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G. Viennot.– Algèbres de Lie libres et monöıdes libres, Lect. N. in Math., Springer-Verlag, 691, 1978.

D. Zagier.– Values of zeta functions and their applications, in “First European Congress of Mathematics”,
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INTRODUCTION

A = B
∐

Z A∗ = B∗(ZB∗)∗ = (B∗Z )∗B∗ A∗ =

ց
∏

l∈LynA

l∗
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Zeta functions in several variables and polyzetas
Let Hr = {(s1, . . . , sr ) ∈ Cr |∀m = 1, . . . , r ,ℜ(s1) + . . .+ ℜ(sm) > m},
for r ∈ N+, the following zeta function converges for (s1, . . . , sr ) ∈ Hr

ζ(s1, . . . , sr ) =
∑

n1>...>nr>0

n−s1
1 . . . n−sr

r .

By a Abel’s theorem, for n ∈ N, z ∈ C, |z |< 1, this value can be obtained as
ζ(s1, . . . , sr ) = lim

n→+∞
Hs1,...,sr (n) = lim

z→1
Lis1,...,sr (z),

where the following functions are well defined for (s1, . . . , sr ) ∈ Cr , |z |< 1

Lis1,...,sr (z) =
∑

n1>...>nr>0

zn1

ns11 . . . nsrr
and

Lis1,...,sr (z)

1− z
=

∑

n≥0

Hs1,...,sr (n)z
n.

Z := spanQ{Lis1,...,sr (1)} s1,...,sr∈N+
s1>1,r>0

= spanQ{Hs1,...,sr (+∞)} s1,...,sr∈N+
s1>1,r>0

.

We use the correspondence between words over X = {x0, x1},Y = {yk}k≥1:

(s1, . . . , sr ) ∈ Nr
+ ↔ ys1 . . . ysr ∈ Y ∗

πX

⇋
πY

x s1−1
0 x1 . . . x

sr−1
0 x1 ∈ X ∗x1.

Lis1,...,sr (z) = αz
z0(x

s1−1
0 x1 . . . x

sk−1
0 x1), where z0  z is a path in a simply

connected domain, ˜C \ {0, 1}, with a subdivision (z0, z1, . . . , zk , z) and

αz
z0(xi1 . . . xik ) =

∫ z

z0

ωi1(z1) . . .

∫ zk−1

z0

ωik (zk) with

{

ω0(z) = dz/z ,
ω1(z) = dz/(1− z).
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Words and noncommutative formal series
◮ Let (X ∗, 1X∗) be the free monoid generated by X , denoting the

alphabet X := {x0, x1} or Y := {yk}k≥1 (equipped with the order
x1 ≻ x0 and y1 ≻ y2 ≻ . . ., respectively).

◮ Let LynX denote set of Lyndon words over X .

◮ Let A〈X 〉 (resp. A〈〈X 〉〉) be the set of polynomials (resp. series)
and LieA〈X 〉 (resp. LieA〈〈X 〉〉 be the set of Lie polynomials (resp.
series) over X with coefficients in A.

◮ On1 (A〈X 〉, conc, 1X∗ ,∆ ⊔⊔ , ε) & (A〈Y 〉, conc, 1Y ∗ ,∆ , ε), we get

DX :=
∑

w∈X∗

w ⊗ w =
∑

w∈X∗

Sw ⊗ Pw =

ց
∏

l∈LynX

eSl⊗Pl ,

DY :=
∑

w∈Y ∗

w ⊗ w =
∑

w∈Y ∗

Σw ⊗ Πw =

ց
∏

l∈LynY

eΣl⊗Πl ,

where {Pl}l∈LynX (resp. {Πl}l∈LynY ) is a basis of Lie algebra of
primitive elements and {Sl}l∈LynX (resp. {Σl}l∈LynY ) is a pure
transcendence basis of (A〈X 〉, ⊔⊔ , 1X∗) (resp. (A〈Y 〉, , 1Y ∗)).

