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Abstract. This paper introduces the Multiple Tree Automata that rec-
ognize languages of ordered trees. The authors originally created this
model in order to solve a problem of automatic random sampling of
ordered trees. This model is weakly equivalent to Linear Context Free
Rewriting Systems, though it emphasizes the top-down aspect and the
recognition of tree languages. We introduce a minimization algorithm for
deterministic automata. We also propose a graphical representation for
our automata which could be used for regular tree automata.

1 Introduction

In the literature, tree languages appear in two different contexts: either as the
main object of study for program schemes, search in files and can typically dealt
with Regular tree automata [2], Pushdown tree automata [4], either as derivation
trees for word languages in language theory and come from Context-free gram-
mars, Tree-adjoining grammars [5], Linear Context-Free Rewriting Systems [11,
7, 12, 9] (referred to as LCFRS). . .

In [1], the authors studied the random sampling of ordered trees containing
a given pattern. They gave an algorithm which produces a grammar recognizing
trees containing the pattern. The grammar, in order to be used by random
sampling methods, could not decompose the pattern branch by branch, as it
is done, for instance, in [3]. As a matter of fact, the authors had to come up
with a new model of tree grammar (which is presented in this paper) adapted to
their problem. This may be seen as a generalization of a top-down regular tree
grammar.

This model appears to be weakly equivalent to LCFRS, as their yields have
the same expressive power, which suggests it can be used in natural language
processing. The tree languages of both models are incomparable, as Multiple
tree automata allow to describe trees whose internal nodes can be labelled, and
LCFRS are more powerful than Multiple Tree Automata in the unlabelled case.
We note that when using LCFRS in natural language processing, it is a common
practice to compensate the absence of labels on internal nodes by using the labels
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of the non-terminal from which they are derivated. This is sufficient to obtain a
syntactic tree of a sentence.

Automata Tree languages Yields

Pushdown Tree Automata Context-free tree languages Indexed languages
Multiple Tree Automata — Linear CF rewriting languages
Regular Tree Automata Regular tree languages Context-free languages

Fig. 1. Proper hierarchy between models of tree automata.

The paper is organized as follows. Section 2 introduces notations and defini-
tions. In Section 3, we present the Multiple Tree Automata. Section 4 contains
a pumping lemma. Section 5 describes a minimization algorithm for Determin-
istic Top-down Multiple Tree Automata. In Section 7, we discuss the closure
properties of languages recognized by Multiple Tree Automata. We state some
decidability results in Section 8. Section 9 is a small discussion on the possible
applications of Multiple Tree Automata in natural language processing.

2 Definitions

Definition 1. A ranked alphabet is a couple (Σ, arity) where Σ is a finite
alphabet {a1, . . . , ak} of k symbols and arity : Σ → N. Any symbol a ∈ Σ such
that arity(a) = 0 (resp. arity(a) > 0) is a leaf (resp. an internal node). A
tree-alphabet is a ranked alphabet with at least one leaf.

Definition 2. A tree t over a tree-alphabet Σ is defined inductively as follows:

– ∀a ∈ Σ a leaf, a is a tree,
– ∀b ∈ Σ an internal node, ∀t1, . . . , tarity(b) trees, b(t1, . . . , tarity(b)) is a tree.

Example 1. Let Σ = {a, b, c, d} be a tree-alphabet such that
arity(a) = 0, arity(b) = arity(c) = 1 and arity(d) = 2.
d(b(a), d(c(a), a))) is a tree over Σ, with its graphical represen-
tation on the right.
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We define the height of a tree inductively by:

height(t) =

{
0 if t is reduced to a leaf,

1 +max{height(ti) | t = b(t1, . . . , tarity(b))} otherwise.

P denotes the combinatorial class of set partitions. Let
→
n= (n1, . . . , nk) be a

tuple. We have: | →n | = k and || →n || =
∑k

i=1 ni. Also, for all i ∈ {1, . . . , k} we

write || →n ||i =
∑i

j=1 nj . Let
→
a= (a1, . . . , ak) be a k-tuple and P = {p1, . . . , pl}

be a subset of {1, . . . , k}. We define :
→
a |P = (ap1 , . . . , apl

).



