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INTRODUCTION

N\
A=B][Z A*=B*(ZB*)*=(B*2)*B* A*= H I*
l1eLynA

/20



Zeta functions in several variables and polyzetas

Let H, = {(s1,...,5) €C'\Vm=1,...,r,R(s1) + ... + R(sm) > m},
for r € N, the following zeta function converges for (sy,...,s,) € H,
C(s1y--.y8) = Z n ™ .oon %
m>...>n,>0
By a Abel’s theorem, for n € N,z € C,|z|< 1, this value can be obtained as
C(s15-0080) = n_llToo Hy,,...s.(n) = z'[;nl Lis,, .5 (2),
where the following functions are well defined for (s1,...,s,) € C',|z|< 1

. zMm Lis,,.. s (2 n
Uoon() = 3 o and HeeeslE Sy )

Sr
...n 11—z
m>..>n>0 1 r n>0

Z = spanQ{Lishwsr(l)}s1 ..... seN, = span@{Hsl)m’s,(—i—oo)}s1 ..... srENy .
r>0

s1>1, s1>1,r>0
We use the correspondence between words over X = {xp,x1}, Y = {yk }k>1:
™ si—1 —1
(51,--55) ENL o ys oooys €Y =x37 x1...xg x1 € X*xq.
Ty

Lis .. s (2) = aio(xgrlxl .. .xgkflxl), where zg ~» z is a path in a simply

connected domain, (C\/{\E),/l}, with a subdivision (z, z1, . .., z, z) and
wo(z) = dz/z,

o, (% .. x,) = /Z wiy(21) - ~-/Zk_lwik(zk) with {Wl(z) =dz/(1 - 2).

20 20
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Words and noncommutative formal series
> Let (X*,1y+) be the free monoid generated by X', denoting the
alphabet X := {xo,x1} or Y := {yk}«>1 (equipped with the order
x1 = xo and y; > y» = ..., respectively).

> Let LynX denote set of Lyndon words over .

> Let A(X) (resp. A{(X))) be the set of polynomials (resp. series)
and Liea(X) (resp. Liea{(X')) be the set of Lie polynomials (resp.
series) over X with coefficients in A.

» On! (A(X),conc,1y+, A, &) & (A(Y),conc, ly«, A ,€), we get

¢
Dy = Z wRw = Z S, ® P, = H es’®P’,

weX* weX* leLynX
e
Dy::ZW@W:ZZW@)ﬂW: H e=®M
weY* weY* leLynY

where {P;}iccynx (resp. {1} iecyny) is a basis of Lie algebra of
primitive elements and {S5;}iczyny (resp. {X/}iecyny) is a pure
transcendence basis of (A(X), w ,1yx) (resp. (A(Y), w, 1y«)).

Wx e XA L (x) =1y ®x+x® Ly~ and
Vyk € VoA L (i) = 1y @y +yk @ Ly= + 30,1, ¥i® v




First structures of polylogarithms and harmonic sums
1. The following morphisms of algebras is injective
Li, : ((C<X>, w ;]-X*) — (C{Liw}wex*’ . 1),
xgl_lxl...xéf_lxl — Lixél—l (ie. Lis . s),

-1
X1 ...Xg'

x1
xo +— log(z),
H' : ((C<Y>’ S 1Y*) - ((C{HW}WGY*a 71)3
Yo oooys, = Hy . (e Hs )
Hence, {Liy }wex+ and {Hy, }wey+ are C-linearly independent. It
follows that, {H,},ccyny and {Lij}iecynx (resp. {Hg,}iccyny and
{Lis, }ic£ynx) are algebraically independent.

2. The following polymorphism of algebras is surjective
((C]-X*@XO(C< >X17 u 1X*)
: Z,.
G (v - e, w1y T EeD

S
X' x1 x0 X1

= C(s1,-..,50).

