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1 Introduction
Geometry of Interaction (GoI) [Gir89] is a semantic framework which forms a model of proof-
nets [Gir87] and thus the λ-calculus, via the so-called Girard’s translation. It has been initially
formulated by Girard in terms of operator algebras. Other formulations were later introduced,
e.g. domain-theoretic [AJ94] or categorical [AHS02]. The most concrete formulations of GoI,
like context semantics [GAL92] or the interaction abstract machine [DR99], in particular, are
concrete enough to induce compilation schemes towards concrete languages and architectures
[Mac95, Ghi07].

We give in this paper an abstract machine inspired by the GoI context semantics directly at
the level of the λ-calculus, avoiding the explicit use of proof-nets. This way, reasoning about the
machine can be done in a purely inductive way, following the structure of terms. Moreover, we
are interested in comparing from the complexity point of view this Interaction Abstract Machine
(IAMλ) and its possible optimizations with classical call-by-name abstract machines such as the
Krivine Abstract Machine (KAM) [Kri07], following the pioneering work of Danos and Regnier
[DR99]. Our presentation indeed turns GoI into a form closer to ordinary machines.

2 The Interaction Abstract Machine
This section is devoted to defining the IAMλ for the untyped λ-calculus [Bar84], after giving some
necessary preliminaries.

Definition 2.1. Terms of the λ-calculus Λ are defined by the following grammar.

t, u, r ::= x | λx.t | tu.

Definition 2.2. Leveled contexts are defined by

C0 ::= 〈·〉 | λx.C0 | C0t;
Cn+1 ::= Cn+1t | λx.Cn+1 | tCn.

Intuitively, a context Cn is one in which the hole lies inside exactly n boxes. A context in the
form Cn is said to be n-ary and Cn is the set of all n-ary contexts, for every n ∈ N. C =

⋃
n∈N
Cn

is simply the set of all contexts. A context of level 0 is also called a head context. The level of
a context will be omitted when not relevant to the discussion, however note that any ordinary
context writes in a unique way as a levelled context, so that the omission does not really omit
information.

A position (of level n) in a term t is a pair (u,Cn) s.t. Cn〈u〉 = t.
We need also an enriched notion of position, called signature, in which an n-ary context comes

together with a list of n signatures, one for every box in which the hole is contained.

Definition 2.3. The set of signatures E is the smallest set satisfying:

(x,C〈λx.Cn〉, e1 · . . . · en) ∈ E if e1, . . . , en ∈ E .
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In order to define the states of the machine we also need a constant symbol p, whose is to
keep track of the exploration of the term, and two polarities P = {↑, ↓}, encoding two different
operating modalities of the machine. In fact, polarities will be mostly omitted and represented
via colors.

Definition 2.4 (IAMλ State). A state of the IAMλ is a quintuple (t, C,Ψ,Σ, p) where

1. t is a λ-term: the Code Term;

2. C is a context: the Code Context;

3. Ψ is an element of ({p} ∪ E)∗: the Input-Output Stack;

4. Σ is an element of E∗: the Signature Stack;

5. p is an element in P = {↑, ↓}: the Polarity.

We call S the set of all IAMλ states. The code term and code context components form a
position, whose role is to keep track of where, in the term under evaluation, the machine is currently
executing. Both stacks contain information needed to carry on the computation deterministically.
Polarities establish the operating mode of the machine: in mode ↓ the IAMλ walks down through
the structure of the code term, in mode ↑ the IAMλ walks up through the structure of the code
context. We will omit the polarity by colouring the term code in red for ↓ states and the context
code in blue for ↑ states. We write en for a list of n signatures e1 · . . . · en.
Definition 2.5 (IAMλ Transitions). The transition rules for ↓-states, whose behavior depends on
the code term (first column):
ut C Ψ Σ −→↓@p∗ u C〈〈·〉t〉 p ·Ψ Σ
λx.t C p ·Ψ Σ −→↓λp t C〈λx.〈·〉〉 Ψ Σ

x C〈λx.Dn〉 Ψ en · Σ −→↓de∗ λx.Dn〈x〉 C (x,C〈λx.Dn〉, en) ·Ψ Σ
λx.t C (x,C〈λx.Dn〉,Θ) ·Ψ Σ −→↓de2 x C〈λx.Dn〉 Ψ Θ · Σ

