | Mot_, |?
® How to define | Dyck_, | and | Mot_, | ?

5/26



Introduction Preliminaries Combinatorial interpretation General reciprocity theorem

o 00000 [o]e] [e]e]
oeo 000 8880
Dyck paths and Motzkin paths
Question

e Is there a combinatorial object counted by | Dyck_,, | or | Mot_, |?
® How to define | Dyck_, | and | Mot_, | ?

We have to introduce bounded Dyck path and bounded Motzkin path.
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Previous results

Theorem (Cigler and Krattenthaler, 2020)

<2k—1 <k
| Dyck=5,"" | = [Alty," |

=H(ar, - am1) a1 <ay>a3 < - >ay_y,1 <a <k}

They also showed many other interesting results including a reciprocity between
determinants of these numbers.
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Orthogonal polynomials

e Polynomials {P,(x)},>o are called orthogonal polynomials with respect to a
linear functional £ if deg P,(x) = n and

L(Pp(x)Py(x)) = dmpucn, ¢n #0.
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Orthogonal polynomials

e Polynomials {P,(x)},>o are called orthogonal polynomials with respect to a
linear functional £ if deg P,(x) = n and

L(Pp(x)Py(x)) = dmpucn, ¢n #0.

® Let {P,(x)},>0 be monic polynomials that satisfy a three-term recurrence
relation: P_;(x) =0, Py(x) = 1, and for n > 0,

Pyy1(x) = (x = bp) Pu(x) = AuPp—1(x),

for some sequences b = (b,),>0 and A = (Ay)n>1-
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Orthogonal polynomials

e Polynomials {P,(x)},>o are called orthogonal polynomials with respect to a
linear functional £ if deg P,(x) = n and

L(Pp(x)Py(x)) = dmpucn, ¢n #0.

® Let {P,(x)},>0 be monic polynomials that satisfy a three-term recurrence
relation: P_;(x) =0, Py(x) = 1, and for n > 0,

Pyy1(x) = (x = bp) Pu(x) = AuPp—1(x),

for some sequences b = (b,),>0 and A = (Ay)n>1-

® [t is well known that these are orthogonal polynomials with respect to a unique
linear functional £ with £(1) = 1.
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Orthogonal polynomials

e Polynomials {P,(x)},>o are called orthogonal polynomials with respect to a
linear functional £ if deg P,(x) = n and

L(Pp(x)Py(x)) = dmpucn, ¢n #0.

® Let {P,(x)},>0 be monic polynomials that satisfy a three-term recurrence
relation: P_;(x) =0, Py(x) = 1, and for n > 0,

Puy1(x) = (x = bp)Py(x) — AePr—1(x),

for some sequences b = (b,),>0 and A = (Ay)n>1-

® [t is well known that these are orthogonal polynomials with respect to a unique
linear functional £ with £(1) = 1.

® The moment y,(b, X) of P,(x) is defined by 1, (b, A) = L(x").
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Combinatorics and Moments

Viennot found the following combinatorial interpretation for the moment:

L) = a0, 2) = Y wi(p).

peMot,

Note that

(0,0 = > wi(p).

p€Dyck,
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Bounded moments

The bounded moments ;= (b, \) are defined by

b A) = D wt(p).

peMot

The sequence (1% (b, X)),>o satisfies a homogeneous linear recurrence relation so
that its negative version (4= (b, X)),> is defined.

We call uff,(b, ) the negative (bounded) moments of the orthogonal polynomials
Py(x;b, A).
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Generalized bounded moments

Viennot showed that the generalized moment g, (b, A) := L(x"P,(x)P,(x)) has a
similar combinatorial expression

pnrs(®,2) = > wi(p).

pEMot, , s

Definition
A generalized bounded moment ;=F (b, ) is defined by

pE BN = Y wip).

<k
pEMot; ¢
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Bounded Dyck/Motzkin paths

Dyck=F

IS

Mot =K

n,r,s
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Homogeneous linear recurrence relation

Theorem (EC1, Theorem 4.1.1 and Proposition 4.2.3)

A sequence (f;,),>0 satisfies a homogeneous linear recurrence relation if and only if

_ P
2= gl

n>0

for some polynomials P(x) and Q(x) with deg P(x) < deg Q(x) and Q(0) # 0.

