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Basic definitions

Trace Monoids
Free partially commutative monoids

[Cartier-Foata '69, Mazurkiewicz '77, Zielonka '87, ..., Diekert]

> finite alphabet

concurrent alphabet (%, C) { C CxxXx irreflexive, symmetric rel.

independence graph (X, C) =

o]

dependence graph (X, C°) = '
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Basic definitions

Definitions

relation ~

relation ~.

given (X, C)

VXx,yex®

V(ab)eC

reflexive and transitive closure of ~

~¢ is a congruence over **
X>cZ, Y ~c W= Xy ~cZW

w = xaby ~ xbay = z {

M(x,C) =X*/ ~¢c trace monoid (f.p.c.m.)

te M(%,C)

T ML, C)

M. Goldwurm

x]-vl=[xy], Vx,yex
trace, t = [x] Vx € ©*
trace language

T =[L] ={[x]: x €L}, where L C ©*
Lin(T)={xexX*:[x]e T}, TCMX,C)
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Basic definitions

Trace as partially ordered set: V t € M(X, C)

PO(t) = ﬂ X
xet
where set(PO(t)) = {o; | i-th occurrence of o in t}

Examples

b—0©
(%, 0) =

@ @
t = [bacda] t = {bacda, badca, abdca, abcda, acbda}

a—C

t = [bacda]  PO(t) = g

b—dr
T =[(ab)'] T={te M(X,C) | t=[a"b"],ne N}

Lin(T) = {x € {a,b}* | |x|a = |x|p}
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Basic definitions

Heaps of pieces Viennot '85
O—© ® © %
(£.0) = = X
@ @ @—@
clique cover of (X,C°% = {{a,c},{a d},{b,d}}
| ] |
Voex — | |
{.yo,... - {...,o,...}
(b ]
L c ]| d |
[ a ]
t = [bacdadcb] — c || d
[ a | [ b ]

{a,c} {a,d} {b,d}
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Basic definitions

Special cases
1) free monoid C=0 M(x,0) =x*

2) totally commutative monoid
Y ={ay,...,am}, C={(a.a) | i #Jj}, graph (X, C) complete
M(E, C) = (ajas - ap)
t=I[alaz---am] for it,...,im €N

3) direct product of free monoids, C° transitive

{(Z, C) complete k-partite

K
> == disjoiny, €= (i x %), (X, C°) union of k cliques

i=1 i#
M(E,C) = X x X5 x ... x X

ar—ay— - aj

bi——by b;,
t=[xixo--xe, X €Xf, PO(t)= .

C—C2 Cii
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Basic definitions

4) free product of commutative monoids, C transitive

k k
Y =J % disjoint)y  C=[ (5 x %)),
j=1 j=1
(X, C) union of k cliques
(X, C°) complete k-partite

M(%, C) = (M(%4, C1), M(x2, C2), - .., M(Xk, Ck))"

each v; is an antichain, v; C ¥

t= -+~ [vyn], where oL
[villval - - - [vn] { Vi X Yip1 C CCif ji # i1

aj by ¢
P AN o

a
PO(t) = >< ><
a; b]z “. Cj

i n
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Prefixes

Prefixes of traces
Definition u prefix of t € M(X, C) if dv s.t.
t=u-v

t=[xy] = t=[x]-ly] = [x]prefixoft

Example
&—C0©
(Z’ C) =
@ @
t = [abcda] =

b1—> d1

Pre(t) ={z,[al, [b],[ab], [ac], [abc], [abd], [abcd], [abcdal }
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Properties of prefixes
Theorem Set o = |[Max clique(X, C)| . Then, as n — +oo,

Max{#Pre(t) | |t| = n} = ©(n%)
Proof.
1) ue Pre(t) <= Max(PO(u)) antichain of PO(t)
2) Pre(t) ~ Antichains(PO(t))
3) #Pre(t) = #Antichains(PO(t))
4) |A| <« forevery A e Antichain(PO(t))
5) forevery te€ M(X,C) st. |tj=n

#Pre(f) < i('f‘) — o)
i=0

(ln/a] +1)¢ < Max{#Pre(t) | |t| = n}
(when t = [A]l"/*) with A clique of size a in (E, C))
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Trace Languages

Classes of trace languages

Trace language T C M(X, C)
T=[={teMZX,C) | IxelL:t=[x]}, LCx*
Lin(T)={xeXxX*:[x]e T}, TCM(X,C)
1) T izabl
) T recognizable Lin(T) regular
. _ A f.s. automaton
i) = AL { partially commutative

2) T rational
finite sets (of traces) + rational operation (U, -, )

T=][L, LCX*regular
3) T context-free
algebraic system of equations (over R{(M(X, C)))

T =[], LCZX*context-free

—> Recognizable C Rational C Context-free
Kleene’s Theorem does not hold:
(X, C)=a—b, Lin([(ab)’]) = {x € £ | [x|a = |X|p}
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Recognition of rational trace languages

Concurrent alphabet (X, C)
F.s. det. automaton A= (Q, qo,0, F) over
L=L(A)

Membership problem (X, C, A)
Instance: xeX*
Question: [x] € [L] ?
(i.e. 3y e[x]:6(q,y)eF?)

ldea
Compute S[x]={q€ Q| q=0(qo,y) forsome y € [x]}

Yes if SXINF #0

Answer { No  otherwise

Observe: Uniform Rational Membership (with Instance = X, C, A, x) is NP-complete
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Algorithm for rational trace languages recognition

