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Ñèìâîëè÷åñêàÿ äèíàìèêà

Îïðåäåëåíèÿ:

ïîëíûé ñäâèã AZn
: n-ìåðíûå ñëîâà íà àëôàâèòå A;

ðàññòîÿíèå: d(x , y) = inf{1/2d | ∀~u ∈ [−d , d ]n, x~u = y~u};
ñäâèã: çàìêíóòîå X ⊂ AZn

èíâàðèàíò ïîä äåéñòâèåì Zn;

çàïðåù�eííûå ôðàãìåíòû äèàìåòðà r : F ⊂ A[−r ,r ]n ;

ñäâèã êîíå÷íîãî òèïà (ÑÊÒ): ñäâèã XF áåç ôðàãìåíòà â F ;

îáðàç ÑÊÒ ïðè ëîêàëüíîì ïåðåêîäèðîâàíèè: ñîôè÷åñêèé.

Ïðèìåðû:

òèï ñäâèãà X ⊂ {a, b}Z � áóêâû a è b àëüòåðíèðóþò?

òèï ñäâèãà X ⊂ {a, b}Z � îäèí ñâÿçíûé ôðàãìåíò áóêâ a?

òèï ñäâèãà X ⊂ {a, b}Z2
� øàõìàòíûå äîñêè?
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(À)ïåðèîäè÷íîñòü è (íå)ðàçðåøèìîñòü

Âñå íå ïóñòûå îäíîìåðíûå ÑÊÒ ñîäåðæàò ïåðèîäè÷åñêèå ñëîâà.
Ñóùåñòâóåò àëãîðèòì, ðàçðåøàþùèé ïóñòîòó îäíîìåðíîãî ÑÊÒ.

Òåîðåìà (Berger, 1964)

Íåò àëãîðèòìà, ðàçðåøàþùåãî ïóñòîòó äâóõìåðíîãî ÑÊÒ.

Äîêàçàòåëüñòâî äåðæèòñÿ íà àïåðèîäè÷åñêèõ ÑÊÒ,
ò.å. íå ïóñòûå ÑÊÒ, ñîäåðæàùèå òîëüêî íåïåðèîäè÷åñêèå ñëîâà.

Íå ïóñòûå ÑÊÒ, îäíàêî, ñîäåðæàò êâàçèïåðèîäè÷åñêèå ñëîâà.
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Çàìîùåíèÿ Ðîáèíñîíà (1967�1971)

Çàìîñòÿò âñþ ïëîñêîñòü, íî òîëüêî íåïåðèîäè÷åñêèì ñïîñîáîì.
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Ñàìîïîäîáíûå çàìîøåíèÿ

Îïðåäåëåíèå

Çàìîùåíèå ñàìîïîäîáíûì êîýô.-îì ϕ � ïëèòêè ðåêóðñèâíî
ãðóïïèðóþùèåñÿ â ãîìîòåòè÷íûå êîýô.-îì ϕ ïëèòêè.
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Ñàìîïîäîáíûå ïëèòêè

Îïðåäåëåíèå

Ñàìîïîäîáíûå ïëèòêè: çàìîñòÿò òîëüêî ñàìîïîäîáíûì
ñïîñîáîì, ñ òî÷íîñòüþ äî ëîêàëüíîãî ïåðåêîäèðîâàíèÿ.

Ëîêàëüíîå ïåðåêîäèðîâàíèå: äåêîðàöèÿ, ïàçû, âûïóêëîñòè. . .

Òåîðåìà (Mozes 1990, Goodmann-Strauss 1995, F.-Ollinger 2010)

Ñàìîïîäîáíûå çàìîùåíèÿ � çàìîùåíèÿ ñàìîïîä-ìè ïëèòêàìè.
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Çàìîùåíèÿ Ïåíðîóçà (1974�1978)

36°

108°

Ïëèòêè: äâà óêðàøåííûõ ðàâíîáåäðåííûûõ òðåóãîëüíèêà.
Êðàñêè äîëæíû ñîîòâåòñòâîâàòü íà ïåðåñåêàþùèõñÿ ð�eáðàõ.
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Çàìîùåíèÿ Ïåíðîóçà (1974�1978)

36°

108°

Ëåììà

Ïëèòêè çàìîùåíèÿ ãðóïïèðóþòñÿ åäèíñòâåííûì ñïîñîáîì â
ãîìîòåòè÷íûå ïëèòêè, êîòîðûå èìåþò òî æå ñâîéñòâî.
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Çàìîùåíèÿ Ïåíðîóçà (1974�1978)

Òåîðåìà

Ïëèòêè çàìîñòÿò ñàìîïîäîáíûì è íåïåðèîäè÷åñêèì ñïîñîáîì.
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Çàìîùåíèÿ Ïåíðîóçà (1974�1978)