Vh,bh € LynX — x,c(/1 = ) = (v k) w (myh)) = C(h)C(h):
¢ can be extended as characters, for w and w1, respectively :

Cuw (CX), w,1lx:) = (2,.,1), Cuw :(CLY), w,ly«) = (Z,.,1),

s.t. Cu (x0) = 0= log(1),
w () =0="fp,  log(l—2), {(1—-2)"log"(1—2)}icz._,ben
Ctﬂ (yl) =0= f'p'nﬁJrocHl(n)v {naH ( )}aEZ< 1,bEN
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NONCOMMUTATIVE GENERATING SERIES
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Noncommutative generating series

L(z): Z Li,(z)w = (Li, ®1d)Dx = H elisi P

weX* leLynX
N
= Y Hy(nw=H.@I1d)Dy = [[ =",
weY* leLynY
N
=Y CuWw=(uw ®IDx =[] &7,
weX* le LynX\ X
Y
=Y CuwWw=(Cw®I1d)Dy = J[ I
wey* IeLynY\{y1}

Let v, be the character on (C(Y), w, 1y+) defined by 71,. = 1 and?

vie LynY, 5, =Lp., o Hs (n) = (%), {nlog”(n)}aez _ pen-

N
= Z TwW = H evz’n’:e’wlzm'

wey* leLynY

2'yzy1 =1y, =7 and, for any I € LynY \ {y1} (resp. LynX \ X), ¢(X)
(resp. ¢(S1)) is convergent because the polynomial, homogenous of weight (/),
Y, (resp. S;) belongs to (Y'\ {y1})Q(Y) (resp. x0Q(X)x1) (so is [1; (resp. P;)).

20



Gradation of L and Z

Let the operation o be defined, for any / € N and P € C(X), by
x1x4 0 P = x1(x} w P). Then3

L(z) = Z Z Li, (z)w

k>0 wexd w xf

= eoloe(?) <1X* + Z Z LiX1Xcglo--.ox1x H adixo )

k21 b >0

th—1
= Z/ w1 tk / W1(t1)/‘6k(z, ty, - atk)a

k>0
where, for any k > 0, kk(z, t1,- - - , tx) is the formal power series given by
ki(z t1 -t = eoollog(z)— |°g(f1)]x . @Xollog(tk—1)—log(tx)] ., oo log(t«)
k( A ’ k) — Xg log(z) ead,)<0 '°g(‘11)X1 . ad_x0 log(ti) x1 !

eulos@) Y H |0g/| ad”, xi.

/1,‘ /k>0’ 1
Iy k>0

h k hyee =0 =
{ad, x adeO K50 and {x1xg 0+ 0 xyx¢ Teso are dual

bases of L{(J) and U(j)v, respectively, becaIL(Jse Li, is injective.

:Z Z ¢ (Xlxélo...oxlxék)HadleoXl

k>0 Iy, /x>0

Ssupp(xaxg o -+ o xixgt) = {w € x1 X*| |w|X1— ko |wlx=h 4+ +4}.
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Abel like results and bridge equations
Let 7y denote the projector (A ® A(X)x1,.) — (A(Y),.), mapping

sp—1 s,—1
X' XL .. Xy XL toys .. Ys,

Theorem 1 (first Abel like theorem)
Let Const := 3, 5o Hypyf = e~ Ciso Hy (=9)/k - Then
yi1 log(1—z _ — -1
zllnl e JryL(z) =y Z ., nILn;O Const(n)” "H(n).
Corollary 2 (bridge equations)
Let B'(y1) := e2iz2 C(R(=) /K Spd B(y1) == e~ iz C=)/k  Then
Z,=Bn)ryZ, <= Zw =Bn)rvZ.u

Example 3 (generalized Euler's constant)

From the first bridge equation, for w € X*, k € N, identifying the
coefficients of ylkw, one has
71,1 = %(72 - C(z))a
Y11 = 6(W —3¢(2)7 + 2((3))
17 = (7)y+¢3)(5) — 175 (2)4,
N6 = 354(2)372+( (2)¢(5) + 3¢(3)¢(2)> — 4¢(7))y
+¢(6,2) + 32¢(2)* + zC(2)C(3)2 4¢(3)¢(5)-
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COMPUTATIONAL EXAMPLES

12/20



Homogenous polynomials relations* on local coordinates
Identifying the local coordinates in Z, = B(y1)ryZ,,, , one has

l

[ Polynomial relations on

{SCD ecyny -1y

“ Polynomial relations on

{¢(SN} e cynx—x

3 (Typy) = 3¢(Ty) <Sp2) = Ggay)