1∀x ∈ X ,∆ ⊔⊔ (x) = 1X∗ ⊗ x + x ⊗ 1X∗ and
∀yk ∈ Y ,∆ ⊔⊔ (yk) = 1Y∗ ⊗ yk + yk ⊗ 1Y∗ +

∑
i+j=k yi ⊗ yj .
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First structures of polylogarithms and harmonic sums
1. The following morphisms of algebras is injective

Li• : (C〈X 〉, ⊔⊔ , 1X∗) → (C{Liw}w∈X∗ , ., 1) ,

x s1−1
0 x1 . . . x

sr−1
0 x1 7→ Li

x
s1−1
0 x1...x

sr−1
0 x1

(i.e. Lis1,...,sr ),

x0 7→ log(z),
H• : (C〈Y 〉, , 1Y ∗) → (C{Hw}w∈Y ∗ , ., 1) ,

ys1 . . . ysr 7→ Hys1 ...ysr
(i.e. Hs1,...,sr ).

Hence, {Liw}w∈X∗ and {Hw}w∈Y ∗ are C-linearly independent. It
follows that, {Hl}l∈LynY and {Lil}l∈LynX (resp. {HΣl

}l∈LynY and
{LiSl

}l∈LynX ) are algebraically independent.

2. The following polymorphism of algebras is surjective

ζ :
(C1X∗ ⊕ x0C〈X 〉x1, ⊔⊔ , 1X∗)

(C1Y ∗ ⊕ (Y − {y1})C〈Y 〉, , 1Y ∗)
։ (Z, ., 1),

x s1−1
0 x1 . . . x

sr−1
0 x1

ys1 . . . ysr
7→ ζ(s1, . . . , sr ).

∀l1, l2 ∈ LynX − X ,ζ(l1 ⊔⊔ l2) = ζ((πY l1) (πY l2)) = ζ(l1)ζ(l2).
ζ can be extended as characters, for ⊔⊔ and , respectively :
ζ ⊔⊔ : (C〈X 〉, ⊔⊔ , 1X∗) → (Z, ., 1), ζ : (C〈Y 〉, , 1Y ∗) → (Z, ., 1),
s.t. ζ ⊔⊔ (x0) = 0 = log(1),

ζ ⊔⊔ (x1) = 0 = f.p.z→1 log(1− z), {(1− z)a logb(1− z)}a∈Z≤−1,b∈N

ζ (y1) = 0 = f.p.n→+∞H1(n), {naHb
1(n)}a∈Z≤−1,b∈N
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NONCOMMUTATIVE GENERATING SERIES
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Noncommutative generating series

L(z) :=
∑

w∈X∗

Liw (z)w = (Li• ⊗Id)DX =

ց
∏

l∈LynX

eLiSl Pl ,

H(n) :=
∑

w∈Y ∗

Hw (n)w = (H• ⊗ Id)DY =

ց
∏

l∈LynY

eHΣl
Πl ,

Z ⊔⊔ :=
∑

w∈X∗

ζ ⊔⊔ (w)w = (ζ ⊔⊔ ⊗ Id)DX =

ց
∏

l∈LynX\X

eζ(Sl )Pl ,

Z :=
∑

w∈Y ∗

ζ (w)w = (ζ ⊗ Id)DY =

ց
∏

l∈LynY\{y1}

eζ(Σl )Πl .

Let γ• be the character on (C〈Y 〉, , 1Y ∗) defined by γ1Y∗ = 1 and2

∀l ∈ LynY , γΣl
:= f.p.n→+∞HΣl

(n) = ζ(Σl ), {na logb(n)}a∈Z≤−1,b∈N.

Zγ :=
∑

w∈Y ∗

γww =

ց
∏

l∈LynY

eγΣl
Πl = eγy1Z .

2γΣy1
= γy1 = γ and, for any l ∈ LynY \ {y1} (resp. LynX \ X ), ζ(Σl)

(resp. ζ(Sl)) is convergent because the polynomial, homogenous of weight (l),
Σl (resp. Sl) belongs to (Y \ {y1})Q〈Y 〉 (resp. x0Q〈X 〉x1) (so is Πl (resp. Pl)).
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Gradation of L and Z ⊔⊔

Let the operation ◦ be defined, for any l ∈ N and P ∈ C〈X 〉, by
x1x

l
0 ◦ P = x1(x

l
0 ⊔⊔ P). Then3

L(z) =
∑

k≥0

∑

w∈x∗
0 ⊔⊔ xk

1

Liw (z)w

= ex0 log(z)
(

1X∗ +
∑

k≥1

∑

l1,··· ,lk≥0

Li
x1x

l1
0 ◦···◦x1x

lk
0

(z)

k
∏

i=1

adli−x0x1

)