Ðàçíûå âèäû ñ òî÷íîñòüþ äî ëîêàëüíîãî ïåðåêîäèðîâàíèÿ.
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Çàìîùåíèÿ ðîìáàìè

Íåêîëëèíåàðíûå âåêòîðû ïëîñêîñòè  ðîìáû  çàìîùåíèå.
Âèäÿ âåêòîðû â êà÷åñòâå áàçèñà ïðîñòðàíñòâà  ïîâåðõíîñòü.
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Çàìîùåíèÿ ðîìáàìè

Çàìîùåíèå íàêëîíîì E è òîëùèíîé w : âëåçàåò â E + [0,w ]n.
Ïðîïîðöèè ïëèòîê: êîîðäèíàòû Ïëþêêåðà (Gij)1≤i<j≤n íàêëîíà.
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Ïåðèîäè÷åñêèå òåíè

ijk-òåíü: ïðîåêöèÿ íà ïðîñòðàíñòâî 〈~ei ,~ej ,~ek〉.
ijk-ïîäïåðèîä: öåëûé ïåðèîä ijk-òåíè (åñëè åñòü).

Ëåììà

Åñëè (p, q, r) � ijk-ïîäïåðèîä ïëîñêîñòè, òî pGjk + rGij = qGik .

Ëåììà

Ïîäïåðèîä çàìîùåíèÿ, âûíóæäåííûé çàïðåù-ìè ôðàãìåíòàìè.

Òåîðåìà (Ëåâèòîâ 1988, B�edaride-F. 2013)

Åñëè íàêëîí õàðàêòåðèçóåòñÿ ïîäïåðèîäàìè, òî ñóùåñòâóåò
ÑÊÒ ñîäåðæàâøèé òîëüêî ïëîñêèå çàìîùåíèÿ ýòèì íàêëîíîì.
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Îáùèå çàìîùåíèÿ Ïåíðîóçà (1981�1987)

Çàìîùåíèÿ íàêëîíîì (ϕ, 1,−1,−ϕ,ϕ, 1,−1, ϕ, 1, ϕ) òîëùèíîé 1.
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Îáùèå çàìîùåíèÿ Ïåíðîóçà (1981�1987)
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Îáùèå çàìîùåíèÿ Ïåíðîóçà (1981�1987)

Âñå òåíè ïåðèîäè÷åñêèå. Ïåðèîäû òåíè äàþò, ∀i , j , Gi ,j = G2i−j ,i .
Âìåñòå ñ ñîîòíîøåíèÿìè Ïëþêêåðà, ýòî õàðàêòåðèçóåò íàêëîí.



Àïåðèîäè÷íîñòü Ñàìîïîäîáèå Ïîäïåðèîäè÷íîñòü Âû÷èñëèìîñòü

Îáùèå çàìîùåíèÿ Ïåíðîóçà (1981�1987)

Ïåðèîäû òåíåé, âûíóæäåííûå çàïðåù¼ííûìè ôðàãìåíòàìè. . .



Àïåðèîäè÷íîñòü Ñàìîïîäîáèå Ïîäïåðèîäè÷íîñòü Âû÷èñëèìîñòü

Îáùèå çàìîùåíèÿ Ïåíðîóçà (1981�1987)

êàê ïîäïåðèîäû çàìîùåíèÿ çà ñ÷�eò îãðàíè÷åííîãî âîçâðàòà.
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1 Àïåðèîäè÷íîñòü

2 Ñàìîïîäîáèå

3 Ïîäïåðèîäè÷íîñòü

4 Âû÷èñëèìîñòü
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Ïëèòêè Òþðèíãà (è òåîðåìà Áåðãåðà)

Òðè ïëèòêè äëÿ ïðàâèëà (q, s, s ′,�, q′), îäíà äëÿ áóêâû s:

q

s

q’ q’

s s q s

q s q s

q s

q

s’ s’ s

Ñòðîêè çàìîùåíèè ñèìóëèðóþò äèíàìèêó ëåíòû ìàøèíû:

q s

q’

t

q’ t s’

u r

ru

Ïëèòêè èíèöèàëèçàöèè (àïåðèîäè÷íîñòü çäåñü êîðåííàÿ!):

q ## #
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Âû÷èñëÿåìûå íàêëîíû

Âû÷èñëÿåìûé ñäâèã: ïåðå÷èñëÿåìûå êîíå÷íûå ôðàãìåíòû.

Òåîðåìà (Aubrun-Sablik 2011)

X ⊂AZ âû÷èñëÿåìûé⇒{y⊂AZ2
, ∀j , yj = y0∈X} ñîôè÷åñêèé.

