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6 years ago...

Pierre!Marie PhD defense. 
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Towards the end of the talk  :

6 years ago...
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6 years ago...

Marie : ÇThat's di" erential " ! calculus ! 
               It must be !# È
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And then life
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2 years ago...

"but ugly because untyped"

PMP : Ç ThatÕs nothing but Dialecta ! È



!
!
!
!
!
!
!

!
!

The historical Dialectica.1.

And the chain rule

2.     The categorical Dialectica.

And reverse di" erentiation 

3.      The computational Dialectica.

 And sums    

4.      Applications!
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 It worked !
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   Dialectica and the chain rule
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The chain rule :

Þl

Di " erentiation



Kurt Gšdel. †ber eine bisher noch nicht benŸtzte 
Erweiterung des Þniten Standpunktes. 
Dialectica, 12:280! 287, 1958.

Dialectica



Dialectica

A translation acting on intuitionistic 
arithmetic:

Validates Markov's principle¥

Validates the independance of premises¥

Numerous applications in logic¥
Soundness results!
Proof mining!

Relies on decidability lemmas¥



fresh variables

Dialectica

JustiÞcations :

Begin with:¥

Apply the least unconstructive prenexation:¥

Apply axiom of choice:¥



A mysterious construction



The Chain rule

equations

Results

1 Main rule
2 Functoriality



Types!



witness counter

Types!



Why is Df contravariant ?

Types!



Dialectica and reverse 
di" erentiation



The real inventors of deep learning



Reverse di" erentiation

How does one compute the di" erentiation of an 
algebraic expression, computed as a sequence of 
elementary operations ?

The computation of the Þnal results requires the 
computation of the derivative of all partial 
computation. But in which order ?

Forward Mode di" erentiation $Wengert, 1964%

Reverse Mode di" erentiation: $Speelpenning, Rall, 1980s% 

 

while keeping formal the unknown derivative



Reverse AD, higher!order

Forward mode:¥

Reverse mode:¥

Complexity considerations:

Forward is faster for ¥

Reverse is faster for¥



Reverse AD, functorially

Key idea: reverse derivatives are typed by linear 

negations 

Di " erentiable programming:
Brunel & Mazza & Pagani, backpropagation in the ¥
simply " !calculus with linear negation, 2020. 
Elliot, the simple essence of AD, 2018¥

$BMP 20%



Reverse AD, functorially

f

Df



Dialectica categories

Dial&C' :=
relations AI VX

AVX Eh Bevy
with f

O t F UM X

such that uxFlu
g flupy

morphisms :¥

objets¥

.¥ composition



Dialectica categories:

Model of LL

biproduct

a Deriving transformation

CC A H B

CC A C CBI A

Thm

Dial E

A CA A

f feu Def

C a * !autonomous di" erential category:

One has a functor



The computational 
Dialectica

more than the
chain rule..



Not enough.



More than the chain rule, 
categorically



More than functions

" !terms as realizers :



Dialectica X

I LL y calc

C t t t

De Paiva's thesis $92%

Dialectica acting on LL

But



A new construction on types allowing sums and 

replacing decidability constructions

Pedrot thesis, 2015

Computational Dialectica



Di " erentiation on terms

Di " erential " !calculus, Ehrhard &Regnier

Two transformations for a higher!order di" erentiation



I
reverse

chain rule

Di " erential " ! calculus , CPS style

Computational Dialectica



cale Dialectija X cale

E I

Emea D A Diffit cale

F01 O

EGEE

Et On D ten

Ets f1 f t

Thm

l

Computational Dialectica



Ë
0 8

Y a

e.ge

taf Train Lt

then WCM WCA in Dill

Dialectica, from LL to DiLL



Applications



Y_cale
cbn

L LL L

Dialectica

Dill tette X al
E

Diff d cale

A language typed by DiLL

A language typed by DiLL and expressing automatic 
di" erentiation ?



CBN Dialectica reverse diff
CBV Dialectica

A language typed by DiLL

¥ Di" erentiation can be made e( cient by 

distinguishing linearity :

¥ Let's give a computational content to 
exponential rules.
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extracting quantitative info from proofs
Proof mining

one gets

From a proof



Proof mining
¥ Proof!theory gives you the existence of a 
quantitatrive version of a proof.

¥ One cuts a proof in reasonably sized lemmas.

¥ Extract quantitative info from each lemma, and 
compose them.

Best e" ective module of uniqueness are linear¥

Input: 
di" erentiating #¥
What is the computational version of proof!¥
mining?



and

LICS 14

POPI ZO

LICS 18

¥ Everything on di" erential " !calculus and 
Di " erential Linear Logic.

Related work :



Dialectica categories are a generalization of ¥
di" erential categories
The computational content of Dialectica + cbn is ¥
higher!order reverse mode di" erentiation
Dialectica reÞnes to a transformation from LL to ¥
DiLL 

Conclusion:

Question:

Why does di ! erentiation 
realizes IPP, and MarkovÕs 
principle when reverse ? 