=
∑

k≥0

∫ z

0

ω1(tk) · · ·

∫ tk−1

0

ω1(t1)κk(z , t1, · · · , tk),

where, for any k ≥ 0, κk(z , t1, · · · , tk) is the formal power series given by
κk(z , t1, · · · , tk) = ex0[log(z)−log(t1)]x1 · · · e

x0[log(tk−1)−log(tk )]x1e
x0 log(tk )

= ex0 log(z)ead−x0 log(t1)x1 · · · e
ad−x0 log(tk )x1

= ex0 log(z)
∑

l1,··· ,lk≥0

k
∏

i=1

logli (ti )

li !
adli−x0x1.

{adl1−x0x1 · · · ad
lk
−x0x1}

l1,··· ,lk≥0
k≥0 and {x1x

l1
0 ◦ · · · ◦ x1x

lk
0 }

l1,··· ,lk≥0
k≥0 are dual

bases of U(J ) and U(J )
∨
, respectively, because Li• is injective.

Z ⊔⊔ =
∑

k≥0

∑

l1,··· ,lk≥0

ζ ⊔⊔ (x1x
l1
0 ◦ · · · ◦ x1x

lk
0 )

k
∏

i=0

adli−x0 x1.

3
supp(x1x

l1
0 ◦ · · · ◦ x1x

lk
0 ) = {w ∈ x1X

∗| |w |x1= k, |w |x0= l1 + · · ·+ lk}.
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Abel like results and bridge equations
Let πY denote the projector (A⊕ A〈X 〉x1, .) → (A〈Y 〉, .), mapping
x s1−1
0 x1 . . . x

sr−1
0 x1 to ys1 . . . ysr .

Theorem 1 (first Abel like theorem)
Let Const :=

∑

k≥0 Hyk
1
yk
1 = e−

∑
k≥0 Hyk

(−y1)
k/k . Then

lim
z→1

ey1 log(1−z)πYL(z) = πYZ ⊔⊔ = lim
n→∞

Const(n)
−1

H(n).

Corollary 2 (bridge equations)
Let B ′(y1) := e

∑
k≥2 ζ(k)(−y1)

k/k and B(y1) := eγy1−
∑

k≥2 ζ(k)(−y1)
k/k . Then

Zγ = B(y1)πYZ ⊔⊔ ⇐⇒ Z = B ′(y1)πYZ ⊔⊔ .

Example 3 (generalized Euler’s constant)
From the first bridge equation, for w ∈ X ∗, k ∈ N, identifying the
coefficients of yk

1 w , one has
γ1,1 = 1

2 (γ
2 − ζ(2)),

γ1,1,1 = 1
6 (γ

3 − 3ζ(2)γ + 2ζ(3)),
γ1,7 = ζ(7)γ + ζ(3)ζ(5)− 54

175ζ(2)
4,

γ1,1,6 = 4
35ζ(2)

3γ2 + (ζ(2)ζ(5) + 2
5ζ(3)ζ(2)

2 − 4ζ(7))γ
+ζ(6, 2) + 19

35ζ(2)
4 + 1

2ζ(2)ζ(3)
2 − 4ζ(3)ζ(5).
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COMPUTATIONAL EXAMPLES
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Homogenous polynomials relations4 on local coordinates
Identifying the local coordinates in Zγ = B(y1)πYZ ⊔⊔ , one has

Polynomial relations on {ζ(Σl )}l∈LynY−{y1}
Polynomial relations on {ζ(Sl )}l∈LynX−X

3 ζ(Σy2y1
) = 3

2
ζ(Σy3

) ζ(S
x0x

2
1
) = ζ(S

x2
0
x1

)

4 ζ(Σy4
) = 2

5
ζ(Σy2

)2 ζ(S
x3
0
x1

) = 2
5
ζ(Sx0x1 )

2

ζ(Σy3y1
) = 3

10
ζ(Σy2

)2 ζ(S
x2
0
x2
1
) = 1

10
ζ(Sx0x1 )

