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Picard-Vessiot theory of ordinary differential equation
(k,0) a commutative differential ring without zero divisors.
Const(k) = {c € k|dc = 0} is supposed to be a field.
(ODE) (2,0" +a, 10"+ ... +a0)y =0, ag,...,an_1,an € k.

~1is supposed to exist.

Definition 1
1. Let y1,...,yn be Const(k)-linearly independent solutions of (ODE).
Then {y1,...,¥n} is called a fundamental set of solutions of (ODE)
and it generates a Const(k)-vector subspace of dimension at most n.

2. IfY M =k{y1,...,ys} and Const(M) = Const(k) then M is called
a Picard-Vessiot extension related to (ODE)

a

3. Let k C K; and k C K; be differential rings. An isomorphism of
rings o : Ky — K5 is a differential k-isomorphism if
Vae Ky, 09(o(a)) =0(da) and, if a €k, o(a) = a.
If K; = K; =K, the differential galois group of K over k is by
Galk(K) = {co|o is a differential k-automorphism of K}.
1. Let Ri, R> be differential rings s.t. Ry C R». Let S be a subset of R;.
R:{S} denotes the smallest differential subring of R containing R.
R1{S} is the ring (over Ri) generated by S and their derivatives of all orders.
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Linear differential equations and Dyson series

Let ag,...,a, € C(2), (an(2)0"+ ...+ a1(2)0+ ao(z))y(z) = 0.

9q9(z) = Alz)a(z),  Alz) € Mpn(C(2)),
(ED) q(ZO) = A€ Ml,n(C)a
}/(Z) = /\q(Z), UGMn 1((C)

By successive Picard iterations, with the initial point q(z) = 7, we get?
y(z) = AU(z0; z)77, where U(zy; z) is the following functional expansion

U(z0; 2) = Z/ A(z1)dz /Z1 (22)d22.../2k 1 A(zx)dzk,(Dyson series)

k>0 20 20 20
and (2,21 ...,2k, z) is a subdivision of the path of integration zy ~» z.
In order to find the matrix Q(z; z) s.t.
U(z0; z) = exp[Q(z0; 2)] = T exp / A(s)ds, (Feynman's notation)

Jzg

Magnus computed Q(zp; z) as limit of the following Lie-integral-functionals
Qi(z0;2) = / A(z)ds,
E)

Q(20;2) = /Z[A(z) + [A(z), Qk—1(20; 5)]/2
+f[A(Z)7 Q_1(20;5)], Q—1(20; 5)] /12 + .. .)ds.

2. Subject to convergence.

70



Fuchsian linear differential equations
Let us consider, here, o = {s;j}i=o,.. m as set of simple poles of (ED).

m M; € M,,(C),
- Z Miui(z),  where { u(z) = (z—s)"' €C(2).

da(z) = (é%u;(z))q(z)

a(z0) =,
¥(z) = Aq(2).
Let H(2) be the ring of holomorphic functions (1q : neutral element) over
the multi-cleft complex plane Q (from s;'s to infinities without crossing).
Let X* be the set of words over X = {xo,...,xn} and
aZ @ M : C(X) ® C(X) = M, ,(H())
(zo ~ z is the path of integration previously introduced) s.t
M(lx*):Idn and M(X;1-~'X,'k): M,lM

IPE]
z le Zk—1 de
Z(1y:)=1 d z e X ) = . .
OZz[)( X ) H(Q) an aZO (Xl Xk) /20 Z1 — Sj ~/ZO Zx — Sj
Then3 ( ) = )\U(Zo z)n with

k
U(zo; z ZM =(M®ay) ZW@W

weX* weX*

(ED)

3. Subject to convergence.
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Examples of linear dynamical systems

Example 2 (Hypergeometric equation)

Let ty, t1, t, be parameters and
z(1 = 2)y(z) + [t — (to + t1 + 1)z]y(z) — tot1y(2) = 0.

Let g1(z) = —y(z) and g2(z) = (1 — z)y(z)(. I)-Ience, one has
_ qi\z
d A= 0 <qz(2))
q(z)\ _ (Mo M\ (ai(2)
<¢2(Z)> B < z * 1—2) <Q2( ) )
_ q1(z
= (uo(z )/V’0+U1(Z)M1) w(2))
where uo(z) =z (1- and

0 1
<t0t1 > and My = — (0 to — tg — tl) ’



Nonlinear differential equations

da(z) = (i Tiaulz)) @),

(NED)
q(z0) = Qo
y(z) = f(q(2)),
where
> ui € (k, 8),
> the state ¢ = (qu,. .., qn) belongs the complex analytic manifold @

of dimension n and qq is the initial state,
the observation f € O, with O the ring of analytic functions over Q,

for i = 0.1, T; = (T}(q)0/0q1 + -+ T/"(q)0/9qs) is an analytic
vector field over Q,with T/(q) € O,for j=1,...,n.