A k-forest is a k-tuple of trees. Let F be the set of forests and Fk the subset
of k-forests. A tree language is a set of trees. The yield of a tree language L is
the set of the words built by reading all the leaves from left to right in a tree of
L. It can also be defined as the image of L by the morphism yield:

yield(t) =

{
t if t is reduced to a leaf,

yield(t1) · . . . · yield(tarity(b)) if t = b(t1, . . . , tarity(b))

Definition 3 (Context). Let F ∈ Fk and (n1, . . . , nl) a tuple of nodes, called
buds, such that each ni is a distinguished leaf of a tree in F . The pair C =
{F, (n1, . . . , nl)} is called a context3. The empty tuple of buds is denoted by ε
and we consider that a forest is a context with an empty tuple of buds, that is
F = {F, ε}.
Definition 4. Let C1 = {F1, (n1, . . . , nl)} and C2 = {F2, (n

′
1, . . . , n

′
l′)} be two

contexts where F2 ∈ Fl. We define C1[C2] as the context {F3, (n
′
1, . . . , n

′
l′)} where

F3 is obtained by replacing each ni in F1 by the tree ti in F2. If F1 ∈ Fl, we

define Cn
1 (n ≥ 1) the following way: Cn

1 =

{
C1, if n = 1

C1[Cn−1
1 ], otherwise

3 Model Presentation

The Multiple Tree Automata we present in this section is a generalization of
Regular Tree Automata. The main idea is that the transitions of the automaton
can handle a bounded number of nodes of same depth at once, instead of having
independency between siblings.

Although this model can handle labelled trees, in the following most examples
will feature unlabelled trees, i.e. tree-alphabet with at most one symbol for each
arity.

3.1 Multiple Tree Automata

In this section, we present the Multiple Tree Automata, which can equivalently
be seen as top-down grammars (building the tree from the root to the leaves).
A Multiple Tree Automaton is a tuple A =< Q, rank, I,Σ, T > such that:

– (Q, rank) is a finite ranked set of states,
– I ⊆ Q is the set of initial states, such that for all i ∈ I, rank(i) = 1.
– Σ is a tree-alphabet.
– T ⊆ Q×ΣN×P×QN is a finite set of transitions. For any transition t ∈ T ,

t = (n, (a1, . . . , arank(n)),P,
→
o ), we have : P = {P1, . . . , Pk} is a partition of

the set {1, . . . ,∑rank(n)
i=1 arity(ai)} into k parts, where | →o | = k and for all

1 ≤ j ≤ k we have rank(oj) = |Pj |. Figure 2 shows an example of transition.

The size of such an automaton is the sum of the size of each transition:
|A| = ∑

t∈T |start(t)|.
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Fig. 2. In this example, the tree-alphabet is Σ =
{ , , , }. The automaton contains at least four
states: n, p, q, r where rank(n) = 4, rank(p) =
2, rank(q) = 3, rank(r) = 1. The transi-
tion described in the example is encoded by
(n, ( , , , ), {{1, 3}, {2, 4, 5}, {6}} , (p, q, r))

a

n1

n2 n4n3

t1

t2 t3

t4 t5

t6 t7 t8

Fig. 3. The automaton on the left
recognizes the following language:

n ≥ 0

m ≥ 0

n ≥ 0





’





or { ,
n m m n n }.

The arrows indicates that the unary
node can be repeated respectively
n times or m times, with n ≥ 0
and m ≥ 0. We have rank(a) = 1,
rank(n1) = 2, rank(n2) = 1,
rank(n3) = 2, rank(n4) = 3.

Let p ∈ Q be a state in a Multiple Tree Automaton. We call pi, for i ∈
{1, . . . , rank(p)}, a seed of p. Intuitively, one can see a state of rank k as a
k-tuple of seeds on which the transitions act.

Let t = (p,
→
a ,P,→q ) be a transition in a Multiple Tree Automaton. We write

start(t) = p, label(t) =
→
a , part(t) = P and end(t) =

→
q . Let p be a state in a

Multiple Tree Automaton. We write

label(p) =
⋃

t∈T
start(t)=p

{label(t)} and end(p) =
⋃

t∈T
start(t)=p

{end(t)}

Let pi be a seed of p, with p = start(t). We write endSeeds(t, i) the tuple of
states seeds from end(t) associated to pi by t. For instance, in Figure 2, which can
equivalently be considered as a transition in an automaton or a rule in a gram-
mar, we have rank(N1) = 4 and endSeeds(t, 1) = p1q1, endSeeds(t, 2) = p2,
endSeeds(t, 3) = ε4, endSeeds(t, 4) = q2q3r1.

A course of a Multiple Tree Automaton is a tree in which nodes are transi-
tions of the Multiple Tree Automaton and for each node t, the node’s children

3 This notion will be used in Section 4.
4 ε denotes the empty tuple



are a tuple
→
t′ of transitions such that |end(t)| = |

→
t′ | and for all i ≤ |

→
t′ |,

end(t)i = start(t′i).
Let F = (a1(T1,1, . . . , T1,arity(a1)), . . . , ak(Tk,1, . . . , Tk,arity(ak))) be a k-forest.