2

ζ(Σ
y2y

2
1
) = 2

3
ζ(Σy2

)2 ζ(S
x0x

3
1
) = 2

5
ζ(Sx0x1 )

2

5 ζ(Σy3y2
) = 3ζ(Σy3

)ζ(Σy2
) − 5ζ(Σy5

) ζ(S
x3
0
x2
1
) = −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σy4y1
) = −ζ(Σy3

)ζ(Σy2
) + 5

2
ζ(Σy5

) ζ(S
x2
0
x1x0x1

) = − 3
2
ζ(S

x4
0
x1

) + ζ(S
x2
0
x1

)ζ(Sx0x1 )

ζ(Σ
y2
2
y1

) = 3
2
ζ(Σy3

)ζ(Σy2
) − 25

12
ζ(Σy5

) ζ(S
x2
0
x3
1
) = −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σ
y3y

2
1
) = 5

12
ζ(Σy5

) ζ(S
x0x1x0x

2
1
) = 1

2
ζ(S

x4
0
x1

)

ζ(Σ
y2y

3
1
) = 1

4
ζ(Σy3

)ζ(Σy2
) + 5

4
ζ(Σy5

) ζ(S
x0x

4
1
) = ζ(S

x4
0
x1

)

6 ζ(Σy6
) = 8

35
ζ(Σy2

)3 ζ(S
x5
0
x1

) = 8
35

ζ(Sx0x1 )
3

ζ(Σy4y2
) = ζ(Σy3

)2 − 4
21

ζ(Σy2
)3 ζ(S

x4
0
x2
1
) = 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σy5y1
) = 2

7
ζ(Σy2

)3 − 1
2
ζ(Σy3

)2 ζ(S
x3
0
x1x0x1

) = 4
105

ζ(Sx0x1 )
3

ζ(Σy3y1y2
) = − 17

30
ζ(Σy2

)3 + 9
4
ζ(Σy3

)2 ζ(S
x3
0
x3
1
) = 23

70
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σy3y2y1
) = 3ζ(Σy3

)2 − 9
10

ζ(Σy2
)3 ζ(S

x2
0
x1x0x

2
1
) = 2

105
ζ(Sx0x1 )

3

ζ(Σ
y4y

2
1
) = 3

10
ζ(Σy2

)3 − 3
4
ζ(Σy3

)2 ζ(S
x2
0
x2
1
x0x1

) = − 89
210

ζ(Sx0x1 )
3 + 3

2
ζ(S

x2
0
x1

)2

ζ(Σ
y2
2
y2
1
) = 11

63
ζ(Σy2

)3 − 1
4
ζ(Σy3

)2 ζ(S
x2
0
x4
1
) = 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σ
y3y

3
1
) = 1

21
ζ(Σy2

)3 ζ(S
x0x1x0x

3
1
) = 8

21
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σ
y2y

4
1
) = 17

50
ζ(Σy2

)3 + 3
16

ζ(Σy3
)2 ζ(S

x0x
5
1
) = 8

35
ζ(Sx0x1 )

3

4These polynomials relations are independent from γ and similarly for the
case where the ring of their coefficients is the ring A.
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Homogenous polynomials generating inside ker ζ
{Ql}l∈LynY−{y1}

