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What is going on?

» Probability of appearance at a given position

P(100) =

P(111) =

|l = 0|k
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P(111) =

|l = 0|k

» BUT the 111 occur often by CLUMPS

---0111110 ---011110
111 111---
111---

» while the 100 NEVER OVERLAP



What is going on?

» Probability of appearance at a given position

P(100) =

P(111) =

|l = 0|k

» BUT the 111 occur often by CLUMPS

---0111110 ---011110
111 111---
111---

» while the 100 NEVER OVERLAP

Expected waiting time: 111 — 14 100 =7



Number of occurrences 1000 texts of size 500
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Number of occurrences 1000 texts of size 500
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40 40

20 20
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Aim of our work

» a combinatorial analysis for counting clumps of reduced sets
of words

» an algorithmic contruction by automata that solves the
counting problem in the general case and implies a normal
limit law

» future extensions to tandem repeats?

... GGGGATCGA|GATCGA|GATCGA|GATCGAGGG . ..



Counting clumps
w = aa T = bbbbaaaabbbbaaa

» word counting with overlaps: 5 matches (aala|al, aalal)

» clump counting: 2 matches (aaaal, aaal)

Definition of a clump of a word w
Set of maximal contiguous positions such that:
» each position is inside an occurrence of w
» if a position is at the beginning or at the end of an occurrence
of w, it is covered by two occurrences of w, with exception of
the first and last positions of the clump



Probability of start at a position i

(A) word w = 1* p=P1)=1-P0)=1—¢
k

N

P(start) = p*



Probability of start at a position i

(A) word w = 1* p=P1)=1-P0)=1—¢
k

N

P(start) = p*
k

(B) clump I' = 1%.1*

P(start) =p* x g x (1+p+p>+...)=pF x a =pF



Probability of start at a position i

(A) word w = 1* p=P1)=1-P0)=1—¢
k

N

P(start) = p*
k

(B) clump I' = 1%.1*

P(start) =p* x g x (1+p+p>+...)=pF x 4 _

FALSE




Probability of start at a position i

(A) word w = 1*

k
NN
P(start) = p*
(B) clump I' = 1%.1*
k
U I P R no clump beginning at position i
k
0T, 1. a clump begins at position 4

P(start) = p* x ¢ = p* x (1 —p)



Probabilistic approach

Prum, Reinert, Schbath, Pape, ...

w = aaa .
P(a) small ~» P(start-of-a-clump-at-a-position) small

PUNN
Poisson law for the number of clumps

Geometric law for the number of words in a clump
This extends to the general case.

Chen-Stein Poisson approximation provides bounds for the total
variation distance to the composed law.

Combinatorial approach

Jacquet-Szpankowski



l- Combinatorial approach



1 word - Bernoulli model

A alphabet, w considered word

Polynomial of autocorrelation
Co={h, wh=uvw and J|u|<]|w|}

w =
ababa
ababal|
ababa
ababa
Cobaba Z:{e*ba.baba}
ababa Z P |v| =1+ 7'('a7'('b2’2 + 7T27T22’4

vE Cababa



Régnier and Szpankowski decomposition

First R={t=ww and Ars, t=rw.s}
aaaaaababa € R, bbbbbabababa & R



Régnier and Szpankowski decomposition

First R={t=ww and Ars, t=rw.s}
aaaaaababa € R, bbbbbabababa & R
Minimal M ={t, w.t=ww and Ar,s, w.t=rw.s}

ababa ababa ababa
ba

aaaaababa € M babbbbbbbbababa & M

e M



Régnier and Szpankowski decomposition
First R={t=ww and Ars, t=rw.s}
aaaaaababa € R, bbbbbabababa & R

Minimal M ={t, w.t=ww and Ar,s, w.t=rw.s}

ababa aqababa € M PP %apbbbbbbbababa & M PP%q ¢ M

Ultimate Y = {t, Ar,s, w.t=rw.s}

ababa  bbbabbbbbbb < U ababay bbbbbbbb & U



Régnier and Szpankowski decomposition

First R={t=ww and Ars, t=rw.s}
aaaaaababa € R, bbbbbabababa & R
Minimal M ={t, w.t=ww and Ar,s, w.t=rw.s}

ababa aqababa € M PP %apbbbbbbbababa & M PP%q ¢ M

Ultimate Y = {t, Ar,s, w.t=rw.s}

ababa  bbbabbbbbbb < U ababay bbbbbbbb & U

Not V' = A*w.A* = {t, Ar,s, t=r.w.s}



Régnier and Szpankowski decomposition
First R={t=ww and Ars, t=rw.s}
aaaaaababa € R, bbbbbabababa & R