12726
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Homogeneous linear recurrence relation

Theorem (EC1, Theorem 4.1.1 and Proposition 4.2.3)

A sequence (f;,),>0 satisfies a homogeneous linear recurrence relation if and only if

_ P
2= gl

for some polynomials P(x) and Q(x) with deg P(x) < deg Q(x) and Q(0) # 0.
Moreover, in this case, we have

P/
;f‘""” = 0(/x)

as rational functions.

The Proposition 4.2.3 is also known as ‘Popoviciu’s theorem’.

12726
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Generating function for the moments

General reciprocity theorem

oo

Let P} (x) = x"P,(1/x), and let 6P(x; b, \) be a polynomial obtained from

P(x;b, A) by moving b; to b;1y and \; to A\i41.

Theorem (Viennot, 83”)
Let r, s, k be integers with 0 < r; s < k.

PP ()5 P ()

PI?—H(X)
Z :u‘n r, v ; e
n>0 PY (%)™ P, (%) Hr
Pi () =s+1

if r <s,

ifr >s.
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Generating function for the negative moments

Theorem (JKKSS, 2023)

Let r, s, k be integers with 0 < r, s < k. Suppose that uéﬁ“(b, ) is well defined
for n > 1. Then we have

_ xPr(x) P (x)

Pl ifr <s,
H= nrv(b A) r—-V-HP( )5’+1P 3
n>1 X ;):CH(X) krAX Hi:s+1 N ifr>s.

14726
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Generating function for the negative moments

Theorem (JKKSS, 2023)

Let r, s, k be integers with 0 < r, s < k. Suppose that ;éﬁ’,’s(b, ) is well defined
for n > 1. Then we have

_ xPr(x) P (x)

~ ) Pl ifr <s,
M:"’”(b’ A)x" = 1P ()6 P (x)
X T P(x)8TT P (x r .
n>1 - e Hi:s+1 N ifr>s.

Proposition (JKKSS, 2023)
Let b = (b,_1b,)n>1 = (bob1, biby, . . .). The sequence (,uéﬁ,r,x(b,bﬂ)nzl is
well-defined if and only if k # 1 (mod 3).

Question
What is a combinatorial meaning for ;éfw, J(b,b%)?
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peak-valley sequences

Definition
An (¢, r, s)-peak-valley sequence of length n is a sequence (ay, . .., a,) of
nonnegative integers such that fori = 0,...,n+ 1,

® ifa; =0 (mod ¢), then g; is a valley, that is, a;—; > a; < a;11,
® ifa; = —1 (mod ¢), then g; is a peak, that is, a;—1 < a@; > @41,
where we set ap = r and a1 = s.

Denote by PV.* _ the set of (£, r, s)-peak-valley sequences (aj, . . . ,a,) of length n

n,r,s

with0 < ga; <kforalli=1,...,n.
PVﬁ’k = PVﬁ:S’O: {-peak-valley sequence.

The weight of a sequence m = (ay, ..., a,) is defined by

wt(m) = Vg -+ Vg,

15726
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Examples

Letr =2ands = 3.
Example (¢ = 2)
e 1=52307492745

Example (¢ = 3)
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Examples
Letr =2and s = 3.
Example (¢ = 2)

e 1=52307492745
0 2<5>2<3>0<T7>4<9>2<T7>4<5>3

Example (¢ = 3)
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Letr =2ands = 3.
Example (¢ = 2)
e 1=52307492745

0 2<5>2<3>0<T7>4<9>2<T7>4<5>3

2,9
e T e PVii,;

Example (¢ = 3)
e 1=54408678347
® 25,8 : peaks, and 0,3,6 : valleys
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Letr =2ands = 3.
Example (¢ = 2)
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° TPV}, ,

Example (¢ = 3)
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® 25,8 : peaks, and 0,3,6 : valleys
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Continued fraction

By Flajolet’s combinatorial theory of continued fractions, Viennot showed that

1
<k
(b, A)x
ZM )\1)62

n>0 1 — box —

l—blx— .. )\kxz

B l—bkx

17726
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Continued fraction for the negative moments

