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Abstract. We introduce a new exponential modality for coherence spaces that can “count up to 2”.6

Its Kleisli category provides an interesting example of finitary yet intensional semantics of the simply7

typed λ-calculus. The eventual goal is to present this semantics using an intersection type system,8

and derive a corresponding notion of graded resource approximants, with a view towards applications9

to higher-order transducers.10

The past two decades have seen the development of quantitative semantics of linear logic,11

such as the relational model, with an associated toolkit: non-idempotent intersection types12

(a.k.a. multi types) and resource approximation (variants of the Taylor expansion of λ-terms).13

Many references are given in the introductions to [21, 11, 1]. For now, these tools have had14

an infinitary character:15

The quantitative semantics introduced until now are not finitary (i.e. locally finite16

categories), even in the simply typed case. Contrapositively: the known finitary semantics17

of simple types — variants of Scott domains, sequential algorithms, . . . — do not record18

how many times a function uses its argument.19

Relatedly, the Taylor expansion is an infinite sum: a λ-term may have infinitely many20

resource approximants. This is also the case for the polyadic linear approximants of21

Mazza, Pellissier and Vial [13].22

We would like to “finitarize” the quantitative toolkit, in order to make it computable in23

principle. Inspired by the successes in higher-order model checking of intersection types [12, 20]24

and finitary semantics [26, 10, 16], we are aiming towards applications to automata theory,25

discussed at the end of this extended abstract. Our desiderata are:26

A semi-quantitative semantics which counts whether a function uses its argument zero,27

one or multiple times. This amounts to the following change of semiring of interest:28

quantitative N = {0, 1, 2, 3, . . . } ⇝ semi-quantitative S = {0, 1, ∞}29

where ∞ is a common value for all natural numbers 2, 3, . . . strictly greater than 1. This30

allows us to track multiplicities, thus getting rid of the main source of infinitary behavior31

while still keeping track of some intensional information about resource usage.32

More precisely, the semantics should be a “web model”1 of linear logic, with an exponential33

based on S-weighted multisets (functions with codomain S). Web models have the34

advantage of being presentable as intersection type assignment systems.35

Following the spirit of Mazza et al. [13], our intersection type derivations should correspond36

to some kind of polyadic approximants. The calculus of approximants should be (the37

polyadic version of) some simply typed S-graded λ-calculus, for instance2 [4, Section 4].38

1 See Tasson & Walch [24] for a recent generic treatment of web models, and Tsukada & Asada [25] for a
more general notion of vector-space-like models of linear logic.

2 There are many such graded calculi; a reason for choosing the one of Choudhury, Eades, Eisenberg and
Weirich [4] is that it allows excluding the weakening rule. The use of S = {0, 1, ∞} in a type system goes
back at least to the work of Mogensen in the late 1990s [17], while S-grading in its modern form was
first used by McBride to combine linearity and dependent types [14]. See also Scherer’s term counting
approximation [23, Chapter 9] for another application of S to programming language theory.
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Choosing the right web model. An exponential modality parameterized by a “multiplicity39

semiring” has already been studied for the relational model of linear logic [3, 2]. However,40

multiplicity semirings are always infinite. In fact, it is well known that the relational model41

does not support a “qualitative” exponential, and thus we cannot expect it either to support42

a semi-quantitative one. The problem with the qualitative exponential non-comonad lies in43

the lack of naturality of the counit (dereliction), cf. [15, Section 8.7]. In the semi-quantitative44

setting we have another problem: the action on morphisms45

! : Rel(X, Y ) → Rel(SX , SY )46

f 7→ {([x1, . . . , xn], [y1, . . . , yn]) | n ∈ N, {(x1, y1), . . . } ⊆ f}47

(where square brackets are used to denote S-weighted multisets, with [a, a] = [∞·a] = [a, a, a])48

is not even functorial! Here is a counterexample: for f = {1, 2} × {∗} and g = {∗} × {1, 2, 3},49

we have ([1, 2], [1, 2, 3]) ∈ (!g ◦ !f) \ !(g ◦ f).50

Surprisingly, this lack of functoriality of the semi-quantitative exponential persists in51

the category of ordered relations (a.k.a. “Scott model of linear logic”, or Bool-enriched52

profunctors, cf. [8]) even though it admits both a qualitative and a quantitative exponential53

modality. Therefore, we move on to the next simplest web model: coherence spaces.54

Semi-quantitative multicliques. Our new exponential !S is halfway between the usual55

qualitative and quantitative exponentials of the category Coh of coherence spaces. A56

semi-quantitative multiclique u on a coherence space X = (|X|,¨X) is a function57

u : |X| −→ S such that supp(u) := u−1(S \ {0}) is a finite clique of X58

Two semi-quantitative multicliques u and v are coherent when their supports supp(u) and59

supp(v) are coherent as cliques of X. In this way, we get a new coherence space !SX of60

semi-quantitative multicliques of X.61

An action on morphisms can be defined as for Rel above, but here it is functorial. What62

is more, this construction yields a comonad !S on Coh, whose counit and comultiplication63

come from the semiring structure of S. More concretely, for any coherence space X we have64 {
([x], x) : x ∈ |X|