With X and o given as previously, let the morphism 7 be defined by
7(1x-) = Id and 7(x; -+ x;,) = Tpy ... Tj,. Then® y(z) = T o fi with

T=Y rwoiw)=(roa) Y wow

weX* weX*

4. Subject to convergence.
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Examples of nonlinear dynamical systems (1/2)

Example 3 (Harmonic oscillator)

Let ki, ko be parameters and 0%y(z) + kiy(z) + kay?(z) = t1(2)
which can be represented by the following state equations (with n = 1)

y(z) = q(2),
dq9(z) = Ao(q)uo(z) + Ab(q)ul(z), 5
where Ag = _(k1q+k2q2)87q and A; = A

Example 4 (Duffing equation)

Let a, b, ¢ be parameters and 92y(z) + ady(z) + by(z) + cy*(z) = 1 (2)

which can be represented by the following state equations (with n = 2)
y(z) = a2),

<gglgg> B < (aq2+g2q1+cq1)> O(Z)+<(1)) un(2)
Ao(q)uo(z) + Ar(q)ui(2),

where  Ag = (aq2+b2ql+CQ1)37+q281 and A; = gy



Examples of nonlinear dynamical systems (2/2)

Example 5 (Van der Pol oscillator)
Let v, g be parameters and
0?x(2) — Y[1 + x(2)?]0x(z) + x(z) = g cos(wz)

which can be tranformed into (with C is some constant of integration)
z

Ox(z) = v[1 + x(2)?/3]x(z) — / x(s)ds + g sm(wz) +C.

Supposing x = dy and u1(z) = gsm(wz)/w +C, it Ieads then to
0%y(z) =0y(2) + (9y(2))*/3] + y(2) + ui(2)

which can be represented by the following state equations (with n = 2)
y(z) = a(2),

<gg;8> N (V(qz + :22/3) +q > uo(z) + (2) ui(z)
= Ao(q)uo(z) + Ar(q)ur(2),

B)
here Ay = .
where  Ag V(g2 +a3/3) + q1] -ty 9 3,
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DUAL LAWS AND REPRESENTATIVE SERIES
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Dual laws in bialgebras
Startting with a k — AAU (k is a ring) A. Dualizing i : A®k A — A, we
get the transpose 'y : AV — (A ®k A)Y so that we do not get a
co-multiplication in general.

> Remark that when k is a field, the following arrow is into (due to
the fact that AY ®x A is torsionfree)
d:AY @ A — (A ®x A)V.

> One restricts the codomain of *; to AY ®k A" and then the domain
o (fp) 1e(AY @k AY) =: A°.

t

AY K (A A)Y
] . o

A° a AV @y AY
can]\ ]\J@j

.AOO A“ Ao ®k Ao

The descent stops at first step for a field k and then A°° = A°.
The coalgebra (A°, A,) is called the Sweedler's dual of (A, p).
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Case of algebras noncommutative series
> X denotes the ordered alphabets Y := {yi}x>1 or X := {xo, x1 }.
On the free monoid (X*, conc, 1v+), we use the correspondences
Xgl_lxl .. .XS’_lxl € X*xq ::szl Y €Y (s1,...,5) €N
X
Let LynX denote the set of Lyndon words generated by X.

> Let (Lieal(X)),[.]) and (A{X)), conc) (resp. (Liea(X),[.]) and
(A(X), conc)) are the algebras of (Lie) series (resp. polynomials).
{Pi}iecynx (resp. {M;}iecyny) is a basis of Lie algebra of primitive
elements and {S;}iecyny (resp. {1} iecyny) is a transcendence
basis of (A(X), w ,1y«) (resp. (A(Y), w,1yx)).

