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Results of the quantitative analysis of systems modeled as Markov chains crucially
depend on the concrete transition probabilities. Even small perturbations of the prob-
ability values can affect the analysis results. This can be problematic in cases where
only estimates of the transition probabilities are available. This, for instance, applies to
cases where the values of transition probabilities are derived using statistical or learning
methods.

This motivated the introduction of Markov chains where intervals are attached to the
transitions rather than concrete transition probabilities [24, 30, 9, 14, 7, 5]. Two seman-
tics have been introduced for interval-valued Markov chains. The uncertain semantics
treats interval-valued Markov chains as families of Markov chains with the same state
space and transition probabilities in the intervals. The nondeterministic semantics con-
siders interval-valued Markov chains as MDPs where the concrete probability values
are chosen nondeterministically.

Parametric Markov chains can be seen as a generalization of interval-valued models
with the uncertain semantics. Instead of intervals of potential probability values, they
use polynomial functions over a fixed set of parameters to specify the transition proba-
bilities [12, 27, 19]. Such parametric models can be seen to define a family of concrete
probabilistic models that arise by plugging in concrete values for the parameters. For-
mally, a parametric Markov chain with parameters x1, . . . ,xk is a tuple M[x1, . . . ,xk] =
(S,E,Υ) where (S,E) is a finite directed graph, i.e., S is a finite state space and E⊆ S×S
specifies the transitions, Υ : E→Q[x1, . . . ,xk] a function that assigns to each transition
s→ s ′ a polynomial over x1, . . . ,xk with rational coeffients, and Γ a finite set of poly-
nomial constraints for x1, . . . ,xk. More precisely, Γ is a finite set of constraints of the
form f ./ c where f ∈Q[x1, . . . ,xk], ./ a comparison operator in {=, 6=,<,6,>,>} and
c ∈Q. A parameter valuation ξ : {x1, . . . ,xk}→R assigning real numbers to the param-
eters is said to be admissible if (1)

∑
s ′∈E(s)Υ(s,s

′)(ξ1, . . . ,ξk) = 1 for each non-trap
state s ∈ S where E(s) = {s ′ ∈ S : (s,s ′) ∈ E} and (2) all constraints in Γ are satisfied,
i.e., f(ξ1, . . . ,ξk) ./ c for all f ./ c in Γ . The (concrete) Markov chain given by an ad-
missible parameter valuation ξ is Mξ = (S,Pξ) where Pξ(s,s ′) = Υ(s,s ′)(ξ1, . . . ,ξk)
if (s,s ′) ∈ E and Pξ(s,s ′) = 0 if (s,s ′) /∈ E. Then, the semantics of M[x1, . . . ,xk] is the
family of (concrete) Markov chains induced by the admissible parameter valuations.
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Fig. 1. Parametric Markov chain for the simulation of a dice by flipping biased coins

On the left of Figure 1 a parametric Markov chain is depicted, describing a paramet-
ric variant of Knuth and Yao’s protocol for simulating a six-sided dice by coin-flipping.

Probabilities for reachability conditions (and even for all ω-regular properties) can
be represented as the solution of a linear equation system A ·p= b where A is a matrix
with coefficients represented as polynomials derived fromΥ, p is the probability vector,
and b a column vector. Thus, we can view A as a matrix over the field Q(x1, . . . ,xk)
of rational functions with parameters x1, . . . ,xk and then apply Gaussian elimination
(or the related state-elimination approach known for generating regular expressions for
finite automata) to compute the solution vector p. This approach has been first pro-
posed in [12, 27] and later refined using computer-algebra tools to simplify the rational
functions obtained in intermediate steps [19] or using decompositions into strongly con-
nected components and factorization techniques for polynomials [23]. These techniques
have been implemented in the tools PARAM [18], its reimplementation in PRISM [26],
and in STORM [13]. More recently, it has been observed that the expensive computations
of greatest common divisors of polynomials can be avoided using one-step fraction-free
Gaussian elimination [22]. The latter yields that the rational functions for reachabil-
ity probabilities in parametric Markov chains are computable in time O(poly(n,d)k)
where n is the number of states, d the maximal degree of the polynomials inΥ and k the
number of parameters. In particular, in the univariate case (k=1) or for any fixed num-
ber k of parameters, the rational functions for reachability probabilities are computable
in polynomial time. Even stronger, the problem to decide the existence of a parame-
ter valuation satisfying a Boolean combination of threshold conditions for reachability
probabilities is in P. The multivariate case is, however, challenging and threshold prob-
lems, e.g., “does there exists a parameter valuation such that the probability for reaching
a given set of states exceeds a given threshold?” lie between NP and PSPACE [30, 9,
22].