}
∈ Coh(!SX, X)65 {

(u1 + · · · + un, [u1, . . . , un]) : [u1, . . . , un] ∈ |!S!SX|
}

∈ Coh(!SX, !S!SX)66

In this way, we build a model of propositional classical linear logic.67

Intensional finitary semantics. The finiteness of the semiring S implies that our comonad68

!S preserves the finiteness of webs. Still, the comonad !S captures quantitative aspects, and69

in particular has a coKleisli category Coh!S that is not well-pointed, which amounts to a70

form of intensional computation. The combination of these two properties is remarkable,71

and contrasts with the usual, well-known qualitative and quantitative exponentials used to72

interpret linear logic in the category of coherence spaces, respectively based on cliques and73

multicliques. The situation is summarized in Table 1.74

Cartesian closed categories that are locally finite are at the heart of the growing connection75

between automata theory and the λ-calculus. The notion of higher-order regular language,76

due to Salvati [22], yields a conservative extension of regular languages of finite words and77

ranked trees to the full type hierarchy of the simply typed λ-calculus. Rooted in denotational78
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Table 1 Properties of the qualitative, quantitative, and semi-quantitative exponentials on Coh.

cliques multicliques semi-quantitative multicliques
Intensional? × ✓ ✓

Finitary? ✓ × ✓

semantics, this approach extends the notion of language of finite words recognized by a79

monoid to one of languages of λ-terms recognized by a cartesian closed category. In particular:80

every cartesian closed category C a class of languages of λ-termsinduces
81

A natural hypothesis to establish links between denotational semantics and automata theory82

consists in considering cartesian closed categories C that are locally finite. A recent result83

of the authors establishes that all locally finite cartesian closed categories that are well-84

pointed (and non-posetal) recognize exactly higher-order regular languages [19], see the85

second author’s PhD thesis for more details [18, Theorem 7.4.3]. Knowing whether this86

statement extends to all locally finite cartesian closed categories, potentially non-well pointed,87

is an important open problem on higher-order regular languages [18, Section 10.2].88

Our new semi-quantitative exponential !S restricts to the full subcategory FinCoh of89

finite coherence spaces, and hence induces a cartesian closed coKleisli category FinCoh!S90

which is locally finite and not well-pointed. We are conducting ongoing investigations about91

the class of languages recognized by this category:92

coKleisli category FinCoh!S higher-order regular languages?induces
93

Towards applications to higher-order tree transducers. We aim to generalize the work of94

Engelfriet and Maneth [5, 6] on macro tree transducers (MTTs) to higher-order transducers,95

devices that use simply typed λ-terms to compute tree-to-tree functions. (MTTs are the96

order-1 special case, while compositions of MTTs correspond to safe higher-order transducers.)97

One of their results is that every macro tree transducer can be turned into a nondeleting98

MTT (with regular lookahead) [5, Lemma 6.6]. This has been applied to decide asymptotic99

growth properties of MTTs [7, 9]. To extend this “nondeleting normal form” to higher-order100

transducers, we plan to use S-graded approximants. Actually, for this only purpose, relevant101

(i.e. Bool-graded) approximation would suffice.102

But we also have in mind a “bridge theorem” on output languages of compositions of103

MTTs [6, Section 5] whose proof involves a duplication analysis. Morally:3 in a nondeleting104

computation that produces an output of a certain form, “complicated” subtrees cannot be105

duplicated; so either an argument is used linearly, or it can only take “simple” values. Here,106

{0, 1, ∞}-grading looks like the right tool for the job. Extending this “bridge theorem” to107

higher-order transducers is the subject of an ongoing collaboration of the second author with108

Paweł Parys, which is actually the initial motivation for the work presented here.109

3 In the original text [6, p. 370]: “Consider the right-hand side of a rule of M in which some parameter
yj occurs more than once. If, during the derivation of a tree which has as yield a δ-string, this rule was
applied, then the tree which is substituted for yj in this derivation contains at most one occurrence of a
symbol in A. Because otherwise, due to copying, the resulting string would not be a δ-string. Hence,
when deriving a δ-string, a rule which contains multiple occurrences of a parameter yj is only applicable
if the yield of the tree being substituted for yj contains at most one occurrence of a symbol in A.”
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16 Paul-André Melliès. Higher-order parity automata. In 2017 32nd Annual ACM/IEEE162

Symposium on Logic in Computer Science (LICS), pages 1–12, Reykjavik, Iceland, June 2017.163

IEEE. doi:10.1109/LICS.2017.8005077.164

17 Torben Æ. Mogensen. Types for 0, 1 or many uses. In Chris Clack, Kevin Hammond,165

and Antony J. T. Davie, editors, Implementation of Functional Languages, 9th International166

Workshop, IFL’97, St. Andrews, Scotland, UK, September 10-12, 1997, Selected Papers, Lecture167

Notes in Computer Science, pages 112–122. Springer, 1997. doi:10.1007/BFB0055427.168

18 Vincent Moreau. A topological and fibrational approach to higher-order automata. PhD thesis,169

Université Paris Cité, July 2025. URL: https://theses.hal.science/tel-05428993.170
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