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- Check the coverability problem of Petri nets

- Combine IC3 with place-merge abstraction ( IC3+PMA )
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Definition

A Petri net is a tuple 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 where:
- 𝑃 is a finite set of places
- 𝑇 is a finite set of transitions such that 𝑃 ∩ 𝑇 = ∅
- 𝑊 is an arc function: 𝑃 × 𝑇 ∪ 𝑇 × 𝑃 → ℕ describing 

the relationship between places and transitions

- 𝑚0 is the initial marking. A marking 𝑚 ∈ ℕ 𝑃 is a vector 
specifying a number 𝑚(𝑝) of tokens for each place 𝑝 ∈ 𝑃. 

for vector 𝑚1, 𝑚2 ∈ ℕ 𝑃

𝑚1 ≼ 𝑚2 iff for every 𝑝 ∈ 𝑃:𝑚1 𝑝 ≤ 𝑚2(𝑝)
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Definition

Let 𝑁 be a Petri net.
- 𝑝𝑟𝑒 𝑚 = {𝑚′|∃𝑡 ∈ 𝑇:𝑚′ → 𝑚}
- 𝑅𝑒𝑎𝑐ℎ𝑖 contains all reachable markings from 𝑚0within 𝑖

steps.   
- 𝑅𝑒𝑎𝑐ℎ = 𝑖≥0𝑅𝑒𝑎𝑐ℎ𝑖ڂ contains all reachable markings 

from 𝑚0. 

4/22Kang, Bai, Jiao



Preliminaries

June 24, 2021

Coverability problem

Let 𝑁 be a Petri net, 𝑚𝑡 the target marking. 
- The coverability problem is to prove whether there exists 

a reachable marking 𝑚𝑟 ∈ 𝑅𝑒𝑎𝑐ℎ such that 𝑚𝑡 ≼ 𝑚𝑟. 
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Coverability problem

Let 𝑁 be a Petri net, 𝑚𝑡 the target marking. 
- The coverability problem is to prove whether there exists 

a reachable marking 𝑚𝑟 ∈ 𝑅𝑒𝑎𝑐ℎ such that 𝑚𝑡 ≼ 𝑚𝑟. 

- The coverable set of 𝑁 within 𝑖 steps is 𝐶𝑜𝑣𝑒𝑟𝑖 = 𝑅𝑒𝑎𝑐ℎ𝑖
↓

- The coverable set of 𝑁 is 𝐶𝑜𝑣𝑒𝑟 = 𝑅𝑒𝑎𝑐ℎ↓
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IC3 is a state-of-art of model checking

Efficient implementation of IC3 to check the coverability 
problem of Petri nets without using SMT solvers
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IC3 maintains a sequence 𝐹0, 𝐹1…𝐹𝑘

where 𝐹𝑖 is a downward-closed set called 𝑓𝑟𝑎𝑚𝑒 that over-
approximates the coverable set within 𝑖 steps. 

The algorithm generally proceeds by alternating two phases: the 
blocking phase and the propagation phase.
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Blocking phase: 𝑏𝑙𝑜𝑐𝑘(𝑎, 𝑖)
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Blocking phase: 𝑏𝑙𝑜𝑐𝑘(𝑎, 𝑖) try to prove 𝑎↑ is 
unreachable within 𝑖 steps
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Can IC3 perform better on Petri nets?

IC3 works on Petri nets with high dimensionality directly
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Definition 

Given a Petri net 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 , where 𝑃 = {𝑝1, 𝑝1…𝑝𝑘}
- The abstraction function is a surjective function 𝛼: 𝑃 → 𝑃, 

where 𝑃 = { ො𝑝1, ො𝑝2… ො𝑝𝑘} and 𝑘 ≤ 𝑘. 
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𝛼 𝑝0 = 𝛼 𝑝1 = 𝑞0
𝛼 𝑝2 = 𝛼 𝑝3 = 𝛼 𝑝4 = 𝑞1
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Merge some places of original Petri net into a single abstract place, 
get an abstract Petri net with lower dimensionality.
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All weights of arcs are equal to 1
except for 𝑊 𝑞1, 𝑡2 = 2.
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Merge some places of original Petri net into a single abstract place, 
get an abstract Petri net with lower dimensionality.
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Given a Petri net 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 and one of its 
abstractions 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 , 𝑚𝑡 and its abstract version 𝑚𝑡

- If 𝑚𝑡 is coverable in 𝑁, then its abstract version 𝑚𝑡 is 
coverable in 𝑁. But the converse does not hold.

Kang, Bai, Jiao 12/22



Place-merge abstraction

June 24, 2021

Proposition

Given a Petri net 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 and one of its 
abstractions 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 , 𝑚𝑡 and its abstract version 𝑚𝑡

- If 𝑚𝑡 is coverable in 𝑁, then its abstract version 𝑚𝑡 is 
coverable in 𝑁. But the converse does not hold.