{Ql}l∈LynX−X

3 ζ(Σy2y1
− 3

2
Σy3

) = 0 ζ(S
x0x

2
1
− S

x2
0
x1

) = 0

4 ζ(Σy4
− 2

5
Σ 2
y2

) = 0 ζ(S
x3
0
x1

− 2
5
S

⊔⊔ 2
x0x1

) = 0

ζ(Σy3y1
− 3

10
Σ 2
y2

) = 0 ζ(S
x2
0
x2
1
− 1

10
S

⊔⊔ 2
x0x1

) = 0

ζ(Σ
y2y

2
1
− 2

3
Σ 2
y2

) = 0 ζ(S
x0x

3
1
− 2

5
S

⊔⊔ 2
x0x1

) = 0

5 ζ(Σy3y2
− 3Σy3

Σy2
− 5Σy5

) = 0 ζ(S
x3
0
x2
1
− S

x2
0
x1

⊔⊔ Sx0x1 + 2S
x4
0
x1

) = 0

ζ(Σy4y1
− Σy3

Σy2
) + 5

2
Σy5

) = 0 ζ(S
x2
0
x1x0x1

− 3
2
S
x4
0
x1

+ S
x2
0
x1

⊔⊔ Sx0x1 ) = 0

ζ(Σ
y2
2
y1

− 3
2
Σy3

Σy2
− 25

12
Σy5

) = 0 ζ(S
x2
0
x3
1
− S

x2
0
x1

⊔⊔ Sx0x1 + 2S
x4
0
x1

) = 0

ζ(Σ
y3y

2
1
− 5

12
Σy5

) = 0 ζ(S
x0x1x0x

2
1
− 1

2
S
x4
0
x1

) = 0

ζ(Σ
y2y

3
1
− 1

4
Σy3

Σy2
) + 5

4
Σy5

) = 0 ζ(S
x0x

4
1
− S

x4
0
x1

) = 0

6 ζ(Σy6
− 8

35
Σ 3
y2

) = 0 ζ(S
x5
0
x1

− 8
35

S
⊔⊔ 3

x0x1
) = 0

ζ(Σy4y2
− Σ 2

y3
− 4

21
Σ 3
y2

) = 0 ζ(S
x4
0
x2
1
− 6

35
S

⊔⊔ 3
x0x1

− 1
2
S

⊔⊔ 2

x2
0
x1

) = 0

ζ(Σy5y1
− 2

7
Σ 3
y2

− 1
2
Σ 2
y3

) = 0 ζ(S
x3
0
x1x0x1

− 4
105

S
⊔⊔ 3

x0x1
) = 0

ζ(Σy3y1y2
− 17

30
Σ 3
y2

+ 9
4
Σ 2
y3

) = 0 ζ(S
x3
0
x3
1
− 23

70
S

⊔⊔ 3
x0x1

− S
⊔⊔ 2

x2
0
x1

) = 0

ζ(Σy3y2y1
− 3Σ 2

y3
− 9

10
Σ 3
y2

) = 0 ζ(S
x2
0
x1x0x

2
1
− 2

105
S

⊔⊔ 3
x0x1

) = 0

ζ(Σ
y4y

2
1
− 3

10
Σ 2
y2

− 3
4
Σ 2
y3

) = 0 ζ(S
x2
0
x2
1
x0x1

− 89
210

S
⊔⊔ 3

x0x1
+ 3

2
S

⊔⊔ 2

x2
0
x1

) = 0

ζ(Σ
y2
2
y2
1
− 11

63
Σ 2
y2

− 1
4
Σ 2
y3

) = 0 ζ(S
x2
0
x4
1
− 6

35
S

⊔⊔ 3
x0x1

− 1
2
S

⊔⊔ 2

x2
0
x1

) = 0

ζ(Σ
y3y

3
1
− 1

21
Σ 3
y2

) = 0 ζ(S
x0x1x0x

3
1
− 8

21
S

⊔⊔ 3
x0x1

− S
⊔⊔ 2

x2
0
x1

) = 0

ζ(Σ
y2y

4
1
− 17

50
Σ 3
y2

+ 3
16

Σ 2
y3

) = 0 ζ(S
x0x

5
1
− 8

35
S

⊔⊔ 3
x0x1

) = 0

One has RX ⊆ ker ζ, where

{

RY := (Q{Ql}l∈LynY\{y1}, , 1Y ∗)
RX := (Q{Ql}l∈LynX\X , ⊔⊔ , 1X∗)

}

.
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Noetherian rewriting system & irreducible coordinates5
Rewriting among {ζ(Σl )}l∈LynY−{y1}

Rewriting among {ζ(Sl )}l∈LynX−X

3 ζ(Σy2y1
) → 3

2
ζ(Σy3

) ζ(S
x0x

2
1
) → ζ(S

x2
0
x1

)

4 ζ(Σy4
) → 2

5
ζ(Σy2

)2 ζ(S
x3
0
x1

) → 2
5
ζ(Sx0x1 )

2

ζ(Σy3y1
) → 3

10
ζ(Σy2

)2 ζ(S
x2
0
x2
1
) → 1

10
ζ(Sx0x1 )

2

ζ(Σ
y2y

2
1
) → 2

3
ζ(Σy2

)2 ζ(S
x0x

3
1
) → 2

5
ζ(Sx0x1 )

