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Modalities

< w

FT,AQu, A o FT,AQu,A
FI eAQuw,A FT,0AQw,A

O,u <w

@ Nakano's idea: if < is well-founded, use @ for guarded coinduction

o Vezzosi's (?) idea: use O for guarded induction
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To Infinity!

@ How to represent recursive types and programs?
@ Problem: fixed-point combinators don't scale
@ ldea: infinite formulas and proofs
@ Problem: not all infinite objects are valid!
@ Better idea: formulas and proofs are mixed inductive-coinductive sets
AB:=1| AQB|..|@A| OB
[u < w]
FT,AQu, A

rredauwn ®

Siva Somayyajula (CMU) June 28, 2021 7/12



Guarded Induction

@ Worlds in N

Siva Somayyajula (CMU) June 28, 2021 8/12



Guarded Induction

e Worlds in N
e gnat = O(1 @ gnat) is the type of guarded natural numbers

Siva Somayyajula (CMU) June 28, 2021 8/12



Guarded Induction

e Worlds in N
e gnat = O(1 @ gnat) is the type of guarded natural numbers

@ A proof of - gnat @ w is a number < w

Siva Somayyajula (CMU) June 28, 2021 8/12



Guarded Induction

e Worlds in N
e gnat = O(1 & gnat) is the type of guarded natural numbers
@ A proof of - gnat @ w is a number < w
F1@0 "
F(1@®gnat)@0 '
F gnat @ 1
F(1®gnat)@1
F gnat @ 2

2
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Guarded Induction

e Worlds in N
e gnat = O(1 @ gnat) is the type of guarded natural numbers

@ A proof of - gnat @ w is a number < w

FlQu ! 1
FlQu,1Qu [u/w]eatl—gnatL@u,l@v&

1 & gnatt @Qu,1Qv o
eat = - @(L&gnat') Qw,1Quv
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Guarded Coinduction

o gstr, = @(A® gstr,) is the type of guarded streams
@ A proof of - gstr , @w is a stream with w observable elements
Fiaa ! [u/w] ones - gstr, Q@ u
F1®gstr, Qu
ones = Fe(1®gstr;) Quw ¢
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Cut Admissibility

IfFDFT,AQw and E+ At @Qw, A, then cut(w, A, D, E) - T, A.

By lexicographic induction on (w, A, D, E).

D'FT,BQu . F'B'a@v
cut (l—F,.B@w .,I— OBt Qw,A ) = cut (v, B, [v/u]|D’, E")

O
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Bounded Linearity

FT,AQu,A . FT,A(w) @Quw, A
FT,Aatu@w, A 2 T du. A(u) @w, A

FT,A W FI,AQu,AQw, A
FT,AQ0,A FILAQu+ w, A

FT,A@1 FBQLA
FT,LA®BQL, A

e Contraction: Aat2 — (A® A)at1
o Weakening: Aat0) — 1
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What's the connection?

In the original BLL paper..

An aspect of modularity in BLL is that the notion of size of data is given by their
type. For example, the data type of tally natural numbers of size at most z is:

N, =Vely(a(y) = a(y+1)) — (a(0) — afz) )

@ Looks suspiciously like gnat...

@ But Church encodings don't scale. What can be done?

Siva Somayyajula (CMU) June 28, 2021 12/12