4 C(Ty) = 2¢(E,) (S3,) 5<<sxm>2
() = H545) (S22 5 ¢(Sxpn )
¢(F,,2) = 5¢E,) C(S,3) = §6(Sgn)’

5 C(Zyzy,) = 3C(2y3)¢(%y,) — 5C(2ys) C(ngx%) —C(5X2X1)5(5x0x1)+2<( S'Xl)
C(Eyn) = —C(Ey)e(Ey,) + 3¢(Sy) Sgaspn) = ~ <(sg )+ €(S,2, )(Sxpx)
(Fz,) = 3(T43)¢(Ey,) — Bl(Ey) C(ngxg) —(5,2,)<(Sx0x) +2¢(S,8,)
C(zmyf) ) C(Sxoxlxoxl) 34 Xoxl)
6,3 = 36(ER)K(Ey) + §6(Ey) CSp8) = (Sa,)

6 C(Tys) = £<(5,)° 5e,) B (S )
C(Tyayy) = C(Ty)? = (T, C(ngxlz) £ ¢(Sxn)® — %C(ngxlf
C(Zygy) = 2¢(Ey,)° — 3C(Ey,)? ¢(S,3150) 12 (S )
() = ~ER) + §6(my)? Sg.3) = BelSon)’ — (g,
C(Tyamn) = 3¢(Ty)° — $5¢(5)° ¢(S,21002) 25 (S )’
$Ey2) = 04():y2)3 1C(Ey)° S,2,2,0,) _%<(5X0X1)3+%C(5x§x1)2
(Fz2) = HCER) — (5 C52.8) = 5¢(Son)’ = 3¢S,
zy,3) = 21<(zy2)3 S gngd) = 36(500)° = <(S,2,.)°
C(zyzyf) = 0T + (=) C(SXOX?) L ¢(Sn)?

*These polynomials relations are independent from ~ and

case where the ring of their coefficients is the ring A.

similarly for the
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Homogenous polynomials generating inside ker

{Q}iecyny— {n} ”

{QI}IEL‘,ynX x|

CCyoy — ’):Y3) =0 C(anx? _ ) =0
2 U.Ll
¢z, — 2 yz =0 C(stx1 - xoxl )— 0
3y _ 1 _
C(Zy3 — 1o yz =0 C(ngxlz - Esxon ) 0
2 — 5T y2 H=o0 53 — X0X1 )— 0
C(Eyy, — 35, HY,, —55,,)=0 C(ngxf ~S2, w Sxoxl + 254,)=0
5 _ —
Cypyy — By Ip) 4 355) =0 || (52,0~ 254, + 52, W Sox) =0
3 _ —
Cmpz,, = 2%y Hxy, — 132) =0 52,3 = S2y w S +254,)=0
55y
C(zmy B ﬁ Tys) =0 Xox150%] stgxl) 0
<(ZYQY13 Z - ZYZ) T3 z4V5) =0 C(s><0><4 5)<§><1) =0
8 o W3y
C(zyé 35 y2 ) =0 C(ngxl ﬁsxgxl ) =0
tuz ESEN 6 g3 12y
(S — %) _ ,):yZ y=0 C(ngx% = 35591 35 02><1 )=0
tug; LIy _ 4 gy
C(Zyy — 7):y2 3%, D=0 S 3,n0x — 105 X0X1 =0
L3 | oy b2y 23 c W _
C(Zyaym — 30 ):yz + Z):ys )=0 C(5X3X3 — ﬁsxoxl X2X1 ) =0
9 ¢ LkI3y _ 2 g3y
S(Eyzyom — 3): “ 1Yy, =0 S 2,m02 ~ 105 X0X1 )=0
ttl 2 3¢l _ T +3 _
C(ZyAy - 10):y2 ):y3 )=0 (s x x2 xox 2105X0X1 5X0X1 )_ 0
Lo 12y _ 6 o W3
C(Zyzzyf - 53):y2 ): )=0 C(ngxil — %ESeaq 2 X(]Xl )— 0
g o w3
C(zny — 5T S =0 g(sxoxlxox% ~ 215%0% ) =0
17 LEI3 dﬂz —
C(zyzy:‘ “E&Y, 1GZY3 )=0 C(Sx0x15 35 ><0><1 )_ 0

