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Definition. A partition of a set X is a family 7 of subsets of X such that
Um =X and if U,V € 7 then either U=V or UNV = (). Elements of 7
are called blocks of .

The class of partitions of the set {1,2,..., n} will be denoted P(n).
The cardinality of P(n) is counted by Bell numbers B,:

1,1,2,5,15,52,203,877,4140,21147,... (sequence A000110 in OEIS).

Recurrence relation: By = 1,

n
n
Brr=Y <k> Bi.
k=0
The exponential generating function:

o0

Bn n z
B(z)zzﬁz — exp(e” — 1).
n=0

The number of partitions in P(n) consisting on k blocks: Stirling
numbers of the second kind: {]}.
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Definition. A partition m € P(n) is called noncrossing if for every
1 < ki < kp < ks < kg < n we have implication:

ki,kseUemn, kn,kheVer = U=V.

NC(n)-the class of noncrossing partitions of the set {1,2,...,n}.
2n+1

The number of elements in NC(n): the Catalan numbers: (*"") 515

1,1,2,5,14,42, 132,429, 1430, 4862, 16796, . . . (sequence A000108 in OEIS).

They satisfy recurrence: Cp =1 and

Cpi1 = ZC Cpj forn>0.
i=0
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The generating function:

2
1+V1—4z

The number of 7 € NC(n) having k blocks: the Narayana numbers:

()0

For m € NC(n) define sequence A(7w) = (x1,x2,...,Xn) as follows:

C(z) = i Cphz" =
n=0

. |U| —1 if k is the first element of a block U € T,
KT -1 otherwise.

Note that the sequence A(7) has the following properties:

1. x, €{-1,0,1,2,3,...},

2. x1+x0+ ...+ x>0forl < k<n,

3. x1+x4+...+x, =0.

Proposition. The map A is a bijection of NC(n) onto the class of
sequences satisfying (1-2-3).
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Classical cumulants
Let X be a random variable, p its distribution, a probability measure on R.
We assume that X is bounded. Moments of X, u:

ma(X) = mo(p) == E(X") :/Rt” du(t).

Cumulants k,(p) = kp of X and pu are defined as

log(E Z /-c,, o

Then for independent random variables X ~ u, Y ~ v we have
Fn(X +Y) = kn(X) + Kn(Y) (1)

or
tn(p o v) = kn(p) + Kn(v).
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Relation between moments and cumulants:

ma(n) = > ] mvi(n (2)

w€P(n) Ver

Examples:
The normal distribution N (a, 0?), with density

1 (x — a)?
exp | ——=—
oV 2 P 202

we have k1 = a, ko = 02 and k, = 0 for n > 3.
The Poisson distribution

so that Pr(X = k) = W, we have k, = X for all n > 1.
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Definition. A (noncommutative) probability space is a pair (A, ¢), where
A is a complex unital x-algebra and ¢ is a state on A, i.e. a linear map
A — C such that ¢(1) =1 and ¢(a*a) > 0 for all a € A.
Definition: A family {A;},., of unital (i.e. 1 € A;) subalgebras is called
free if

¢(a1a2...am) =0

whenever m>1, a1 € Aj,....,am € Ai,, it,....im€l, h #hF# ... # im

and ¢(a1) =... = ¢(am) = 0.

Main example: Unital free product. Let (A;, ¢;), i € I, noncommutative
probability spaces. Put A? := Ker¢;. Then the unital free product

A = xjc1 A; can be represented as

A=Cle P AedAe. oA =CleA (3)

i5ens ImEI
i1 2y Fim

with the state defined by ¢(1) =1 and ¢(a) =0 for a € Ay. Then
{Ai}ics is a free family in (A, ¢)
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Suppose ax € Az, b € Ar. We write a, = a1 + 32, where ay = ¢(ax),
¢(82) =0, by = ,Bk]. + b2 where 51( = ¢(bk), (Z)(b2) =0, Then

¢(a1b1) = ¢ (a1l + a9)(Bk1 + BY))

= 181 + a10(bY) + Brd(a}) + ¢ (b)) = 1B = ¢p(a1)B(br).

In a similar way:

P(arbraz) = P(ara2)p(b1)

and

¢(arbrazby) = ¢(ara2)p(b1)o(b2) + ¢(a1)p(a2)p(b1b2)
—¢(a1)¢(az2)@(b1)o(b2).
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Proposition. Assume, that a € A;, b € A5, and Az, Ay are free. Then
the moments ¢ ((a + b)") of a+ b depend only on the moments ¢ (a") of
a and the moments ¢ (b") of b.

Distribution of a self-adjoint element a = a* € A

is the probability measure 1 on R satisfying:

¢(an) = /R t" d,u(t), n= 1725 )

so that ¢(a") are moments of p.

If a, b are free and the distribution of a, b is u, v respectively then the
distribution of a + b will be denoted p H v- the additive free convolution.