Minimal M ={t, w.t=ww and Ar,s, w.t=rw.s}

ababa aqababa € M PP %apbbbbbbbababa & M PP%q ¢ M

Ultimate Y = {t, Ar,s, w.t=rw.s}

ababa  bbbabbbbbbb < U ababay bbbbbbbb & U

Not V' = A*w.A* = {t, Ar,s, t=r.w.s}
AA=N+R. MU = L,=N+Re.  Mz).U



Languages = generating functions

* * 1 o M(Z)
n T=U+Mx = 1_%_U(Z)+1_Z )
() Srw=RC+RZw = 71Tw_zz — R(2) (C(Z)Jr?{w_»zZ)
AI(Z) T2
+_ * - p— —
(M) M*=SrwiCoc = o =17 406 -1

(IV) NEX=R+N —¢ = 2zN(z)=R(z)+N(z)—1

Add the mark = after each match = marked language £

L=N+Rax(M.uzx)U

Translation into generating function



Solving the system

T2V 1
RE) = i =00 UG = =200
B C(2) B z—1
NG = T =500 M) =1t T = 2)00)
1

L(z,x) =

1—=
1—z—|—7rwz‘w|” !

r+(1—-2)C(2)



Language equations for the clumps

Notation:
fL=W-w we write L~ =W

Combinatorial decomposition
A =N+ R we (M- K)—wc*)*u
=N+ R w0k (M= K)w /c*)*u
=N +RT((M- ic)—r)*u

Clump: T=wC*=wk*



Some combinatorial properties

w = aaaaa

C — {e} = {a,aa,aaa,aaaa}

K ={a}

M = {a,b(b+ ab+ aab + aaab + b)*aaaaa}

Properties
» KCM
» M- K= Lw
» K* =C* and K* is unambiguous



A Prefix Code generating the clumps

Lemma.
Let Co = C — {¢} be the strict autocorrelation set of a word w

» the Prefix code K = C, — C, A" generates unambiguously
Ct—{e}, which implies that £* = C,*

» K* is unambiguous



Generating functions

R(z 1
F(zi0,0,0) = N ()42 T(oz,0.0) u(:)
T2l M(z)—K(2)
1- 2 S Plez,e,e)
7Twz|w‘
» number of w and number of clumps:
1
F(Z, u, fE) = "uxwwz‘“"m
» number of clumps and total number of positions inside clumps:
1
F(tZ, ?1,) = 71,7Tw(172')‘w‘ W
» number of w and total number of positions inside clumps:
1
[(tz,z) = amy(tz) ————
(tz,x) = xmy(tz) T=2K(2)
> number of “stuttering” w and total number of positions inside
clumps:
’ 1
T(tz,z) = 1i T (t2) 1]
1- -2 K(tz)

1—x



One word - Expectation - Variance

clumps

E(O;) = (n — [w| + 1)my (1 — K(1)) — mK' (1)
Var(08) = n x (1 — K(1))2Vy — 1 x m(1 — K(1))(K(1) — 21K/ (1))

one word

E(OY) = (n— |w| + D)y,  Var(O¥) =n x Vy, + O(1).

Vi =7 (2C(1) — 1 — (2Jw| — 1))



Reduced compound patterns

W = {w,w2} and w; (resp. wz) is not factor of wy (resp.
wl)
Correlation of words

C(z) = (Cij(2)) Cij = {h, wi.h = uvw;}
Example W = {aab, abaa}
1 222
C(z) = ( moz 14 n2mpd >

Languages Right, Minimal, Ultimate R;, M, ;, U



The set of language equations

U( ) w4 Ci—e  1<i<2,
k1

U( ) *wj + Cij, 1<i#j<2,
k21

U A= My +Ui—e,  1<i<2,

J
.A"R ( —w] Uwi/\/lij, 1§j§2,

N-wj =R+ | JRi(Cij —die),  1<ij<2

F(z,z,y) =R(z,2,y) (H — M(z, x, y))flU(z)



Putting up equations for clumps of two words

Minimal Correlation Language: K;; =C;; — C;; A"
Lemma: Mij — ’Cij = [,’U/’j



ll- Automaton approach



Clumps of the set of words U/ = {aabaa, baab}

Ewy wy €xtension set from w; to ws

gaabaa,aabaa = {baa, abaa} gbaab,baab = {aab}
gaabaa,baab = {b} gbaab,aabaa = {aa}



Clumps of the set of words U/ = {aabaa, baab}

Ewy wy €xtension set from w; to ws

gaabaa,aabaa = {baa, abaa} gbaab,baab = {aab}
gaabaa,baab = {b} gbaab,aabaa = {aa}
Algorithm

1. Build the set of strings



Clumps of the set of words U/ = {aabaa, baab}

Ewy wy €xtension set from w; to ws

gaabaa,aabaa = {baa, abaa} gbaab,baab = {aab}
gaabaa,baab = {b} gbaab,aabaa = {aa}
Algorithm

1. Build the set of strings
X = {aabaa.(e + gaabaa,aabaa)} U {aabaa~gaabaa,baab}
U {baab.(e + gbaab,baab)} U {baabgbaab,aabaa}



Clumps of the set of words U/ = {aabaa, baab}

Ewy wy €xtension set from w; to ws

gaabaa,aabaa = {baa, abaa} gbaab,baab = {aab}
gaabaa,baab = {b} gbaab,aabaa = {aa}
Algorithm
1. Build the set of strings
X = {aabaa.(e + gaabaa,aabaa)} U {aabaa~gaabaa,baab}
U {baab.(e + gbaab,baab)} U {baabgbaab,aabaa}