A context (F,
→
l ) labels a course ρ if:

let t be the root of ρ, we have:

– rank(start(t)) = k,
– label(t) = (a1, . . . , ak)
– part(t) is a partition of {1, . . . ,∑i arity(ai)} into |end(t)| parts,

– let F ′ = (T1,1, . . . , Tk,arity(ak)): for i ≤ |end(t)|, the context (F ′|part(t)i ,
→
l )

labels the sub-course of ρ enrooted in the i-th child of t.

Figure 4 shows an example of a course labelled by a context and a course
labelled by a tree.

t1

t3

t5t4

t5t7

t1

t2

t6

C

T

Fig. 4. The example on the left
(resp. on the right) is a course la-
belled by a context C (resp. a tree
T ). The values t1, . . . , t7 denote the
transitions of the automaton in Fig-
ure 3. The black squares in C and T
denote leaves, whereas white square
denote buds.

The right-language of a state p, or simply the language of a state p, is
the forest that labels a course enrooted in p. The tree language recognized by a
Multiple Tree Automaton is then the union of right languages of the initial states.

A Multiple Tree Automaton < Q, rank, I,Σ, T > is deterministic if:

– given a value k, there is at most one initial i,

– for all state q ∈ Q and all tuple
→
a of symbols in Σrank(q) there is at most

one pair {P,→q } such that (q,
→
a , P,

→
q ) ∈ T .

In Section 7, we show that some languages recognized by a Multiple Tree
Automaton cannot be recognized by a deterministic one.

Remark 1 (Bottom-up). One could also define a Bottom-up analogue of these au-
tomata, reading a tree starting from its leaves, better suited for parsing purposes.
Similarly to Regular Tree automata, this can be done be reversing transitions.
In the non-deterministic case, the expressive power of Bottom-up and Top-down
MTA are the same. This is no longer true in the deterministic case, much like
Regular Tree Automata.



A Multiple Tree Automaton is accessible if each of its states is accessible.
A state q is accessible if it is an initial state or if there exists a course c enrooted
in an initial state such that q ∈ end(t), with t a node of c.

A Multiple Tree Automaton is co-accessible if each of its states is co-
accessible. A state q is co-accessible if its right language is not empty.

A Multiple Tree Automaton is trimmed if it is both accessible and co-
accessible.

Lemma 1. A Multiple Tree Automaton can be trimmed in linear time and space.

Proof. Computing the accessible part of the automaton can be done with exactly
the same method as for finite word automata and is linear in the number of
transitions. To compute the co-accessible part, the idea is to keep a data structure
which indicates for each state p, the list of transitions t and the list of positions
i such that end(t)i = p . One starts by marking each state which can read a
tuple of leaves. Then we use the list mentioned before to mark the transitions
t such that the states end(t) are all marked (each transition is associated to a
counter, therefore such test can be made in constant time). When such transition
is marked, start(t) is also marked, and so on. At the end, unmarked states and
transitions are deleted from the automaton.

G = < N, rank, {a}, { , , , }, R >

N = {a, n1, n2, n3, n4}

a =

n2 =

n1 = ( , ) + ( , )

n1

R =





n2 n2

n3 = ( , ) + ( , )

n4 = ( , , ) + ( , , )

n3 n4

n3

n4

Fig. 5. A Grammar representation of the automaton in Figure 3.

Remark 2 (Multiple tree grammar). One could rather see our automata as gram-
mars. Figure 5 shows a grammar representation of the automaton in Figure 3.
Since the formal definition is fairly similar, we skip it.

4 Pumping Lemma

In the following, the height of a k-forest is the maximal height of its trees. The
lemma is illustrated by Figure 6.
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Fig. 6. F1, F2 and F3 respectively are the forest in white, blue and red. If we define
C1 = {F1, (n1, n2, n3)}, C2 = {F2, (n

′
1, n

′
2, n

′
3)} and C3 = {F3, ∅}, then we can see from

left to right C1[C2[C3]], C1[C3
2 [C3]] and C1[C3].

Lemma 2 (Pumping Lemma). If L is a tree language recognized by a Multiple
Tree Automaton, there exists a value h such that for all trees F ∈ L such that
height(F ) ≥ h then:

– there exist three forests F1 ∈ F1 and F2, F3 ∈ Fl, with F2 non reduced to
leaves,

– there exists a tuple of nodes (n1, . . . , nl) with same depth in F1 and we write
C1 = {F1, (n1, . . . , nl)},

– there exists a tuple of nodes (n′1, . . . , n
′
l) with same depth in F2 and we write

C2 = {F2, (n1, . . . , nl)} and C3 = {F3, ∅},
– such that F = C1[C2[C3]].

For all m ≥ 1, the trees C1[Cm
2 [C3]] are in L and so is C1[C3].5

The following lemma shows an example of application of the Pumping Lemma
and of a language that is not recognized by a Multiple Tree Automaton.