Âû÷èñëÿåìûé íàêëîí: âû÷èñëÿåìûå êîîðäèíàòû Ïëþêêåðà.

Òåîðåìà (F.-Sablik 2012)

Ñóùåñòâóåò íå ïóñòîé ñîôè÷åñêèé ñäâèã çàìîùåíèé íàêëîíîì
E è ðàâíîìåðíîé îãðàíè÷åííîé òîëùèíîé ⇔ E âû÷èñëÿåìîå.
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Â îäíîé ñòðîêå, ïëèòêè óìíîæàþò ëèáî âñå íà 3, ëèáî âñå íà 1

2 .
Ñòðîêà íå ñîäåðæàåò îäíè 0 è 0′ íà ãîðèçîíòàëíîé ñòîðîíå.
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α ∈ R  B(α) ∈ {bαc, bαc+ 1}Z, ãäå B(α)i = b(i + 1)αc − biαc.
Óìíîæàåì ñòðîêîé α íà 3 åñëè α ∈ [13 ,

2
3), íà

1
2 åñëè α ∈ [23 , 2).

 2-êóñêà êóñî÷íî-ëèíåéíûé ãîìåîìîðôèçì îêðóæíîñòè.
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α ∈ R  B(α) ∈ {bαc, bαc+ 1}Z, ãäå B(α)i = b(i + 1)αc − biαc.
Óìíîæàåì ñòðîêîé α íà 3 åñëè α ∈ [13 ,

2
3), íà

1
2 åñëè α ∈ [23 , 2).

 2-êóñêà êóñî÷íî-ëèíåéíûé ãîìåîìîðôèçì îêðóæíîñòè.
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α ∈ R  B(α) ∈ {bαc, bαc+ 1}Z, ãäå B(α)i = b(i + 1)αc − biαc.
Óìíîæàåì ñòðîêîé α íà 3 åñëè α ∈ [13 ,

2
3), íà

1
2 åñëè α ∈ [23 , 2).

 2-êóñêà êóñî÷íî-ëèíåéíûé ãîìåîìîðôèçì îêðóæíîñòè.
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α ∈ R  B(α) ∈ {bαc, bαc+ 1}Z, ãäå B(α)i = b(i + 1)αc − biαc.
Óìíîæàåì ñòðîêîé α íà 3 åñëè α ∈ [13 ,

2
3), íà

1
2 åñëè α ∈ [23 , 2).

 2-êóñêà êóñî÷íî-ëèíåéíûé ãîìåîìîðôèçì îêðóæíîñòè.
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α ∈ R  B(α) ∈ {bαc, bαc+ 1}Z, ãäå B(α)i = b(i + 1)αc − biαc.
Óìíîæàåì ñòðîêîé α íà 3 åñëè α ∈ [13 ,

2
3), íà

1
2 åñëè α ∈ [23 , 2).

 2-êóñêà êóñî÷íî-ëèíåéíûé ãîìåîìîðôèçì îêðóæíîñòè.
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α ∈ R  B(α) ∈ {bαc, bαc+ 1}Z, ãäå B(α)i = b(i + 1)αc − biαc.
Óìíîæàåì ñòðîêîé α íà 3 åñëè α ∈ [13 ,

2
3), íà

1
2 åñëè α ∈ [23 , 2).

 2-êóñêà êóñî÷íî-ëèíåéíûé ãîìåîìîðôèçì îêðóæíîñòè.
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α ∈ R  B(α) ∈ {bαc, bαc+ 1}Z, ãäå B(α)i = b(i + 1)αc − biαc.
Óìíîæàåì ñòðîêîé α íà 3 åñëè α ∈ [13 ,

2
3), íà

1
2 åñëè α ∈ [23 , 2).

 2-êóñêà êóñî÷íî-ëèíåéíûé ãîìåîìîðôèçì îêðóæíîñòè.
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α ∈ R  B(α) ∈ {bαc, bαc+ 1}Z, ãäå B(α)i = b(i + 1)αc − biαc.
Óìíîæàåì ñòðîêîé α íà 3 åñëè α ∈ [13 ,

2
3), íà

1
2 åñëè α ∈ [23 , 2).

 2-êóñêà êóñî÷íî-ëèíåéíûé ãîìåîìîðôèçì îêðóæíîñòè.
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α ∈ R  B(α) ∈ {bαc, bαc+ 1}Z, ãäå B(α)i = b(i + 1)αc − biαc.
Óìíîæàåì ñòðîêîé α íà 3 åñëè α ∈ [13 ,

2
3), íà

1
2 åñëè α ∈ [23 , 2).

 2-êóñêà êóñî÷íî-ëèíåéíûé ãîìåîìîðôèçì îêðóæíîñòè.
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