Let b = (by_1b,)u>1 = (boby,b1by,...) and b; = —V; ",

D HE BN =

)\1)C_2
nzl 1-— box_l —

Aox~
L—byx='— . A2
' 1-— bkx*l

1-— b1X71 —

18726
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Continued fraction for the negative moments

Letb? = (by_1b,)u>1 = (bob1,bibs,...) and b; = —V; '

D uEn b A =

Al
n>1 X—b()—

A2
X—bz—.' Ak
)C—bk

x—bl—

18726
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Continued fraction for the negative moments

Let b% = (by_1b,)u>1 = (boby, b1by,...) and by = —V; .

balx

<k
E =L, X" =
H=n(B,A) by b7\

n —1
=1 1—by 'x— b_]bz_l/\z
1

1—b;'x—

1-— b,:lx

L=bylx— bl b'M

18726
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Continued fraction for the negative moments

Let b% = (by_1b,)u>1 = (boby, biby,...) and b; = —V; ",

V()x

Z ,uéﬁ (b’ b2)xn =

n>1 —Vox—1-—

~Vix—1- 1
V-1
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Combinatorial interpretation

Theorem (JKKSS, 2023)
Let b; = —V; ! for all i. We have

PN =Vo Y wt(m).
nePVIAT!

Theorem (JKKSS, 2023)
Let b; = —V; ! for all i. We have

p=Xb,p%) =V, Z wt(m).
T{'Eﬁ\//z 3k

n—1

19726
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Combinatorial interpretation

Corollary (JKKSS, 2023)
We have

<3k—1 3.3k—1
‘Mot:n ‘ - (Pvn_1 ‘ .

Corollary (JKKSS, 2023)
We have

‘M0t<3k

3,3k
PV

General reciprocity theorem

oo
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matrix representation

We define the tridiagonal matrix A<K(b, \) by

b 1
A by 1
A (b, A) = )
Me—1 b 1
M bi

By the definition of 5% (b, A),

sk (B, X) = €l (ASF(B, X)) €,

r,s

21/26
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Combinatorial interpretation

Proposition (Hopkins and Zaimi, 2023)
For r,s,k,n € Z>o with r,s < kand n > 1, if AS¥(b, A) is invertible, then

n

Pk (X)) =€l (AS5(B, X)) e

Theorem (JSSKK, 2023)
Let b; = —V; ' for all i. We have

. 3 VooV
Mfilfr,sl(b b?) = (— I)L/3J+L/3Jﬁ Z wt ().
0 r— rePVHH-I

n—1,r,s

rem
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Combinatorial interpretation

Corollary (JKKSS, 2023)

We have

por=| = Vi
Corollary (JKKSS, 2023)
We have

Mot | =[5V

General reciprocity theorem

oo
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Reciprocity between determinants

Let R be the operator defined on polynomials in b;’s and \;’s that replaces each b
by b,_; and each \; by A\, 1_;. We have the general reciprocity theorem as follows.

Theorem (JSSKK, 2023)

For positive integers k and m, we have

k—1

m—1
<k4+m—1 _ k+m—1 <k+m—1
det (un+i+j+2m_2(b,)\))u=0 = C- R ) (det (U—n—i—j (b,)\)) ) ’

ij=0

where C = (Hi:'lm_l )\if—i> det (A§k+mfl(b’ )\))n+2m72 '

This implies the result of Cigler and Krattenthaler, which is the general reciprocity
theorem for Dyck paths version (that is, for b = 0).

24726
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Consequences
We prove Conjectures 50 and 53 of Cigler and Krattenthaler (2020).
Theorem (JKKSS, 2023)

For all nonnegative integers n, k, m, we have

2h+2m—1 k-1
<hk42m—1
det Z Hayitjrom—1,0, 0,1)
i j=0

s=0

= (O et (|antir, )"

n+i+j
Theorem (JKKSS, 2023)
For all positive integers n, k,m with k +m # 2 (mod 3), we have

k—1 m—1
det (/,Lf_,’]::_’;l_zzlm_z(l, 1))iJ=O = (—l)nl(k-‘rM)/?)J det (IU/EI:;_F:H_;I (1’ 1))

ij=0
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