We want to compute the moments ¢ ((a + b)"”) from ¢(a") and ¢(b").
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For a € A we define its free cumulants r,(a) by the relation:

oa) = T[rv). (4)

weNC(n) Vem

In particular

¢(a) = n(a),
¢(a%) = n(a)? + n(a),
$(a®) = r(a)® + 3r(a)ra(a) + r3(a),

The moment sequence ¢(a") and the cumulant sequence r,(a) determine
each other. We are going to prove

Theorem. If a,b € A are free (i.e. belong to free subalgebras) then

ra(a+ b) = rp(a) + ra(b). (5)
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Examples.
1. Catalan numbers: if

m_ (2n+1 1
gb(a)—( n )2n+1

then r,(a)=1 foralln>1.

2. More generally: Fuss/Raney numbers: if

pn—+r r
n — h
o(a") < N )pn+r then

W. Miotkowski, Fuss-Catalan numbers in noncommutative probability,

Documenta Mathematica 15 (2010).
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3. Aerated Catalan numbers: if

2k+1y 1 . _
m_ [ D ifn=2k, _f1ifn=2
#(a") { 0 if n odd, then r,(a) 0 ifnst2 (9)
4. More generally, aerated Fuss/Raney numbers, if
pk+r r . .
e { 0 if nis odd, (10)
then
(p—2r)k+ry __ r .
r,,(a) = ( k )(p—2r)k+r if n =2k, (11)
0 if nis odd.

WM () Free probability 03.03.2014 12 /19



Free Gaussian law v, ,:

1
2712 \/m)([af2r,a+2r](x) dX7 (12)

then ri(va,r) = a, n(Var) = r? and rn(va,r) =0 for r > 3.
Free Poisson law w;:

VAt —(x—1—1t)?

27X

then ry(w:) =t for all n > 1.
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Cuntz algebra

Let H be a Hilbert space and define the full Fock space of H:

F(H) =CQa PHO

m=1

Fix an orthonormal basis ¢;, i € I. Then the vectors
e, ®e,R...xQe6,,

m >0, it,f2,...,im € I, form an orthonormal basis of F(#). The vector
corresponding to the empty word (m = 0) will be denoted by Q.
For i € | define operator /;:

E;e;1®...®e,-m =eRe;®V...Q €,
in particular ¢;Q2 = ¢;, and its adjoint:

e,®...0¢e, ifm>landip =i

* . - H p—
liey e, ®...0 e, { 0 otherwise.
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Note the relation o
lay _{ Loifi= (14)

0 otherwise.

Define:

A- the unital algebra generated by all ¢;,¢7, i €/,
Aj- the unital subalgebra generated by /;, ¢} .

For a € A we put ¢(a) := (a2, Q).

By (14), A, is the linear span of

{¢" (6)" : m,n > 0},
while A is the linear span of

{Ehgiz .. .f,‘mﬁ v .ﬁjn :m,n > 0}.

nvpe

Proposition.
1. If m+n >0 then

& (Linlyy .. L 0505 .. 05) =0

2. The family {A;},., is free in (A, ¢).
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Lemma. Suppose that x1, x2,...,x, € {—1,0,2,3,...} and denote
Ei_l := (7. Then
o .. 2 =1

iff the sequence (x1, x2, . . ., x,) satisfies conditions (1-2-3) from page 4 and
oo .. 03207) =0

otherwise.
Proposition. Let

oo
Ti=0+ ) aly
k=1

for some a,, € C. Then «ay are free cumulants of Ti:

= 2 1lowm

meNC(n) Ver
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More generally:
Lemma. Suppose that x1,x2,...,x, € {—1,0,2,3,...} and
i,0,...,0np € 1. Then

¢ <£f: , .eixjefll) —1

iff the sequence (x1,x2, ..., xp) satisfies (1-2-3) from page 4, i.e.
(x1,x2,...,xn) = A\(m) for some m € NC(n), and, moreover, if
p,q € V €7 then i, = ig. Otherwise we have

o(6r...0pep) =o.
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Theorem. (Voiculescu 1986) Let

o
Ti=0+) onlih
k=1

o0
=0+ onls ™,
k=1
and -
T = ET + Z (ak + Bk)gll(_l.
k=1

Then for every n >0

(T") =0 (T + T2)").
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Proof. From the lemma we have

P(M+T))= > > I

meNC(n) vVern vVer
el .Bv}

= > I (e +8v) =o(T).

meNC(n) Ver

Theorem. Suppose that (A, ¢) is a probability space, Aj, Ay are free
subalgebras, a € A1, b € As. Then for every n > 1 we have

ra(a+ b) = rp(a) + ra(b).

Proof. We can assume that a = T7, b = T», the elements in the Cuntz
algebra, with ay = rk(a), Bi = rk(b).
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