Recursive procedure

Function S[x]

begin
if |x| =1 then Return {§(qo, X)}
else
begin
V.=
for (u,0) € Pre[x] x X s.t. [x]=u-[o] (lu =1|x|—=1)
o { P := S[uy]
for pe Pdo V:=VU{d(p, o)}
end
Return V
end

3 lterative version of Function S[x] only working on Pre[x]

TIME: © (#Pre[x])
SPACE: O (Maxq<j<x#{u € Pre[x] | |u| =i})
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Algorithm for rational trace languages recognition

Analysis of the algorithm
[BMS82, BMS89, BGS86, AG98]

Worst case

TIME: O (n%)

SPACE: O (n*")

where « is the size of maximum clique in (¥, C)

Average case under equiprobable strings of length n

TIME: © (n*)

SPACE: O (nmintka—1})

where k is the number of connected components in (X, C°)
note: kK < a  which often becomes k << «

b—C) b—L)
.0 %
@ @ @ @O—
a 2 3
k 1 1
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Probabilistic analysis

Probabilistic analysis of #Pre[x] (equiprobable strings)

[BGS86, G0, G92]

Analysis of the sequence of r.v. {3} :
S, = #Pre[z]  where z € X" under uniform distribution

1)n+1 < Sy < ¢-n?, (c>0)
vl—n #Pre[x 3
2) E(Sn) = % =nn +0(n" 1) (neQy)

3) E(S}) = men™ +O(n™T) (VreNy, nreQy)
4)yvar(S,) = O(nPk1)

S

i.e. S, ~ nn  with probability — 1

M. Goldwurm
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Probabilistic analysis

Proof ingredients for E(S))

1) Darboux theorem for rational functions

ST a(2)
Flz) = nzzof"z = b(z)(1 - Hz)k*

where a,b € Z[z], He N, k € N, a(H™') # 0, roots of b(z) > H™',

— 5 = nH”n"+O(H"n"‘1)
a(H=")

n = WGQ+

Inour cases: H = #X, k=#cc(X,C°) >0,
roots of b in N([”, b(0) = 1.
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2) Bijective argument
et ={d | aex}
X = w erasing’
(u,x) st. uePre[x] «— we(XUX)* st ¢ u=[ms=w]
a<binw=(ab)eC

{(u,x) | x e £*,uePre[x]} +— LC(XUX)*

L is regular
> #Pre[x] = fi(n) = #(LN(XUX)")  (num of E(3y))
|X|=n +o0
FL(Z) = Z fL(n)z"
n=0

3) Partially ordered automaton

L=L(A) -A=(Q,q,0, F) f.s. automaton over ¥ UY’
- 0 defines a partial order over Q, go min, p max
- U(qo) = £(p) = max{/(q) | g€ Q}
where ¢(q) = #{loops in g}
-Q=F,
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Probabilistic analysis

forallge Q:
¢(q) = #{loops in g}

H=Max{{(q) | g € Q}
chain = path in A from qp,
vV~ e Chains(A) m,=#{qe~|¢q)=H}, L,={xel| xacc. by}
m = Max{m, | v € Chains}
L=, L, disjointunion = Fi(z) =3 F. (2)

a(2)
b(z)(1 — Hz)m

fi(n) =nH"n* + O (H'F")  (ne@y)

—  Fi(2) = (a, basbifore), H=#YX, m=k+1
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Limit distribution of {S,} for transitive (¥, C°)

5) Assume (X, C°) transitive (and C # () and hence
ME,C)=% x5 x---x X (k>2)
Y4,%o,..., Xk connected components (cliques) of (¥, C°)
1) if #X; # #X; forsome i #j then

Sy — NI, pi
\/Vnk71/2

where p; = #TZ" and V > 0 constant depending on (X, C).
2)if #¥;=#%/k forall i=1,2,... k then

— N(0,1) in distribution

S, — nkk—k — pk—1K2—k

2 . . . .
Kk—3 k=1 — —Xk—1 in distribution

2

Proof : based on S, = MK (b; + 1) where (b1, ... bx) € M(n; pi, ..., Pk)
(multinomial).
Open problem: what about non-transitive C¢ ?

LIPN, November 2019
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Probabilistic analysis of #Pre(t) (equiprobable traces)

..., BGS86, GS00]
Asymptotics for M, = #{te M(X,C) | |t| = n}

Based on the clique polynomial :

(0%

P(Z,C)(Z) = Z(—1)i Ci z'

i=0
where ¢; = #{Aclique of (X, C) | |A| =i}

1
= Mpz" Cartier-Foata '69
Z " T Pro(2) [ !
= Pz,c)(2) has a unique root p of smallest modulus
0<p<i
p with multiplicity ¢ € N4

— M, = by +O (' 2)  (b>0)
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Probabilistic analysis

Analysis of the sequence of r.v. {Ap} :

A, =#Pre(u) whereue {te M(X,C)| |t| =n}
under uniform distrib.

n+1 < A, < ¢c-n%, (c>0)

—  E(An) = w =40 +0(n""")  (v>0)

where ¢ is the multiplicity of the smallest root of Pis ¢)(2)

O—) |&O—L)
=5 T L
@ @@ W—
«a 3 3
K 5 ]
P(Z,C)(Z) 1 —4z-¢—4z2 -3 1—5z+ 522 — 78
¢ 1 1
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Open problems

Open problems

1) Does ¢ < k hold for every (X,C) ?
2) Limit distributions of {3} for non-transitive (X, C°)

Are they Gaussian ?
3) Asymptotics of E(A}) for r > 1

4) Asymptotics of var(Ap)
5) There exist Local limit Laws?
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Thank you !
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