Lemma 3. The language of complete binary trees cannot be recognized by a
finite Multiple Tree Automaton.

Proof. Suppose that such an automaton exists. Then let h be greater than the
number of transitions in the automaton. The complete binary tree T of height h
is recognized. For all contexts C1 = {F1, (n1, . . . , nl)}, C2 = {F2, (n

′
1, . . . , n

′
l)},

C3 such that T = C1[C2[C3]], the tree C1[C3] is not a complete binary tree. We
conclude using the Pumping Lemma.

5 Minimization Algorithm

One of the key feature of Multiple Tree Automata, in contrast to Regular Tree
Automata, is that a state might have a rank greater than 1. If this generalization
might prove useful to describe some languages, there might be some cases in

5 Note for the reviewer: a proof can be found in the annex.



which a state can be replaced by several states of lower ranks, without modifying
the language recognized by the automaton. We say that we ”split a state” in
such case. To split states in a Multiple Tree Automaton is necessary to build a
minimization algorithm.

A

N1

N2

A

B1

B2

A

S1

S3

S2

S4

Fig. 7. Multiple Tree Automata on this figure are equivalent. The states N1 and N2,
both of rank 2, can respectively be splited into {S1, S2} and {S3, S4} which are all of
rank 1. Then, S1 and S2 (resp. S3 and S4) can be merged into B1 (resp. B2). The
right-most automaton is minimal.

Let A =< Q, rank, I,Σ, T > be a deterministic trimmed Multiple Tree Au-
tomaton. Let p and q be two states of A. Without loss of generality, we con-
sider that rank(p) ≤ rank(q). Let pi (resp. qj) be a seed of p (resp. q) with
i ∈ {1, . . . , rank(p)} (resp. j ∈ {1, . . . , rank(q)}). The two seeds pi and qj are
equivalent, denoted by pi ∼s qj , if :

– there exists an injection inj : {1, . . . , rank(p)} → {1, . . . , rank(q)} from the
seeds of p to the seeds of q such that inj(i) = j.

– for all transitions t such that start(t) = p, there exists at least one transition
t′ such that start(t′) = q and which satisfies the following property:
• for all k ∈ {1, . . . , rank(p)}, label(t)k = label(t′)inj(k).

We call it the matching property.
– for all transitions t such that start(t) = p, and for all transitions t′ satisfying

the matching property with the same injection, for all k ≤ |endSeeds(t, i)|,
we have endSeeds(t, i)k ∼s endSeeds(t

′, j)k.

To split a state p according to a partition B = {B1, . . . , Bl} of the set
{1, . . . , rank(p)} into l parts is the action of replacing the state p by l states
Bi(p), where the seeds of each state Bi(p) correspond to the seeds indexed by
Bi in p. To split a state p implies to split each of its ingoing and outgoing tran-
sitions. Doing so without modifying the language of the automata signifies that
two seeds pi and pj which are not in the same state after the split are inde-
pendant. Two seeds of p are dependant if for all transitions t with start(t) = p,
label(t)i can have a given value iff label(t)j also have a given value. In order to



test the indepedancy of seeds according to a given split, we define the function
mix. Let A be a set of k-tuples and B be a partition of {1, . . . , k}. We have

mix(A,B) = {
→
b | ∀i,∃ →a∈ A,

→
b |Bi

=
→
a |Bi
}.

Example 2. For instance, define A = {(a, b, c), (d, e, f)} and B = {{1, 3}, {2}}.
Then we have mix(A,B) = {(a, b, c), (d, b, f), (a, e, c), (d, e, f)}.

A state p is splitable according to a partition B of the set {1, . . . , rank(p)} if:

– label(p) = mix(label(p),B),
– for all part Bi ∈ B, for all transitions t, t′ such that start(t) = start(t′) = p,
label(t′)|Bi

= label(t)|Bi
, then for all j ∈ Bi and all `, we have endSeeds(t, j)` ∼s

endSeeds(t′, j)`.

– For all transitions t such that start(t) = p and label(t) =
→
a , B must be

compatible with t, meaning we have the following property. For all i, i′ ∈
{1, . . . , rank(p)} such that there exist j ∈ endSeeds(t, i) and j′ ∈ endSeeds(t, i′)
where j and j′ belong to the same part in part(t), then i and i′ belong to
the same part in B.

Set partitions form a lattice. We can compute the most refined partition
which can split a state using this information.

Two states p and q are equivalent, denoted by p ∼ q if:

– rank(p) = rank(q),
– for all i ∈ {1, . . . , rank(p)}, pi ∼s qi.

A deterministic trimmed Multiple Tree Automaton is minimal if it does not
contain a splitable state or a pair of equivalent states.