> H o, (X):=(A(X),conc,1y«, A, ,e) and
Huw (Y) := (A(Y),conc,ly«, A, e) with® (for x € X,y; € Y)
Ay x = xQ@1ly«+1x-®x,
Awy, = Yi@lye+1y=@yi+ > i Yk @y

» The dual law associated to conc is defined, for w € X*, by
ACOHC(W) - Zu,vEX*,uv:w uv.
5. Or equivalently, for x,y € X,yi,y; € Y and u,v € X* (resp. Y™),

vw ly =1y« wu=uwvand xuw yv = x(uw yv)+ y(xu w v),

v lys =1y« wu = uand xiuw yjv = yi(uw yv) + yi(yiv 5 v) + yieg(u e v)
13/70




Dualizable laws in conc-shuffle bialgebras (1/2)
We can exploit the basis of words as follows
1. Any bilinear law (shuffle, stuffle or any) u : A(X) @4 A(X) = A(X)

can be decribed through its structure constants wrt to the basis of
words, i.e. for u,v,w € X*, Ty = (u(u® v)|W> so that
(t® V) Z o
weX*
2. In the case when ']/, is locally finite in w, we say that the given
law is dualizable, the arrow t14 restricts nicely to A(X) < A(X))
and one can define on the polynomials a comultiplication by

p(w) = Z M@V,

u,veX*

3. When the law p is dualizable, the following arrow A, is unique to
be able to close the rectangle and A, (P) is defined as above,

A(X) : Alx™ © &™)

Can]\ ]\d)lA(X)@AA(X)

A(X) @4 A(X)
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Dualizable laws in conc-shuffle bialgebras (2/2)
4. Proof that the arrow A(X) ®4 A(X) — A(X* @ X*)) is into :

Let T=3", P;®a Q; such that ®(T) = 0. Rewriting T as a

finitely supported sum T = Z ¢yt @ v (this is indeed the iso
u,veX*
between A(X) ®a A(X) and A[X* x X*]), ®(T) is by definition of
® the double series (here a polynomial) s.t. (P(T)|u® v) =c, . If
®(T) =0, then for all (u,v) € X* x X*, ¢,, = 0 entailing T = 0.
We extend by linearity and infinite sums, for S € A{(Y)) (resp. A{(X))), by
AuS= D> (SwhAww €AY ®Y*),

wey*

Aconcs = Z <5|W>Aconcw € A<<X* 0 X*>>a
weX*

AyS= Y (SWA ., w €A(Xx*®x*).
weX*

A(X) @ A{(X)) does not embed injectively in® A(X* @ X*) = [A(XN](X)).
6. A{X) ® A(X)) contains the elements of the form 3°._, i ite Gi @ D; (with

(Gi, Di) € A{X) x A{X))) which can be interpreted as double series. But, a priori,

the images of different dual laws cannot be, in general reduced to such sums.
Furthermore, the arrow tensor products of series—double series may

not be into, when A is only a ring.

15/70



Extended Ree's theorem

Let S € A(Y)) (resp. A(X))), A is a commutative ring containing Q.
The series S is said to be

1. a w (resp. conc, w )-character iff, for any w,v € Y* (resp. X'*),

(S|w)(S|v) = (S|w s v) (resp. (S|wv), (S|w w v)) and (S|1) = 1.

2. an infinitesimal w (resp. conc, w )-character iff, for any
w,v € Y* (resp. X*), (S|lwwv) = (S|w){(v|ly«) + (w|ly«)}(S|v)
(resp. (S[wv) = (S[w)(v[1x-) + (w[lx-)(S|v),
(Slw w v) = (S|w)(v[1x-) + (w[lx+)(S[v)).

3. a group-like series iff (S|1y«) =1and A S =d(S® S) (resp.
Aconcs = CD(S & 5)7 AwnS= (D(S ® 5))

4. a primitive series iff Ay S =1y~ ® S+ S ® Ly~ (resp.
AeoncS =11+ ®@5+S5S@1x«, AL, S=1- Q@S5+ 5@ 1x+).

Then the following assertions are equivalent
1. Sisa i (resp. conc and w )-character.
log S an infinitesimal s (resp. conc and w )-character.