Analogous results hold for expected accumulated weights or the expected mean
payoff. If, however, the transition probabilities are non-parametric and the weights at-
tached to states are parametric then parametric expressions for the expected accumu-
lated weight or the expected mean payoff are computable in polynomial time [22].

The applications of parametric Markov chains and the algorithms to compute ra-
tional functions for reachability probabilities or expected values are manyfold. These
include the analysis of systems with unknown transition probabilities where the task is
a family-based analysis to provide guarantees for all admissible parameter valuations,
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but also the treatment of systems with tiny transition probabilities, which, e.g., applies
often to models that capture the effect of very exceptional errors and where standard
analysis techniques for the analysis fail due to numerical problems.

The parameter-synthesis problem goes one step further and asks to find parameter
valuations where a set of probability or expectation constraints holds, possibly in com-
bination with other side constraints. For a simple example, we regard the Markov chain
shown in Figure 1. While for a fair coin, x1 = x2 = x3, the result of the outcome “six”
is 1/6, one might ask how to manipulate the coins such that the probability for “six” is
1/2. Assuming the same coin is used in all rounds (i.e., x1 = x2 = x3), the task is to find
a value p such that (−p3 +3p2 −3p+1)/(p2 −p+1) = 1/2. With Newton’s method
we obtain p ≈ 0.26102. While this is a toy example, several important applications of
the parameter-synthesis problem have been studied in the literature. Let us mention a
few of them.

The use of parametric model checking for supporting decision making at run-time
in adaptive software has been investigated by several authors, see, e.g., [8, 15, 16, 32].
The idea is to precompute the rational functions for a set of quantitative properties,
which can be efficiently evaluated at run-time for guiding software adaptations when
the environment changes. An iterative decision-making scheme for MDPs with interval
estimates for the transition probabilities has been proposed in [31]. This approach serves
to tackle the trade-off between accuracy, data usage and computational overhead. It suc-
cessively computes strategies that are optimal for a cost-bounded reachability condition
and checks their confidence optimality. If not, the iteration returns to data sampling.

Besides supporting decisions at run-time, the parametric approach can also be very
useful to find (nearly) optimal system configurations at design-time. For example, [1]
employs parametric model-checking techniques to find probability distributions for a
probabilistic self-stabilizing protocol that achieves minimum average recovery time.
[28] uses the parametric approach to determine (an approximation of) the optimal fre-
quency of periodic reboots for an inter-process communication protocol of a space
probe where optimality is understood with respect to the long-run availability. Another
application of parametric Markov chains in the context of fault-tolerant systems is re-
ported in [21] where the task is addressed to set the number of instructions per transac-
tion and the maximal number of repeated executions of transactions before aborting that
guarantee correct termination with probability at least 0.999 and minimize the overhead.
In [4] the model-repair problem is considered where some transition probabilities of a
Markov chain are declared to be controllable and the task is to modify the controllable
probabilities such that a PCTL property holds for the modified Markov chain and the
costs for deriving the new Markov chain are minimal. The latter is formalized using a
nonlinear cost function, which leads to a nonlinear programming problem and is shown
to be related to the optimal-controller synthesis problem for discrete linear dynami-
cal systems. An alternative model-repair approach using parametric Markov chains and
greedy methods has been proposed in [29].

Beyond parametric Markov chains, several authors have addressed the paramet-
ric setting to different and more expressive stochastic models. This includes meth-
ods to synthesize parametric rate values in continuous-time Markov chains that ensure
the validity of bounded reachability properties [20]. Timeout-synthesis problems for
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continuous-time stochastic models have been investigated, e.g., in [6, 2]. The parameter-
synthesis problem for interval Markov chains with parametric lower and upper end-
points of intervals has been addressed in [3] where methods to find concrete values
for the parameters such that the resulting interval-valued Markov chain maximizes the
probability for a reachability condition have been proposed. Parametric approaches for
MDPs have been studied in [17, 10, 11]. Another recent approach to deal with unknown
transition probabilities uses online learning techniques, e.g., applied on MDP models
in [25], where only the support of distributions is known in advance and where the task
is to synthesize a strategy that almost surely satisfies a parity condition and is nearly
optimal w.r.t. a mean-payoff objective.
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