Ry
One has Ry C ker , where { R

= (Q{Ql}leﬁan\{y1}7 L, 1Y*)
(Q{Ql}l@[‘,an\Xv [47H) a]-X*)

}' 14 /20



Noetherian rewriting system & irreducible coordinates®

[ ] Rewriting among {CEDN ey — {1} [[ Rewriting among {<(5N e cynx—x |

3 (Typy) — 3¢(Ty) CSp2) — Bay)

4 ((Ty,) = 2¢(T,) (Say) — 54(5X0X1)2
Tyay) = 5C(Ty)? «52.2) L¢(Supm )
¢F,2) — §(E,) (S,3) = §<(Sipn)?

5 (Eyayy) = 3C(53)C(5y,) — 5C(Ty5) Cge) — C(SXgXJ o) T 200 )
C(Eyn) = —C(Ey)¢(Ey) + 3¢(Ty) S 2ag) 7 T3608) + (52, )(5x0x)
€)= 3(ER)(E,) — B(E) (Spq) — C(SS J6(Sigx) +20(5,8,)
C():y3y12) = 56(Es) C(Sxoxlxgx%) — 3 xoxl)

CE,,8) — 36(ER)(E,) + §¢(Ty) CSgt) — C(Sa,)

6 (Tyg) > 2Ty (Sg) — 3;Egg(sxc,xlf
C(Tyayn) = CTy)? — 216(5y,)° Sge) — £ ¢(Sxn)® — %c(sxgxlf
C(Tysyy) — 2¢(Ty,)° — 3¢5y, ) 7 185 C(Sxpn )’

C(zy3y1y2) - *%Q():yg)s iC( y3)2 C(SXSXIS) - 38((5x0x1) *C( 1)2
(Eyam) = 36(Ey) — FC(E,)? (S zqu2) = 2 ¢(Sgn )’

¢E,,2) — $5C(Ey,)? — 3¢(5y,)? CS2a2x) — 35S0’ + 3¢Sz, )
«(Fz,2) — Be(my,)® - 2m),)? (Sz.8) — #¢(S0a)’ = 3652, )
C(E,,8) — 21<(zy2)3 ) = 316(S0n)’ = HCF Dk
C(Zyzy{‘) - C(zm) %C(Tys)? C(5X0X15) = £ (Sn)?

Z2(X) C - ZRP(X) - € Z3(X) = Upna Z0().

® The set of irreducible local coordinates forms algebraic generator system=for Z.
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Noetherian rewriting system & totally ordered L°(X)
|

l [ Rewriting among {Zihiccyny— {4} “ Rewriting among {S1} £ynx—x
3 Ty % Zys sxo x2 - xZx1
4 I, — 3%, S3q 2 Sin
XYS n % 232 ngxlz - % 530 X1
I iz, Sgd 257
5 Tyayy — 3Ty Ty, — 5% SXSXIQ — —SX§X1 Sxoxq T 25X3X1
Tun 7 ~TyTn 5T S@anq —354, + 525 201
T2y 7 3T - B 523 7 To2q %o T254,
Zy3y12 - %zy5 ngxlxoxlz - % xgxl
y2y13 - %z}@ EYZ + %ZYS Sxoxf - xgxl
6 T — %z% ngxl — 385530x1
):«VAYZ - 2}2/3 - %232 sxgxlz - 3%530)@ - %ngxl
Zy5y1 - %23/2 - % 53 ngxlxoxl - ﬁssoxl
Ty, 7%2% + %253 ngx% - %530)(1 - ngxl
ZY3YQY1 - 32,%/3 - %232 ngxlxoxlz - 1(2]75530X1
T2~ B, ~ 3%, Saxtsq 7 ~H0S0n t 355,
T2 — BI, i, Sgd ~ BSgq ~ 152,
):yayf - 711):32 5x0x1x0x13 - %530x1 - ng X
Y 05, T 55, S5 S
<2 < y <
Lo (X) C e LP(X) C e C LX) = Upza L5.7(X).
< LynX\ X |’ 51 € Lig(X) { 513 }@ ARV