. S is group-like, for A, (resp. Acone and A ).

e

log S is primitive, for A (resp. Acone and A, ).
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Extension by continuity (infinite sums)
Now, suppose that the ring A (containing Q) is a field k. Then
AL k(X)) = k(X)) @k(X) and Ay k(YY) = k(Y)@k(Y)
are graded for the multidegree. Then A 4, is graded for the length. Their
extension to the completions (i.e. k{(X) and k{{(X* ® X*))) are
continuous and then, when exist, commute with infinite sums. Hence

Veek, A, =Y AL x"=) ¢ Z()XJ@)X

n>0 n>0 j=0

7,8

For ¢ € N>, which is neither a field nor a ring (containing Q), we also get

() =(c=17" > () w ()" €Nx(a),

a,beN>1,a+b=c

Ay (ex) #(e=1)71 ) (ax)" @ (bx)* € Q&) @ Q(X)),
a,beN>1,a+b=c
because

(LHS|x ® 1x+)=c and (RHS|x®1lxy«)=(c—1)" Z

For c € Z (or even Q, R, C), the such decomposition is not flnlte

7. For S € A(X)) s.t. (S[1lx+) =0, S* =37 ;5" is called Kleene star of S.

8. AL X"= (A x)" = (lax ©x+x@1a-)" =37, (¥ @x"7.
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Case of rational series and of Aconc
A" (X)) denotes the algebraic closure by? {conc, +,*} of AX in A(XY).

A(X) A(X* © X))
can T“"Am (XD @ AT (X))
AT (X)) oo y ATT(X)) @4 ATE(X)

The dashed arrow may not exist in general, but for any R € A (X))

admitting (A, i, ) as linear representation of dimension n, we can get
fconc(R) = (3.1, G ® D;).

Indeed, since (R|xy) = Au(xy)n = Ap(x)u(y)n (x,y € X) then, letting

e is the vector such that fe;=(0 ... 0 1 0 ... 0), one has

(Rlxy) = Zm eten(y)n =3 (GIx)(Dily) = S (G @ Dix @ y).
i=1 i=1
G; (resp. D) admlts then (A, i, ;) (resp. (*e;, 1, m)) as linear representation.
If A=k being a field then, due to the injectivity of ®, all expressions of
the type 27:1 G; ® Dj, of course, coincide. Hence, the dashed arrow (a
restriction of Agnc) in the above diagram is well-defined.
9. A™((X)) is closed under w . A ((Y)) is also closed under +s.
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Representative series and Sweedler's dual
Theorem 6 (representative series)
Let S € A{(X)). The following assertions are equivalent

1. The series S belongs to A™((X)).

2. There exists a linear representation (v, j1,m), of rank n, for S with
v e My ,(A),n € M,1(A) and a morphism of monoids
i X* = M, o(A) s.t., for any w € X*, (S|w) = vu(w)n.

3. The shifts!® {Saw}yex~ (resp. {w> S}yex~) lie within a finitely
generated shift-invariant A-module.

Moreover, if A is a field k, the previous assertions are equivalent to
4. There exist (G;, D;)icFinite S-t. Dconc(S) = X icpaimie Gi @ Di.

Hence, H°, (X) = (K™*(X)), w ,1x+, Aconc,e) and
Hotu (Y) = (krat<<y>>7 L, 1X*7Aconca e)-
Now, let A... (X)) (resp. A% (X)) be the set of exchangeable ! series

(resp. series admitting a linear representation with commuting matrices).

10. The left (resp. right) shift of S by P is P> S (resp. S < P) defined by, for
w e X*, (P> S|w) = (S|wP) (resp. (S < Plw) = (S|Pw)).

11. e if S € Acxc (X)) then (Vu,v € X*)((Vx € X)(Julx =|v|x) = (Slu) = (5@/);0




Kleene stars of the plane and conc-characters
For any S € A{(X)), let VS denotes S — 1y~.

Theorem 7 (rational exchangeable series)

1 AR AX) C AN N Acxe (X). If A is a field then the equality
holds and A%t (X)) = A8 (xo)) w A" ((x1)) and, for the algebra of

exc

series over subalphabets A (YY) := Urc . y AV (F)), we get!?

AG YD NARTY) = Ukzo A™ (ya)) w - w A (i) & ASL(Y))-

2. Vx € X, A (x) = {P(1 — xQ) '} p geap- Ifk is an algebraically
closed field then k™' {(x)) = span,{(ax)* w k(x)|a € K}.

3. If Ais a Q-algebra, {x*}icx (resp. {y*} ey ) are conc-character
and alg. free over (A(X), w ,1x+) (resp. (A(Y), w,1y+)) within
(AH(X), w  Ly-) (resp. (A(Y)), w ,1y+)).

4. Let S € A(X). If A=k, a field, then t.f.a.e.

a) S is groupe-like, for Agonc.
b) There exists M := 3y cxx € kX st S=M*
c) There exists M :=>" . cx € kX st VS=MS=SM.