2

5 ζ(Σy3y2
) → 3ζ(Σy3

)ζ(Σy2
) − 5ζ(Σy5

) ζ(S
x3
0
x2
1
) → −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σy4y1
) → −ζ(Σy3

)ζ(Σy2
) + 5

2
ζ(Σy5

) ζ(S
x2
0
x1x0x1

) → − 3
2
ζ(S

x4
0
x1

) + ζ(S
x2
0
x1

)ζ(Sx0x1 )

ζ(Σ
y2
2
y1

) → 3
2
ζ(Σy3

)ζ(Σy2
) − 25

12
ζ(Σy5

) ζ(S
x2
0
x3
1
) → −ζ(S

x2
0
x1

)ζ(Sx0x1 ) + 2ζ(S
x4
0
x1

)

ζ(Σ
y3y

2
1
) → 5

12
ζ(Σy5

) ζ(S
x0x1x0x

2
1
) → 1

2
ζ(S

x4
0
x1

)

ζ(Σ
y2y

3
1
) → 1

4
ζ(Σy3

)ζ(Σy2
) + 5

4
ζ(Σy5

) ζ(S
x0x

4
1
) → ζ(S

x4
0
x1

)

6 ζ(Σy6
) → 8

35
ζ(Σy2

)3 ζ(S
x5
0
x1

) → 8
35

ζ(Sx0x1 )
3

ζ(Σy4y2
) → ζ(Σy3

)2 − 4
21

ζ(Σy2
)3 ζ(S

x4
0
x2
1
) → 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σy5y1
) → 2

7
ζ(Σy2

)3 − 1
2
ζ(Σy3

)2 ζ(S
x3
0
x1x0x1

) → 4
105

ζ(Sx0x1 )
3

ζ(Σy3y1y2
) → − 17

30
ζ(Σy2

)3 + 9
4
ζ(Σy3

)2 ζ(S
x3
0
x3
1
) → 23

70
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σy3y2y1
) → 3ζ(Σy3

)2 − 9
10

ζ(Σy2
)3 ζ(S

x2
0
x1x0x

2
1
) → 2

105
ζ(Sx0x1 )

3

ζ(Σ
y4y

2
1
) → 3

10
ζ(Σy2

)3 − 3
4
ζ(Σy3

)2 ζ(S
x2
0
x2
1
x0x1

) → − 89
210

ζ(Sx0x1 )
3 + 3

2
ζ(S

x2
0
x1

)2

ζ(Σ
y2
2
y2
1
) → 11

63
ζ(Σy2

)3 − 1
4
ζ(Σy3

)2 ζ(S
x2
0
x4
1
) → 6

35
ζ(Sx0x1 )

3 − 1
2
ζ(S

x2
0
x1

)2

ζ(Σ
y3y

3
1
) → 1

21
ζ(Σy2

)3 ζ(S
x0x1x0x

3
1
) → 8

21
ζ(Sx0x1 )

3 − ζ(S
x2
0
x1

)2

ζ(Σ
y2y

4
1
) → 17

50
ζ(Σy2

)3 + 3
16

ζ(Σy3
)2 ζ(S

x0x
5
1
) → 8

35
ζ(Sx0x1 )

3

Z≤2
irr (X ) ⊂ · · · Z≤p

irr (X ) ⊂ · · · ⊂ Z∞
irr (X ) = ∪p≥2Z

≤p
irr (X ).

5 The set of irreducible local coordinates forms algebraic generator system for Z.
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Noetherian rewriting system & totally ordered L∞
irr(X )