STRUCTURE OF POLYZETAS
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{C(S/)}/EﬁynX\X

{C(Z/)}leﬁan\{yl}
The identification of local coordinates in Z, = B(y1)myZ,,, , leads to

Identification of local coordinates

1. A family of algebraic generators Zﬁo( ) of Z constructed as follows

<2 < o (
Zi?r (X) c-C errp(X) c--C err U err
p>2
and their inverse image by a section of C
p>2

such that the following restriction is bijective

¢ QILE(X)] = 2 = QEZ3(X)] = QUC(P) pe gz ()]

irr

2. A ideal Ry generated by the polynomials {Q’},;’fyfigfl homogenous
in weight (= (/)) such that the following assertions are equivalent
i. =0,
ii. Z/ — Z/ (resp. 5/ — 5/)
i, X, € ﬁlo:;( ) (resp S € [:;)r(;( ))
0# Q is led by X, (resp. S/), being transcendent over Q[L9(X)],
and ¥; =T (resp. S —>U/) being homogenous of weight p = (/)
and belonging to Q[L£:P(X)]. In other terms, ¥, = Q + T (resp.

{Si}tiecyn
Si=Q 4 U)), i.e. spang {ZI}’IE’EL;VXXI} = Ra® spang L (X).

18 /20



Q[{S} €Lyn ] L *1 )
Im and ker of ( : Q[{Zé/;gﬁyny)i\{;}] N )fy*) —(2,.1)

Let Q € Ry NQILX(X)]. Since Rx C ker( then ¢(Q) = 0. Restricted
on Q[L2(X)], the polymorphism ¢ is bijectice, it follows then Q@ = 0.
For any w € (% ., by the Radford’s Theorem, ((w) € Q2 (X)].

QU{Si}ierynx\x] . .
Thus, for P € Q[{Z/}I“yny\m}],F’ ¢ ker ¢, by linearity, ((P) € Q[Z:°(X))].

Proposition 1

@[{Sl}leﬁynX\X] = RX D Q[ﬁlﬂ’( )]
Q[{Z/}leﬁan\{yl}] = RY & Q[ﬁlrr( )]
(as v.s. associated to w or w -subalgebras). By duality & CQMM,
U(Lieg(X) \ X) = JIx ®U(Lieg({Pi}iccynx:s,ec=(x)));
U(Lieg(Y)\ {n}) = Ty @U(Lieg{Mi}tiesymxziece(v)),

where Jx (resp. Jy) is a Lie ideal generated by {Pi}icynx:s,¢.c20(x)
(resp. {Mi}ieLyny 5 igc2o(v))-

Now, let Q € ker(, (Q|1lx+) =0. Then Q = Q1 + @2 with Q; € Rx
and Q € Q[LX(X)]. Thus, Q =, Q1 € Rx.

Corollary 4

Q{¢(P)}pere=(x)) = Z2 =Im( and Ry = ker C.

irr
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Structure of polyzetas

As an ideal generated by homogenous polynomials, ker { is graded. Since
Im¢ = Qly- @ (Y — {y1})Q(Y)/ker ¢ = Qlx- ® xQ(X)x1/ker ¢ then

Corollary 5
Z is graded.

Now, let & := ((P), where Q(X) > P ¢ ker (, homogenous in weight.
Each monomial £”,n > 1, is of different weight (because 2,2, C Z,1,).
Thus ¢ could not satisfy £" + a,_1£" 1+ ... =0, with a,_1,... € Q.

Any s € L°(X) is homogenous in weight then ((s) is transcendent over Q.

Irr
For any | € LynX, | # y1,x0,x1, one has | = y, (resp. | = x§"x1). In

n—1

particular, ¥, =y, € LynY and ng—lxl =xg x1 € LynX. Next,

1. ¢{(2) =¢(X,,) = {(Sxx) is then irreducible and, by the Euler’s
identity about the ratio ((2k)/m2*, one deduces then, for k > 1,
Ty = o L5(Y) and S, =325 ¢ L35(X),

Irr

2. Ty = Yot € L(Y) and Sny = x3"x1 € LS(X).

rr Irr
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