In the finite automata theory, a minimal automaton is the complete deter-
ministic automaton with fewest states recognizing a given language. While in
Multiple Tree Automata, the number of states is an insufficient size measure for
an automaton. Indeed, an automaton whose states have high ranks might take
more space than automata with more states but smaller ranks. Furthermore one
can notice that splitting a state strictly reduces the size of the automaton.

Theorem 1. There is a unique, up to labelling, minimal Multiple Tree Automa-
ton associated to each language. It is the smallest deterministic Multiple Tree
Automaton recognizing a given language.

Theorem 2. The minimization algorithm is polynomial for Multiple Tree Au-
tomaton if the rank of each state is bounded by a constant.

6 Comparison with other formalisms

In this section, we compare the languages recognized by Multiple Tree Automata
with other formalisms. Though, in order to make a meaningful analysis, we
distinguish two kinds of recognized languages:



Algorithm 1: Minimization Algorithm

Data: A Multiple Tree Automaton A
Min← A;1

repeat2

A ←Min;3

∼s← Compute equivalence on seeds of A;4

SP ← Split states of A according ∼s;5

Min← Minimize SP according to ∼s;6

until Min = A ;7

return Min;8

– Tree languages, i.e. the set of trees accepted by a Multiple Tree Automaton.
– Yields: the collection of words read along the leaves of the tree languages.

The yields are the ones interesting for natural language processing. If two for-
malisms are equivalent at yield level, they are said to be weakly equivalent.
For instance, LCFRS with fan-out 2, Linear Indexed Grammars, Combina-
tory Categorial Grammars, Tree-adjoining Grammars and Head Grammars
have been proven to be weakly equivalent in [10]. A fortiori, if two formalisms
can express the same tree languages, then they are also weakly equivalent.

Lemma 4 (Yields of Multiple Tree Automata). Multiple Tree Automata
are weakly equivalent to LCFRS.

The idea of the proof is that Multiple Tree Automata are weakly equivalent
to Simple Ordered LCFRS, which are themselves weakly equivalent to LCFRS.

7 Closure Properties

B

A
Fig. 8. A non-deterministic Multiple Tree Automa-
ton over { , , } which recognizes the language of
trees with exactly one unary node. This automaton
cannot be determinized, as it would require to han-
dle dependencies between an unbounded number of
siblings.

Theorem 3. The non-deterministic automata are strictly more powerful than
deterministic automata.



Proof. Consider the language of unary-binary trees with exactly one unary node,
recognized by the non-deterministic MTA in Figure 8.

Lemma 5. The family of languages recognized by Multiple Tree Automata is
closed under union and concatenation, but not under complementation.

Proof. The construction of the automaton is almost straightforward for union
and concatenation. MTA are not closed under complementation as one can con-
struct a MTA for the complement of the language of complete binary trees (not
recognizable, as proven in Lemma 3).

Conjecture 1. The family of languages recognized by Multiple Tree Automata is
closed under intersection.

The intersection of two automata A1 =< Q1, rank1, I1, F1, Σ, T1 > and
A2 =< Q2, rank2, I2, F2, Σ, T2 > can be computed by creating an automa-

ton A3 =< Q3, rank3, I3, F3, Σ, T3 > such that each state q3 is a couple ((
→
q 1

,P1), (
→
q 2,P2)), where

→
q 1 (resp

→
q 2) is a tuple of states from Q1 (resp. Q2) and

P1 (resp. P2) is a partition of the seeds in
→
q 1 (resp.

→
q 2). A transition t3 ∈ T3,

such that start(t3) = q3 has the following property: let label(t3) = w, we have:

∀Pi ∈ P1,∃t1 ∈ T1 s.t. start(t1) = q1,i, label(t1) = wPi,1 · · ·wPi,|Pi|
.

∀Pi ∈ P2,∃t2 ∈ T2 s.t. start(t2) = q1,i, label(t2) = wPi,1
· · ·wPi,|Pi|

.

What we fail to prove yet is that this automaton will always be finite. The
states of both input automata describe a finite number of dependencies between
seeds. Our intuition is that the conjunction of those dependencies will also be
finite. We notice that to the best of our knowledge, the closure of LCFRS under
intersection is still an open problem.

8 (Almost obvious) Decidability Results

In the following, the complexity results consider that the size of an automaton
is its number of transitions.

Lemma 6. Given a Multiple Tree Automaton A and a tree alphabet Σ:

– Universality: if A is deterministic, to decide whether it recognizes all trees
over Σ can be done in linear time. It A is non-deterministic, the same
problem is in coNP .

– Emptiness: to decide whether the language recognized by A is empty can be
done in linear time.

