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Linear logic [14] admits a wide range of semantic presentations, reflecting the fact that
its notion of consequence is sensitive not only to formula formation but also to the structural
behaviour of contexts. Unlike classical and intuitionistic systems, where semantic clauses can
often be stated over sets of valuations or Kripke-style structures with relatively familiar closure
conditions, the semantics of linear logic must account for the controlled use of assumptions. This
has led to several distinct semantic frameworks, each capturing different aspects of proofs and
provability in the logic. Such semantic interpretations include, but are not limited to, coherent
spaces [14], relational semantics [9, 1 1], Kripke-style semantics [4, 16], categorical models [1, 10]
and game semantics [2,3].

Among the standard semantics for linear logic is phase semantics [8,12,14]. In this semantics,
formulas are interpreted over a phase space consisting of a commutative monoid (whose elements
are called phases) and a fixed subset, with respect to which an orthogonality relation is defined.
Each atom is interpreted as a fact — a set of phases that is equal to its closure induced by
orthogonality. The interpretation is then inductively extended to formulas via the semantic
clauses that mirror the resource-sensitive behaviour of the logical connectives. Phase semantics
yields the standard soundness-and-completeness theorem for provability in linear logic via a
canonical phase model built from contexts (i.e. multisets of formulas) [15,19]. Phase semantics
has, for instance, been used to prove decidability [7,17,18] and cut admissibility results [19,20].

A rather different and much more recent approach is given by base-extension semantics [21,
22,24, 25]. Base-extension semantics (B-eS) is a strand of proof-theoretic semantics [26, 27]
that provides an alternative approach to the meaning of logical operators. It is based on
inferentialism — a view according to which the meaning of expressions arises from their use
in the system of inference and is defined by the rules of said system. The meaning is thus
expressed in terms of proofs and provability: the concept of truth inherent to model-theoretic
semantics is substituted with that of proofs.

In base-extension semantics, the starting point is a fixed atomic system — a set of atomic
propositions together with a collection of inference rules over them — called a base. The char-
acterisation of consequence in B-eS is given via a judgement called support (denoted as IFg for
some base B), which is inductively defined on the structure of formulas, with the base case (i.e.
support of atoms) determined by provability in a base. In this sense, base-extension semantics
replaces the usual assignment-based starting point of model-theoretic semantics by an inferen-
tial base, while retaining a compositional notion of semantic validity. For linear logic, however,
this approach is not immediate. Because the logic is substructural, the shape of contexts can-
not be treated as a secondary matter: multiplicity and structural behaviour of exponentials
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must already be reflected at the level of the semantic clauses, requiring B-eS to be capable of
tracking the same structural distinctions as the proof system itself [5,6, 13].

In this work, we establish an equivalence between these two semantics. At first sight, phase
semantics and base-extension semantics are formulated in rather different terms. Nonetheless,
both are intended to capture the same underlying proof-theoretic behaviour of linear conse-
quence. In fact, the two exhibit certain similarities beyond both being provability semantics.
For instance, in both of them, the set of operational units of the semantics has a structure to
it: algebraic in the case of phase semantics — elements of the monoid in a phase space have a
binary operation defined over them, and proof-theoretic in the case of B-eS — atoms in a base
are related by inference rules. Furthermore, both begin with fixing the interpretation of L — a
chosen subset of the monoid for phase semantics, and a chosen atom for base-extension seman-
tics. This makes it natural to ask whether they can be compared directly, and in particular
whether one can establish a precise correspondence between them.

Such a comparison is useful for several reasons. First, an equivalence result shows that the
two semantics not only define the same notion of validity, but are also intertranslatable on a
structural level. This gives a correctness check on both frameworks: a semantics formulated by
induction over proofs and a semantics formulated over phase spaces are able to express exactly
the same inferences. Second, once a correspondence is established, results obtained in one
setting can be transferred to the other. Completeness arguments, countermodel constructions,
and structural properties that are transparent in phase semantics may then be reformulated
in base-extension terms, while inductive arguments native to base-extension semantics may
clarify the proof-theoretic content of phase model constructions. Lastly, it places base-extension
semantics within the established semantic theory of linear logic, and thereby makes it possible
to compare it systematically with other standard frameworks.

As the first step of constructing the equivalence, we observe that there is a systematic way
of converting a phase space into a base and, similarly, constructing a phase space from a given
base. To do so, we define the following maps, where P is the set of all phase spaces and B is

the set of all bases:
(_)IB . P :) B . (_)IP’

We proceed to give examples of the effect of these maps on a base and a phase space.

Example 1. Let B be a base over atoms {p, ¢, L} with the following set of rules (where L is

a multiset of atoms):
N LtEgq
ud =49
L { LFp }L

Then Bp is the monoid of multisets of linear logic formulas inductively defined on {p, ¢, L} with
a fixed subset given by Lp ={I' | "Iz L}. Every fact of Bp is of shape {I' | I IFg ¢} for some
formula ¢. Below we list some examples of facts:

o {U'|TIkspt={2,{p}{a}, {p& L}, ...}
e {'|TIFsq}={{a}{p,p—q},...}
« {I'|Tksp@qt={{q} {p.a} . {p®dq},... }

Example 2. Consider (N, 0, +) as an additive monoid over natural numbers, and fix 1 = {0, 1}.
It forms a phase space P whose set of facts is Dp = {@, {0}, {0, 1},N}. Hence, P is a base
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whose set of atoms is Dp. Below are some examples of the rules in Py (where L = {0,1} and
L, Ly, Ly and K are multisets of atoms) and the support statements they result in:

Lto K {0}F L
LKFL

@ IFp, {0}

L1 LN K;NEL
Ly, Lo, K= L

L®NIFp N

LF{0} L+1 K {0}rL
LKFL

{0} & L IFp, {0}

Lo+ L

& —-ollFp N
LFN s

After defining the bidirectional maps, we introduce the structure-preserving maps between
bases — base morphisms — and phase spaces — phase space morphisms. We construct a phase
space morphism between P and (Pg)p and show that it is an isomorphism. Next, we construct
a base morphism between B and (Bp)p and show that it is an isomorphism up to intersupport
(i.e. support in both directions). Formally, this amounts to the following two theorems:

Theorem 3. Every phase space P is isomorphic to (Pg)p.
Theorem 4. Every base B is isomorphic to (Bp)g up to intersupport.

Time permitting, we will discuss how the definitions of base and phase morphisms that
allow us to prove the equivalence are very similar in spirit to the completeness proofs (w.r.t.
linear logic) of both phase and base-extension semantics.

Further details of this work can be found in [23], including the discussion on extending the
result to the equivalence of categories in the final section.
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