2. Build a trie 7 on X



Clumps of the set of words U/ = {aabaa, baab}

Ewy wy €xtension set from w; to ws

gaabaa,aabaa = {baaa abaa} gbaab,baab = {a(lb}
Eaabaapaad = {b} Evaab,aabaa = {aa}
Algorithm
1. Build the set of strings
X = {aabaa.(e + Eaabaa,aabaa)} U {aabaa.Eaabaa,baab}
U {baab'(e + gbaab,baab)} U {baab.é’baab’aabaa}

2. Build a trie 7 on X

3. Build a Aho-Corasick like automaton upon 7. For each node v of 7
with “access word” v, use the transition function §
d(v,£) = node accessed by the longuest prefix in X that is suffix
of v.0



X = {aabaa, aabaabaa, aabaaabaa, aabaab, }




X = {aabaa, aabaabaa, aabaaabaa, aabaab, baab, baabaab}




X = {aabaa, aabaabaa, aabaaabaa, aabaab, baab, baabaab}

§(aabaaabaa,a) = aabaaa




X = {aabaa, aabaabaa, aabaaabaa, aabaab, baab, baabaab}

§(aabaaabaa,a) = aabaaa




An automaton for V = {v1 = aabaa,v2 = baab}. All transitions labeled by a and b
ending respectively on state A and B are omitted.



An automaton for V = {v1 = aabaa,va = baab}. All transitions labeled by a and b
ending respectively on state A and B are omitted.

> @, @ — the corresponding prefix (or state) ends with some occurrence of
aabaa, baab.

» red states — states where we have entered a new clump



An automaton for V = {v1 = aabaa,v2 = baab}. All transitions labeled by a and b
ending respectively on state A and B are omitted.

> o, @ — the corresponding prefix (or state) ends with some occurrence of
aabaa, baab.

» red states — states where we have entered a new clump
Formal weights on transitions

» ~ — the number of clumps

» 7 — total length of clumps

» x1,x2 — occurrences of aabaa, baab



F(a,b,v, 21,22, 7) 1

=(1,0,...)(T—T(a,b,v,z1,22, 7)) "

a(v7w1)

An automaton for V = {v1 = aabaa,v2 = baab}. All transitions labeled by a and b
ending respectively on state A and B are omitted.

> o, @ — the corresponding prefix (or state) ends with some occurrence of
aabaa, baab.

» red states — states where we have entered a new clump
Formal weights on transitions

» ~ — the number of clumps

» 7 — total length of clumps

» x1,x2 — occurrences of aabaa, baab



F(a,b,v, 21,22, 7) 1

=(1,0,...)(T—T(a,b,v,z1,22, 7)) "

a~ Tgz, b~ Tz
[zMF(maz, mpz,...) — OT™(7a, mp, .- -)()

a(y7721)

An automaton for V = {v1 = aabaa,v2 = baab}. All transitions labeled by a and b
ending respectively on state A and B are omitted.

> o, @ — the corresponding prefix (or state) ends with some occurrence of
aabaa, baab.

» red states — states where we have entered a new clump
Formal weights on transitions

» ~ — the number of clumps

» 7 — total length of clumps

» x1,x2 — occurrences of aabaa, baab



Asymptotic Limit Laws

» One word
- Of=0(1) Poisson law for the number of clumps

» General non-reduced sets
- 0% =0(n) Normal limit law (number of clumps, size covered)
Proofs
» Poisson law: Rouché theorem, singularity analysis

» Normal law: automaton, Perron-Frobenius for T(...),
singularity analysis, large powers theorem



Complexity of computing the prefix code(s)

» one word
|| log(|K])

» several words (reduced case)

(Z ’Cm’) log (Z ’Cm’)

Complexity of insertion of random keys in tries



Throwing flat dimers on an “integral”’ segment

1 2

0 7 i+ 2 n



Throwing flat dimers on an “integral”’ segment

\

0 1 2 3 4 5 6 7 8 n

Size covered by the dimers?



Throwing flat dimers on an “integral”’ segment

a stuttering occurrences of aa on (a + b)®
0 t t t ot t t t t n
P@=P() =5 Plaa)=
a) = == aa) = ~
2 4 <
stuttering by substituting x ~~ 1 in  I'(zt,x)
1——x



Throwing flat dimers on an “integral”’ segment

Size covered
20+

154

109

Number of dimers

0 10 20 30 40 50

n = |[segment| = 20



The Prefix Code K =C, — C, A" generates C,"
w word, Co,=C —, VEC = V=~FK|...kr, Kk;EK
> v € K = v=r1v with kg € L and v/ € AT.

» v,k € Co = dp,p’, s’ such that p = p's’, wv = pw and
wky = p'w. Therefore wv' = s'w and V' € C,.

> iterate a finite number of time

K1 v