– Membership: given a tree t, to decide whether t ∈ LA, can be done in time
Θ(|t|) if the automaton is deterministic and in time O(|t|n) in the general
case (where n is the number of states in A).

– Finiteness: to decide whether the language recognized by A is finite can be
done in linear time.

– Equivalence: if A is deterministic, and given a second deterministic Mul-
tiple Tree automaton, to decide whether they recognize the same language is
polynomial.



9 Perspectives

We recall that Multiple Tree Automaton were already used for the random sam-
pling of trees containing a given pattern. LCFRS could not have been given a
result as general, since it could not have dealt with pattern whose internal nodes
are labelled.

The intersection of two Multiple Tree Automata should be investigated.
Multiple Tree Automata could be an interesting model for natural language

processing[8]. We believe the parsing complexity will be the same as LCFRS.
In order to make this model interesting, a solid implementation of the model

will have to be built, using fast algorithms for construction, membership and
parsing.
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Annex

Pumping Lemma and Swapping Lemma

Proof (Lemma 2). Assume that L is recognized by a Multiple Tree Automaton

with h transitions. Then for any forest
→
f ∈ L such that height(

→
f ) ≥ h, there

exists a course c of root t such that start(t) is an initial state of the automaton

and whose leaves match terminal states of the automaton. c has height height(
→
f

) ≥ h, therefore there exists a path in c where a transition t of the automaton
occurs at least twice. Let c1 be c in which we replaced the subtree enrooted on
the first encounter of t by a leaf. Let c2 be the subtree of c enrooted in the first
encounter of t, in which we replaced the subtree enrooted on the first encounter
of t by a leaf. Let c3 be the subtree of c enrooted in the second encounter of
t. We obtain a well-formed course of the automaton, named c1[c3], by replacing
the subtree enrooted on the first encounter of p in c by c3. We also obtain a
well-formed course by inserting a copy of c2 at the second encounter of p. This
insertion can be iterated since it adds a third encounter of p. This yields well-
formed courses written c1[cn2 [c3]], (n ≥ 1). Then we have l = rank(p), (n1, . . . , nl)
and (n′1, . . . , n

′
l).

Lemma 7 (Swapping Lemma). Let L be a language recognized by a Multiple
Tree Automaton < Q, rank, I,Σ, T >. Let a forest F ∈ L and i ≤ height(F )
such that the number of node in F of depth i is greater than

∑
q∈Q rank(q).

Then there exist three forests F1, F2 and F3 such that

– there exist two disjoints tuple of leaves of depth i in F1.
– we have (F, ε) = C1[(F2F3, ε)], with C1 = {F1, (n1, . . . , nl)}
– The following forest are also in L: C1[(F2F2, ε)], C1[(F3F3, ε)], C1[(F3F2, ε)]

Proof. Let F ∈ L be such that, at a given depth i, the number of nodes is greater
than the sum of ranks of all the states, then a same state p appears at least twice
at depth i in the course labelled by F . Therefore the sub-courses enrooted in the
occurrences of p can be swapped or replaced by one another.

Determinism

Proof (Theorem 3). Assume that there is a deterministic automaton recognizing
the same language. For h ≥ 0, 0 ≤ i ≤ 2h, let B(h, i) be the unary-binary tree
built from a complete binary tree of height h with one unary node attached on
its ith leaf. We have: {B(h, i), h ≥ 0, 0 ≤ i ≤ 2h} ⊂ L. Hence the complete
binary tree of height h labels a valid course of the automaton and has 2h buds.
Since the automaton is deterministic, this course C is the same for all i. In order
to recognize each B(h, i) for all i, one must be able to read either a leaf or an
unary node from each bud. If the buds are handled with at least two states, the
transitions are chosen independently in each state, losing control on the total
number of unary nodes. And if the buds are handled with a unique state, it has
rank 2h, leading to unbounded ranks and states number in the automaton.



Minimization Algorithm

Theorem 4. There is a unique, up to labelling, minimal Multiple Tree Automa-
ton associated to each language. It is the smallest deterministic Multiple Tree
Automaton recognizing a given language.