Rewriting among {Σl}l∈LynY−{y1}
Rewriting among {Sl}LynX−X

3 Σy2y1
→ 3

2
Σy3

S
x0x

2
1

→ S
x2
0
x1

4 Σy4
→ 2

5
Σ2
y2

S
x3
0
x1

→ 2
5
S2
x0x1

Σy3y1
→ 3

10
Σ2
y2

S
x2
0
x2
1

→ 1
10

S2
x0x1

Σ
y2y

2
1

→ 2
3
Σ2
y2

S
x0x

3
1

→ 2
5
S2
x0x1

5 Σy3y2
→ 3Σy3

Σy2
− 5Σy5

S
x3
0
x2
1

→ −S
x2
0
x1

Sx0x1 + 2S
x4
0
x1

Σy4y1
→ −Σy3

Σy2
+ 5

2
Σy5

S
x2
0
x1x0x1

→ − 3
2
S
x4
0
x1

+ S
x2
0
x1

Sx0x1

Σ
y2
2
y1

→ 3
2
Σy3

Σy2
− 25

12
Σy5

S
x2
0
x3
1

→ −S
x2
0
x1

Sx0x1 + 2S
x4
0
x1

Σ
y3y

2
1

→ 5
12

Σy5
S
x0x1x0x

2
1

→ 1
2
S
x4
0
x1

Σ
y2y

3
1

→ 1
4
Σy3

Σy2
+ 5

4
Σy5

S
x0x

4
1

→ S
x4
0
x1

6 Σy6
→ 8

35
Σ3
y2

S
x5
0
x1

→ 8
35

S3
x0x1

Σy4y2
→ Σ2

y3
− 4

21
Σ3
y2

S
x4
0
x2
1

→ 6
35

S3
x0x1

− 1
2
S2
x2
0
x1

Σy5y1
→ 2

7
Σ3
y2

− 1
2
Σ2
y3

S
x3
0
x1x0x1

→ 4
105

S3
x0x1

Σy3y1y2
→ − 17

30
Σ3
y2

+ 9
4
Σ2
y3

S
x3
0
x3
1

→ 23
70

S3
x0x1

− S2
x2
0
x1

Σy3y2y1
→ 3Σ2

y3
− 9

10
Σ3
y2

S
x2
0
x1x0x

2
1

→ 2
105

S3
x0x1

Σ
y4y

2
1

→ 3
10

Σ3
y2

− 3
4
Σ2
y3

S
x2
0
x2
1
x0x1

→ − 89
210

S3
x0x1

+ 3
2
S2
x2
0
x1

Σ
y2
2
y2
1

→ 11
63

Σ3
y2

− 1
4
Σ2
y3

S
x2
0
x4
1

→ 6
35

S3
x0x1

− 1
2
S2
x2
0
x1

Σ
y3y

3
1

→ 1
21

Σ3
y2

S
x0x1x0x

3
1

→ 8
21

S3
x0x1

− S2
x2
0
x1

Σ
y2y

4
1

→ 17
50

Σ3
y2

+ 3
16

Σ2
y3

S
x0x

5
1

→ 8
35

S3
x0x1

L≤2
irr (X ) ⊂ · · · L≤p

irr (X ) ⊂ · · · ⊂ L∞
irr (X ) = ∪p≥2L

≤p
irr (X ).

∀l ∈

{

LynY \ {y1}
LynX \ X

}

,

{

Σl ∈ L∞
irr (Y )

Sl ∈ L∞
irr (X )

}

⇔
{

Σl→Σl
Sl→Sl

}

⇔ Ql = 0.
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STRUCTURE OF POLYZETAS
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Identification of local coordinates {ζ(Sl )}l∈LynX\X

{ζ(Σl )}l∈LynY\{y1}

The identification of local coordinates in Zγ = B(y1)πYZ ⊔⊔ , leads to

1. A family of algebraic generators Z∞
irr (X ) of Z constructed as follows

Z≤2
irr (X ) ⊂ · · · ⊂ Z≤p

irr (X ) ⊂ · · · ⊂ Z∞
irr (X ) =

⋃

p≥2

Z≤p
irr (X )

and their inverse image, by a section of ζ,

L≤2
irr (X ) ⊂ · · · ⊂ L≤p

irr (X ) ⊂ · · · ⊂ L∞
irr (X ) =

⋃

p≥2

L≤p
irr (X )

such that the following restriction is bijective
ζ : Q[L∞

irr (X )] → Z = Q[Z∞
irr (X )] = Q[{ζ(p)}p∈L∞

irr (X )].

2. A ideal RX generated by the polynomials {Ql} l∈LynX
l 6=y1,x0,x1

homogenous

in weight (= (l)) such that the following assertions are equivalent

i. Ql = 0,
ii. Σl → Σl (resp. Sl → Sl ),
iii. Σl ∈ L∞

irr (Y ) (resp. Sl ∈ L∞
irr (X )).