The transitions for ↑-states, whose behavior depends on the context (second column):

u C〈〈·〉t〉 e ·Ψ Σ −→↑!e t C〈u〈·〉〉 Ψ e · Σ
u C〈〈·〉t〉 p ·Ψ Σ −→↑@p2

ut C Ψ Σ

t C〈u〈·〉〉 Ψ e · Σ −→↑!e∗2 u C〈〈·〉t〉 e ·Ψ Σ
t C〈λx.〈·〉〉 Ψ Σ −→↑λp∗2 λx.t C p ·Ψ Σ

The idea behind these transitions is to mimic the behaviour of token machines built on top of
proof-nets via context semantics. In each state s = (t, Cn,Ψ,Σ, p), the position (t, C) represents
the position of the token on the net, and indeed the term C〈t〉 obtained by plugging the Code Term
into the Code Context is invariant during a run. The two stacks Ψ and Σ correspond to those
used in [DR99]. The Input-Output Stack Ψ stores the information needed to traverse the term
deterministically as long as the token does not interact (enters or exits) with a box, which here
is nothing more than an argument of an application. The Signature Stack Σ instead is needed to
store information when the token enters a box and to restore it when the token exits, as witnessed
by the fact that |Σ| = n, which is the level of box nesting of t, always holds.
Example 2.6. We give here an example of a IAMλ run for the term t = (λx.xx)(λy.y). The
initial state is (t, 〈·〉, ε, ε), equivalent to pushing an empty token from the (unique) conclusion of
the corresponding proof-net. Each line in the following table corresponds to a state, and each state
evolves to the one below via the rules described above.

(λx.xx)(λy.y) 〈·〉 ε ε
λx.xx 〈·〉(λy.y) p ε
xx (λx.〈·〉)(λy.y) ε ε
x (λx.〈·〉x)(λy.y) p ε

λx.xx 〈·〉(λy.y) (x, (λx.〈·〉x)(λy.y), ε) · p ε
λy.y (λx.xx)〈·〉 p (x, (λx.〈·〉x)(λy.y), ε)
y (λx.xx)(λy.〈·〉) ε (x, (λx.〈·〉x)(λy.y), ε)

λy.y (λx.xx)〈·〉 (y, (λx.xx)(λy.〈·〉), ε) (x, (λx.〈·〉x)(λy.y), ε)
λx.xx 〈·〉(λy.y) (x, (λx.〈·〉x)(λy.y), ε) · (y, (λx.xx)(λy.〈·〉), ε) ε
x (λx.〈·〉x)(λy.y) (y, (λx.xx)(λy.〈·〉), ε) ε
x (λx.x〈·〉)(λy.y) ε (y, (λx.xx)(λy.〈·〉), ε)

λx.xx 〈·〉(λy.y) (x, (λx.x〈·〉)(λy.y), (y, (λx.xx)(λy.〈·〉), ε)) ε
λy.y (λx.xx)〈·〉 ε (x, (λx.x〈·〉)(λy.y), (y, (λx.xx)(λy.〈·〉), ε))
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Below we have drawn the corresponding proof-net and the path followed by the token if one
interprets the graph as an automaton via context semantics. One can see that there is a perfect
match between positions in IAMλ states and graph nodes traversed by the token in the IAM [DR99].
Both machines are stuck in front of a λ-abstraction. Indeed, to evaluate under abstractions, one
should feed the machine with a non-empty stack Ψ. In particular every p in the initial state allows
to evaluate under one abstraction.
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A state s ∈ S is terminating (in s′) if s→∗IAMλ
s′ and s′ is a final state, i.e. there is no possible

transitions from it. What does the IAMλ compute if the execution terminates? We make it precise
with the following Definition.

Definition 2.7 (IAMλ Semantics). We define IAMλ semantics J·Kk : Λ→ N∪{⊥}, where k ∈ N,
in the following way.

JtKk =

{
h if (t, 〈·〉, pk, ε) is terminating in the state (u,C, ph ·Ψ,Σ, p),
⊥ otherwise.

We need to show that this semantics is adequate w.r.t. some observables. First, we argue that
the above defined semantics is invariant by head β-reduction→h, i.e. the closure by head contexts
of the β-rule (λx.t)u 7→ t{u/x}. The idea to prove this claim is to devise a coinductively defined
relation (a sort of bisimulation) between IAMλ states that preserves both termination and the
structure of the Input-Output Stack Ψ. Then, one should just show that two initial states, one
fed with a term containing a head-redex and the other one with the corresponding reduct can be
put in relation.

Theorem 2.8 (Soundness). If t→h u, then JtKk = JuKk.

Adequacy is then shown w.r.t. a refinement of termination.

Theorem 2.9 (Adequacy). Let t be a λ-term. Then t has head normal form if and only if JtKn 6= ⊥
for each n ≥ 0. Moreover, if t has head normal form λx0 ... λxn.xmt1 · · · tl where 0 ≤ m ≤ n, then
JtKn+1 = m.

3 Future Directions
After having proved the IAMλ correct we intend to analyze its time and space efficiency. Cer-
tainly it is not reasonable in time, but what about space? Moreover, a number of optimizations
have already been suggested. Introducing jumps [DR99], for example, turns the IAMλ into the
KAM, known to be reasonable in time. It is also suggested that further optimizations, akin to
memoization, could lead to optimal evaluators, in the sense of Lévy.
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