Proof. Let A1 =< Q1, rank1, I1, Σ, T1 > be a Multiple Tree automaton of mini-
mal size. Let A2 =< Q2, rank2, I2, Σ, T2 > be a distinct automaton recognizing
the same language. Given a context C, two courses labelled by C in A1 and
A2 are said to be isomorphic if the unlabelled tree structures are the same and
there exists a bijection µ : Q1 → Q2 between the states appearing in both
courses such that the labels (i.e. the transitions associated to each node) are

equivalent. Two transitions t1, t2 are equivalent iff t1 = (p1,
→
a ,P, (q1, . . . , q`))

and t2 = (µ(p1),
→
a ,P, (µ(q1), . . . , µ(q`)). Notice that two states related by µ are

equivalent. Since A1 and A2 are distinct but recognize the same language, there
exists a context which labels two non-isomorphic courses. Suppose we have two

isomorphic courses and that we add a transition t1 = (p1,
→
a ,P, (q1, . . . , q`)) in

first one. Necessarily, we can add a transition t2 = (µ(p1),
→
a ,P ′,

→
q′) in the sec-

ond course. If P 6= P ′, then the dependencies between seeds are not the same,
which implies that one automaton has at least one splitable state. If there is

no bijection ν compatible with µ which guarantees that
→
q′= (ν(q1), . . . , ν(q`)),

then there exists at least one element in the domain (resp. the image) of ν that
should have more than one image (resp. preimage). This would imply that one of
the automata contains two equivalent states. Since splitting states and merging
equivalent states both strictly reduce the size of the automaton, A2 can be re-
duced (A1 being minimal). Finally, if there are no splitable state nor equivalent
states, then A2 must be isomorphic to A1, which is then the unique minimal
automaton.

Theorem 5. The minimization algorithm is polynomial for Multiple Tree Au-
tomaton if the rank of each state is bounded by a constant.

Proof. An automaton can only be splited and minimized a polynomial number
of times. Indeed, each state p can at most be splited rank(p) times. If states are
not splited, some have to be merged by the minimization step, or the algorithm
will stop. This can happen at most

∑
rank(p). Each step inside the loop can be

made in polynomial time:

– Seeds equivalence can naively be done by comparing each pair of seeds.
Each comparison can be done in constant time if the size of the alphabet
and the rank of each state are bounded by a constant. Also, the number of
injections from one state to another is also a constant.

– To split the states requires, for each state, to compute the finest partition
which satisfies the three predicates given in the definition. Each of those
predicates are anti-monotonic and can be checked in polynomial time. Since
the rank is bounded by a constant, so is the size of the set partition lattice.



In order to find the finest partition, one can perform a breadth-first search
in the lattice and stop at the first partition which satisfies the predicates.

– State equivalence can be computed in linear time using ∼s. This step is
almost identical as an iteration of Moore’s algorithm on finite automata:
Each state is associated to a word made of the equivalence class of its seeds.
The states are sorted using a lexicographical sort. A state is equivalent to
the one it follows in the list if they are both associated to the same word.

Fig. 9. A non-deterministic Multiple Tree
Automaton over { , } which recognizes
the language of binary trees which are not
complete, by accepting a tree only if a pair
( , ) is read somewhere in the tree. The
complement of this language cannot be rec-
ognized by a finite MTA.

Multiple Tree Automata and LCFRS

Lemma 8. Ordered simple LCFRS and general LCFRS are equivalent.

Proof. First, notice that ordered LCFRS and general LCRFS has already been
proven to be weakly equivalent to general LCFRS in [6].

Simple LCFRS are LCFRS where the tuples appearing in the left-hand side
of any production rule are made of either only terminals or only variables (while
it can be a combination of both in the general case). This constraint does not
restrict expressiveness, as it is sufficient to do the following substitution when
→
wi contains terminals and variables:

A(w1,0x1,1w1,1 · · ·x1,`1w1,`1︸ ︷︷ ︸
→
w1

, . . . , wn,0xn,1wn,1 · · ·xn,`nwn,`n︸ ︷︷ ︸
→
wn

)→ . . . , with wi,j ∈ T ∗



⇒





A(y1,0x1,1y1,1 · · ·x1,`1y1,`1︸ ︷︷ ︸
→
w1

, . . . , yn,0xn,1yn,1 · · ·xn,`nyn,`n︸ ︷︷ ︸
→
wn

)

→ A′(y1,0, x1,1, y1,1, . . . , x1,`1 , y1,`1 , . . . , yn,0, xn,1, yn,1, . . . , xn,`n , yn,`n)

and

A′(w1,0, x1,1, w1,1, . . . , x1,`1 , w1,`1 , . . . , wn,0, xn,1, wn,1, . . . , xn,`n , wn,`n)→ . . .

where A′ is a new non-terminal, and yi,j are new variables.

Lemma 9 (Yields of Multiple Tree Automata). Multiple Tree Automata
are weakly equivalent to LCFRS.