12. The following identity lives in A% (Y)) but not in ARL{Y ) NARI(Y)),
n+..) =limegooi 4 ) = liMps ooy wo L ow Y= s sy i
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Linear representations and automata
For i = 1,2, let R; € C™'((X')) and (vj, i, ni) be, respectively,

representations of dimension n;. Then the linear representation of

e e (b (76 20) (1))

Riw Ry is (11 @ w2, {pa(x) @ Iny 4 Iny @ p2(X) }xex, M © 12),
Riw Ry is (Vl @ 12, {Ml(yk) ®@Ip, + 1 ® NZ(YI() + ZiJrj:k

pa(yi) ® MZ()/j)}kzh m @ n2).
Example 8 (of (—Xofixoxl)* and (t2xpx1)*)

X1, it

(*t2X0X1)* (t2X0X1)

=(10), m= <1>, p(xo) = <8 é), Ml(X1)=<(t) 8>,

—(1 0), m= () ) = (5 )+ b= (5 7)

(v, {1(x0), u(x1)}, (v1 @ v, {p1(x0) ® In, + In, ® p2(x0),
p1(x1) @ Iny +Iny @ pr2(x1), 11 @ 1m2).
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Triangular sub bialgebras of (A™'(X)), w , 1x+, Aconc; €)

Let (v, u,n) be a linear representation of R € A™%((X)) and L be the Lie
algebra generated by {/(x)}xex.

Let M(x) := u(x)x, for x € X. Then R = vM(X*)n. If {u(x)}xex are
triangular then let D(X) (resp. N(X)) be the diagonal (resp. nilpotent)
letter matrix s.t. M(X) = D(X) 4+ N(X) then

M(X*) = ((D(X*)T(X))*D(X*)). Moreover, if X = {xg,x1} then
M(X*) = (M)M(x0))* M(x7') = (Mx5)M(>1))" M(x5)-

If Ais an algabraically closed field, the modules generated by the
following families are closed by conc, w and coproducts :

(Fo) Eixi...EjxiEjr1, where Ep € A ((xo)),

(Fl) Eixg... EonEj+1, where Ej € Arat <<X1>>,

(FQ) E1X,'1 . EJX,j Ej+1, where Ej € Agitc«X», X, € X.
It follows then that

1. R is a linear combination of expressions in the form (Fg) (resp.
(F1)) iff M(x{)M(xo) (resp. M(x3)M(x1)) is nilpotent,

2. R is a linear combination of expressions in the form (F,) iff L is
solvable. Thus, if R € AL (X)) w A(X) then L is nilpotent.

exc
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CONTINUITY OVER CHEN SERIES
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lterated integrals over w;(z) = uy(z)dz and along zy ~ z
Now, let Q2 be a simply connected domain admitting 1q as neutral element.
Let A := (H(Q),0) and let Cy be a differential subring of A (9Cy C Cp)
which is an integral domain containing C.
C{(gi)ici}} denotes the differential subalgebra of A generated by (g;i)ic/,
i.e. the C-algebra generated by g;'s and their derivatives
{uy}xer : elements®® in Co N AL, correspondent to {0, }xex (0x = ug ).
The iterated integral 1* associated to x;, ...x; € X*, over the differential
forms w;(z) = uy(z)dz,i > 1, and along a path zy ~~ z on £, is defined by

of,(la-) = lo, )
k—1
ajo(x,-l...x,-k) = / w,-l(zl).../ wi, (zk).
Zp Zp

z Zk—1
80&;0(X,'1 ‘e .X,'k) = Ux,-l (Z) / w,'z(Zz) . / w,-k(zk).
Zp Zp

C  spancf(u),e g 105 (W) wer

c Spancg(u plad (W)twex-

= CH{(us xex}} ®<c spanc{aZ (W) }wex-7
13. In control theory, these are called “inputs” and they may vary (see bellow).

14. The value of o (x;, ... x;) depends on {w;}i>1, or-equivalently on {u,}.ex.
25 /70
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Iterated integrals and integro differential operators

Let C = C{{(uf')xex}}. One has 6, € C(d), for x € X, and
Vx,y € X, Ywe X*, 6.z (yw) = ul(2)uy(2)0Z (w).
Now, let © be the morphism C(X) — C(0) defined as follows
O(u)f, if w=uxeX*X.
One has, for any w € X'*,

1. ©(w)aZ (w) = 1g, and then 9(©(W)aZ (w)) = 0.
2. LyaZ (W) =0, where L, := 00(w) € C(0).