0 6= Ql is led by Σl (resp. Sl), being transcendent over Q[L∞
irr (X )],

and Σl →Υl (resp. Sl →Ul) being homogenous of weight p = (l)

and belonging to Q[L≤p
irr (X )]. In other terms, Σl = Ql +Υl (resp.

Sl = Ql + Ul ), i.e. spanQ
{Sl}l∈LynX\X

{Σl}l∈LynY\{y1}
= RX ⊕ spanQL

∞
irr (X ).

18 / 20



Im and ker of ζ : (Q[{Sl}l∈LynX\X ], ⊔⊔ ,1X∗)

(Q[{Σl}l∈LynY\{y1}
], ,1Y∗)

։(Z,.,1)

Let Q ∈ RX ∩Q[L∞
irr (X )]. Since RX ⊆ ker ζ then ζ(Q) = 0. Restricted

on Q[L∞
irr (X )], the polymorphism ζ is bijectice, it follows then Q = 0.

For any w ∈ x0X
∗x1

(Y\{y1})Y ∗ , by the Radford’s Theorem, ζ(w) ∈ Q[Z∞
irr (X )].

Thus, for P ∈
Q[{Sl}l∈LynX\X ]

Q[{Σl}l∈LynY\{y1}
]
,P /∈ ker ζ, by linearity, ζ(P) ∈ Q[Z∞

irr (X )].

Proposition 1
Q[{Sl}l∈LynX\X ] = RX ⊕Q[L∞

irr (X )],
Q[{Σl}l∈LynY\{y1}] = RY ⊕Q[L∞

irr (Y )],
(as v.s. associated to ⊔⊔ or -subalgebras). By duality & CQMM,

U(LieQ〈X 〉 \ X ) = JX ⊕ U(LieQ〈{Pl}l∈LynX :Sl∈L∞
irr (X )〉),

U(LieQ〈Y 〉 \ {y1}) = JY ⊕ U(LieQ〈{Πl}l∈LynX :Σl∈L∞
irr (Y )〉),

where JX (resp. JY ) is a Lie ideal generated by {Pl}l∈LynX :Sl /∈L∞
irr (X )

(resp. {Πl}l∈LynY :Σl /∈L∞
irr (Y )).

Now, let Q ∈ ker ζ, 〈Q|1X∗〉 = 0. Then Q = Q1 + Q2 with Q1 ∈ RX

and Q2 ∈ Q[L∞
irr (X )]. Thus, Q ≡RX

Q1 ∈ RX .

Corollary 4
Q[{ζ(p)}p∈L∞

irr (X )] = Z = Im ζ and RX = ker ζ.
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Structure of polyzetas
As an ideal generated by homogenous polynomials, ker ζ is graded. Since
Im ζ ∼= Q1Y ∗ ⊕ (Y − {y1})Q〈Y 〉/ker ζ ∼= Q1X∗ ⊕ x0Q〈X 〉x1/ker ζ then

Corollary 5
Z is graded.

Now, let ξ := ζ(P), where Q〈X 〉 ∋ P /∈ ker ζ, homogenous in weight.
Each monomial ξn, n ≥ 1, is of different weight (because ZpZn ⊂ Zp+n).
Thus ξ could not satisfy ξn + an−1ξ

n−1 + . . . = 0, with an−1, . . . ∈ Q.

Any s ∈ L∞
irr (X ) is homogenous in weight then ζ(s) is transcendent over Q.

For any l ∈ LynX , l 6= y1, x0, x1, one has l � yn (resp. l � xn−1
0 x1). In

particular, Σyn = yn ∈ LynY and Sxn−1
0 x1

= xn−1
0 x1 ∈ LynX . Next,

1. ζ(2) = ζ(Σy2) = ζ(Sx0x1) is then irreducible and, by the Euler’s
identity about the ratio ζ(2k)/π2k , one deduces then, for k > 1,
Σy2k = y2k /∈ L∞

irr (Y ) and Sx2k−1
0 x1

= x2k−1
0 x1 /∈ L∞

irr (X ),

2. Σy2n+1
= y2n+1 ∈ L∞

irr (Y ) and Sx2n
0 x1 = x2n0 x1 ∈ L∞

irr (X ).

THANK YOU FOR YOUR ATTENTION
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