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Motivation

Goal: uniform treatment of guarded (co)recursion & bounded linearity

Why? Concise substructural logical framework w/ (co)induction
How? Hybrid logic/labeled deduction
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Outline

Infinitary proof system

Sneak preview of its metatheory
Separately, controlling structural rules
Ongoing work
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MALL

⊢ 1 1
⊢ Γ, Δ

⊢ Γ, ⊥, Δ ⊥

⊢ Γ, 𝐴 ⊢ 𝐵, Δ
⊢ Γ, 𝐴 ⊗ 𝐵, Δ ⊗ ⊢ Γ, 𝐴, 𝐵, Δ

⊢ Γ, 𝐴 ` 𝐵, Δ `

⊢ Γ, ⊤, Δ ⊤ (no rule for 0)

⊢ Γ, 𝐴, Δ ⊢ Γ, 𝐵, Δ
⊢ Γ, 𝐴 & 𝐵, Δ &

⊢ Γ, 𝐴𝑖, Δ
⊢ Γ, 𝐴1 ⊕ 𝐴2, Δ ⊕𝑖, 𝑖 ∈ {1, 2}
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…with worlds

Judgment 𝐴 @ 𝑤: “𝐴 is true at world 𝑤”

⊢ 1 @ 𝑤 1
⊢ Γ, Δ

⊢ Γ, ⊥ @ 𝑤, Δ ⊥
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Modalities

[𝑢 < 𝑤]....
⊢ Γ, 𝐴 @ 𝑢, Δ

⊢ Γ, 𝐴 @ 𝑤, Δ  ⊢ Γ, 𝐴 @ 𝑢, Δ
⊢ Γ,#𝐴 @ 𝑤, Δ #, 𝑢 < 𝑤

Nakano’s idea: if < is well-founded, use  for guarded coinduction
Vezzosi’s (?) idea: use # for guarded induction
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To Infinity!

How to represent recursive types and programs?

Problem: fixed-point combinators don’t scale
Idea: infinite formulas and proofs
Problem: not all infinite objects are valid!
Better idea: formulas and proofs are mixed inductive-coinductive sets

𝐴, 𝐵 ∶= 1 ∣ 𝐴 ⊗ 𝐵 ∣ … ‖  𝐴 ‖ #𝐵

[𝑢 < 𝑤]....
⊢ Γ, 𝐴 @ 𝑢, Δ

⊢ Γ, 𝐴 @ 𝑤, Δ  
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Guarded Induction

Worlds in ℕ

gnat ≜ #(1 ⊕ gnat) is the type of guarded natural numbers
A proof of ⊢ gnat @ 𝑤 is a number < 𝑤

eat =

⊢ 1 @ 𝑣 1
⊢ ⊥ @ 𝑢, 1 @ 𝑣 ⊥ [𝑢/𝑤]eat ⊢ gnat⊥ @ 𝑢, 1 @ 𝑣

⊢ ⊥ & gnat⊥ @ 𝑢, 1 @ 𝑣 &

⊢  (⊥ & gnat⊥) @ 𝑤, 1 @ 𝑣
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Guarded Coinduction

gstr𝐴 ≜  (𝐴 ⊗ gstr𝐴) is the type of guarded streams

A proof of ⊢ gstr𝐴 @ 𝑤 is a stream with 𝑤 observable elements

ones =

⊢ 1 @ 𝑢 1 [𝑢/𝑤] ones ⊢ gstr1 @ 𝑢
⊢ 1 ⊗ gstr1 @ 𝑢 ⊗

⊢  (1 ⊗ gstr1) @ 𝑤  
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A proof of ⊢ gstr𝐴 @ 𝑤 is a stream with 𝑤 observable elements

ones =

⊢ 1 @ 𝑢 1 [𝑢/𝑤] ones ⊢ gstr1 @ 𝑢
⊢ 1 ⊗ gstr1 @ 𝑢 ⊗

⊢  (1 ⊗ gstr1) @ 𝑤  
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Cut Admissibility

Theorem
If 𝐷 ⊢ Γ, 𝐴 @ 𝑤 and 𝐸 ⊢ 𝐴⊥ @ 𝑤, Δ, then cut(𝑤, 𝐴, 𝐷, 𝐸) ⊢ Γ, Δ.

Proof.
By lexicographic induction on (𝑤, 𝐴, 𝐷, 𝐸).

cut ⎛⎜⎜
⎝

𝐷′ ⊢ Γ, 𝐵 @ 𝑢
⊢ Γ, 𝐵 @ 𝑤  ,

𝐸′ ⊢ 𝐵⊥ @ 𝑣
⊢ #𝐵⊥ @ 𝑤, Δ #⎞⎟⎟

⎠
= cut (𝑣, 𝐵, [𝑣/𝑢]𝐷′, 𝐸′)
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Bounded Linearity

⊢ Γ, 𝐴 @ 𝑢, Δ
⊢ Γ, 𝐴 at 𝑢 @ 𝑤, Δ at

⊢ Γ, 𝐴(𝑤) @ 𝑤, Δ
⊢ Γ, ´𝑢. 𝐴(𝑢) @ 𝑤, Δ ´

⊢ Γ, Δ
⊢ Γ, 𝐴 @ 0, Δ W

⊢ Γ, 𝐴 @ 𝑢, 𝐴 @ 𝑤, Δ
⊢ Γ, 𝐴 @ 𝑢 + 𝑤, Δ C

⊢ Γ, 𝐴 @ 1 ⊢ 𝐵 @ 1, Δ
⊢ Γ, 𝐴 ⊗ 𝐵 @ 1, Δ ⊗

Contraction: 𝐴 at 2 ⊸ (𝐴 ⊗ 𝐴) at 1
Weakening: 𝐴 at 0 ⊸ 1
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What’s the connection?

In the original BLL paper…

Looks suspiciously like gnat…
But Church encodings don’t scale. What can be done?
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