Proof. An ordered simple linear context-free rewriting system6 is a tuple <
N,T, P, S > where N is a set of non-terminal symbols, S ∈ N is a start symbol,
T is a set of terminal symbols and P is a set of production rule of the form:

A(w1, . . . , wrank(A))→ B1(x1,1, . . . , x1,rank(B1)) · · ·B`(x`,1, . . . , x`,rank(B`)),

where A,B1, . . . , B` ∈ N , the xi,j are variables and the wk are either tuples of
terminals or tuples of variables. A production rule in an ordered LCFRS satisfies
the following properties:

– linearity: for each i, j, k, l with i 6= k or j 6= l xi,j 6= xk,l,
– regularity: each xi,j appears exactly once in w1 · · ·wrank(A),
– partial ordering: if xi,j occurs before xk,l in w1 · · ·wrank(A), then ∀i, xi,j

occurs before xi,l in Bi if j < l.

We describe an algorithm which transforms an ordered simple LCFRS into
a Multiple Tree Automaton, where the ranked alphabet (Σ, arity) contains at
most one internal node of each arity (only leaves carry labels). Let α : N → Σ
be be the inverse function of arity. We define a function β as follows:

β(w) =

{
w, if w ∈ T,
α(|w|), otherwise.

Let p = A(w1, . . . , wrank(A))→ B1(x1,1, . . . , x1,rank(B1)) · · ·B`(x`,1, . . . , x`,rank(B`))
be a production rule.

pos(xi,j) = position of xi,j in w1 · · ·wrank(A)

P (ni) = {pos(xi,j)|1 ≤ j ≤ rank(Bi)}

Part(p) = {P (n1), . . . , P (B`)}
The partition Part(p) encodes the repartition of variables in the production rule
of a LCFRS.

6 equivalent to general LCFRS, see Annex



Algorithm 2: From ordered simple LCFRS to MTA

Data: A Linear Context Free Rewriting System < N,T, P, S >
Result: A Multiple Tree Automaton A =< Q, rank, I,Σ, Tr >
forall a ∈ T do1

Add a state s(a) in Q with rank(s(a)) = 1;2

Add a transition (s(a), (a), ∅, ε) in Tr;3

forall n ∈ N do4

Add a state s(n) in Q with rank(s(n)) = 1;5

Add s(S) in I;6

forall7

A(w1, . . . , wrank(A))→ B1(x1,1, . . . , x1,rank(B1)) · · ·B`(x`,1, . . . , x`,rank(B`)) ∈ P
do

Add the transition (A, (β(w1), . . . , β(wrank(A))), Part(p), (B1, . . . , B`)) in8

Tr;

return < Q, rank, I,Σ, Tr >;9

In order to see that this transformation is a bijection, one also has to con-
sider Multiple Tree Automata for which all transitions t have the following prop-
erty: label(t) contains either only leaves, or only internal nodes (the transition-
property). In order to convert a Multiple Tree Automaton into one that satisfies
those properties, one has to add a state Aa for each leaf a. Then, for each tran-
sition that do not satisfy the transition-property, replace each occurrence of a
by a letter b of arity 1, A being the arrival state for the new bud. For each state
Aa, one has to add the transition (Aa, (a), ∅, ε).

Properties

Lemma 10 (Universality). Given a deterministic Multiple Tree Automaton
and a tree alphabet Σ, to decide whether it recognizes all trees over Σ can be
done in linear time. Given a non-deterministic Multiple Tree Automaton, the
same problem is in coNP .

Proof. Indeed, a deterministic Multiple Tree Automaton is universal if and
only if it is complete, which can easily be checked. If the automaton is non-
deterministic with n states, then it is sufficient to show that for all tree of height
n+1 is recognized and use the pumping lemma. That can be done in exponential
time and linear space. On the other hand, if the automaton is not universal, one
can check a counter-example in polynomial time.

Lemma 11 (Emptiness). Given a Multiple Tree Automaton, to decide whether
the language it recognizes is empty can be done in linear time.

Proof. The language recognized by an automaton is empty if does not contain
any state after being trimmed. This can be done in linear time according to
Lemma 1.



Lemma 12 (Equivalence). Given two deterministic Multiple Tree Automata,
to decide whether they recognize the same language is polynomial.

Proof. First minimize both automata. Since the minimal automaton is unique,
one just needs to compare the two resulting minimal automata.

Lemma 13 (Membership). Given a Multiple Tree Automaton with n states
recognizing a language L and a tree t, to decide whether t ∈ L, can be done in
time Θ(|t|) if the automaton is deterministic and in time O(|t|n) in the general
case.

To test the membership in a Multiple Tree Automaton is similar to finite state
automata, though the implementation, which we will not describe here, is more
complicated. Note that the computation can be parallelized since it requires to
do independent test on the subtrees of the input tree.

Lemma 14 (Finiteness). Given a Multiple Tree Automaton, to decide whether
the language it recognizes is finite can be done in linear time.

Proof. A trimmed Multiple Tree Automaton recognizes a finite language if it
does not contain a loop, which can be checked in linear time. We conclude using
Lemma 1.