Kang, Bai, Jiao 12/22

𝑚𝑡 is uncoverable in 𝑁



Place-merge abstraction

June 24, 2021

Proposition

Given a Petri net 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 and one of its 
abstractions 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 , 𝑚𝑡 and its abstract version 𝑚𝑡

- If 𝑚𝑡 is coverable in 𝑁, then its abstract version 𝑚𝑡 is 
coverable in 𝑁. But the converse does not hold.

Kang, Bai, Jiao 12/22

𝑚𝑡 is uncoverable in 𝑁 𝑚𝑡 is uncoverable in 𝑁



Place-merge abstraction

June 24, 2021

Proposition

Given a Petri net 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 and one of its 
abstractions 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 , 𝑚𝑡 and its abstract version 𝑚𝑡

- If 𝑚𝑡 is coverable in 𝑁, then its abstract version 𝑚𝑡 is 
coverable in 𝑁. But the converse does not hold.

Kang, Bai, Jiao 12/22

𝑚𝑡 is uncoverable in 𝑁 𝑚𝑡 is uncoverable in 𝑁

𝑚𝑡 is coverable in 𝑁



Place-merge abstraction

June 24, 2021

Proposition

Given a Petri net 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 and one of its 
abstractions 𝑁 = 𝑃, 𝑇,𝑊,𝑚0 , 𝑚𝑡 and its abstract version 𝑚𝑡

- If 𝑚𝑡 is coverable in 𝑁, then its abstract version 𝑚𝑡 is 
coverable in 𝑁. But the converse does not hold.

Kang, Bai, Jiao 12/22

𝑚𝑡 is uncoverable in 𝑁 𝑚𝑡 is uncoverable in 𝑁

𝑚𝑡 is coverable in 𝑁 𝑚𝑡 is coverable in 𝑁



Place-merge abstraction

June 24, 2021Kang, Bai, Jiao 13/22

Spurious counterexample



Place-merge abstraction

June 24, 2021Kang, Bai, Jiao 13/22

Spurious counterexample



Place-merge abstraction

June 24, 2021Kang, Bai, Jiao 13/22

Spurious counterexample

Abstract PN



Place-merge abstraction

June 24, 2021Kang, Bai, Jiao 13/22

Spurious counterexample

Abstract PN

Original PN



Place-merge abstraction

June 24, 2021Kang, Bai, Jiao 13/22

Spurious counterexample

𝑡0 is not enabled here

Abstract PN

Original PN
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Counter-example 𝜋 = 𝑡0𝑡1…𝑡𝑘−1 is not spurious iff

𝑚0 → 𝑚1 → 𝑚2 → ⋯ → 𝑚𝑘 ∧ 𝑚𝑡 ≼ 𝑚𝑘

When a counterexample is spurious
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Counter-example 𝜋 = 𝑡0𝑡1…𝑡𝑘−1 is not spurious iff

𝑚0 → 𝑚1 → 𝑚2 → ⋯ → 𝑚𝑘 ∧ 𝑚𝑡 ≼ 𝑚𝑘

The path 𝜋 is spurious:  
① 𝑡𝑖 is not enabled at 𝑚𝑖 (0 ≤ 𝑖 < 𝑘),  or
② 𝑡𝑖 is enabled at 𝑚𝑖 (0 ≤ 𝑖 < 𝑘), but 𝑚𝑡 ≼ 𝑚𝑘

When a counterexample is spurious
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𝑡𝑖 is not enabled at 𝑚𝑖 (0 ≤ 𝑖 < 𝑘)

- extract places satisfying 𝑚𝑖 𝑝 < 𝑊(𝑝, 𝑡𝑖)

- merge these places into a new abstract place 
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How to refine an abstraction?

𝑡𝑖 is not enabled at 𝑚𝑖 (0 ≤ 𝑖 < 𝑘)

- extract places satisfying 𝑚𝑖 𝑝 < 𝑊(𝑝, 𝑡𝑖)

- merge these places into a new abstract place 

𝑡𝑖 is enabled at 𝑚𝑖 (0 ≤ 𝑖 < 𝑘), but 𝑚𝑡 ≼ 𝑚𝑘

- extract places satisfying 𝑚𝑡 𝑝 > 𝑚𝑘 𝑝

- merge these places into a new abstract place 
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Original PN
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Abstraction refinement

extract 𝑝2 from 𝑞1!

𝛼 𝑝0 = 𝛼 𝑝1 = 𝑞0
𝛼 𝑝2 = 𝛼 𝑝3 = 𝛼 𝑝4 = 𝑞1
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- Try to improve the outperformance of IC3

- IC3 is the core of IC3+PMA

- Place-merge abstraction reduces the dimensionality of PN

- IC3 works on the abstract PN with lower dimensionality

17/22
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Experiments
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- total 80 benchmarks

- compare running time between IC3 and IC3+PMA

- IC3+PMA outperforms IC3 on 53.75% of benchmarks

- dimensionality has decreased by 63.34% on average



Experiments
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IC3+PMA performs better
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IC3+PMA performs better



Experiments
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IC3+PMA performs worse



Experiments
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- the efficiency of refinement method is not so high 

- the way to deal with frames after refinement is not efficient



future work
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- optimize the implementation to achieve better results 

- apply the approach to analyze more properties and models
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