For any x; € X, let us consider a section of 0, : 0.t = Id, i.e.
V4

VF EH(Q), 12f(z) = / wi($)F(s).
b
The operator 6,:2, for x # y, admits uyu;1 as eigenvalue, i.e.
Ve H(Q), (0,02)f =uyu'f, inparticular, (0,:2)1lq = uyug’.
Now, let 3% be the morphism defined as follows
Id if w=1y-
CxZ _ 3
3 (w) = { So(u) if w=uxeX*X.
Hence, for any w € X*, 3% (w)lq = o (w).
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Practical example (polylogarithms)

For X = {x0,x1} and Q = C\ (] — 00,0] U [1, +0o0]), let us consider
Uo(z) =271 and uy(z)=(1-2)"L

Then, on the other hand,

wo(2) = Uy (2)dz = z71dz and wi(2) = uy(2)dz = (1 — z)"1dz,

Oy = uy'(2)0 = z0 and 0, = u ' (2)0 = (1-z)0.

On the other hand '°, C = C{{(vf)xex}} = Clz, 271, (1 — z)!] being
closed by 0,,,0,, and then by 9 = 6,, + 0., = ©(xo + x1). One also has
. (9([x1,x0]) == [QXI,GXO] =0.
. Vw € X*xq,S0(w)lq = ad(w) = Li,(2).
C(0t2)lg=2z(1—z) ' and (04 2)1lg =21 — 1.

[0xt2, 05, 12] = 0.

X0%x17 Y X1%xg

(GXObi‘i)(alei‘;) = (9X1L>Z<g)(0><ob>z<2) =1Id.

For any L € C(9), there is P € C(X) s.t L = ©(P), meaning that © is
surjective and non injective. Moreover, ker © is the left principal ideal
generated by [xi, xo] — xo — Xi.

[y

oA e

15. Any p € C is polynomial on z,z7* and (1 — z)~! and admits 0 and=1 as poles.
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Structure of iterated integrals

Proposition 1
The following assertions are equivalent
1. The morphism (Co(X), w ,1x~) — (spane {aZ (wW)}wer~, X, 1a)
is injective.
- {aZ,(w)}wex~ is Co-linearly independent.

2

3. {aZ,()}iccynx is Co-algebraically independent.
4. . (X)}xex is Co-algebraically independent.
5. {ag(

{of
{aZ (X)}xexu{in-1 is Co-linearly independent.

If one of the above assertions holds then

L. Co[{aZ,(w)}wex~] forms the universal Co-module of solutions of all
differential equations Ly = 0,

2. Co{aZ (w)}wex~ forms the universal Picard-Vessiot extension
related to all differential equations Ly = 0,

where 1 ['s are linear differential operators belonging to Co(d).
16. Let Z,, := {L € Co(0) s.t. Loz (w) = 0}, for w € X™. Then Z, is a left ideal.
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Examples of linear differential equation
Example 9 (with C = C(z2))
(0—-2)y =0 (1)
1. /2 is solution of (1).
2. ce?/2 = e7'/2¢l8< s an other solution (c € R\ {0}).
3. {e22/2} is a fundamental set of solutions of (1).
4. C{e*/?} is a Picard-Vessiot extension related to (1).
For 0., = z0 and 0,, = (1 — 2)0, since Ly,x, = 004,05, € C(0) then let
Ly = (2(1 = 2)0* 4+ (2 — 32)9*> — 9)y = 0. (2)
1. Ly, Lio = 0 meaning that Li, is solution of (2).

2. cLip = Lip €'°8€ is an other solution (c € R\ {0}) but it is not
independent to Lis.

3. {Lip,log,1q} is a fundamental set of solutions of (2).
4. C{Lip,log,1q} is a Picard-Vessiot extension!’ related to (2).
17. C{Liz(2)} = C ® C[Liz(2), log(1 — ), log(2)].
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Chen series of {w;};>1 and along z5 ~> z

We get on the bialgebras # ,, (X') and H s (Y) (over a commutative
ring A containing Q)

N \
Dy = Z wRw= H e>®Pand Dy = Z wRw= H e=®m

weX* leLynX weY* leLynY
Hence, since of (v w v) = aZ (u)aZ (v), for u,v € X*, then the Chen
series, Cynz € H(Q){ X)), is given by

Copusz = Z ag (w)w = (az, ® Id)D H %% (S0P
wex* leLynX
and then®® A | C, ., = Cp ® Cpy and (Cppr|1ae) = 1.

Note that C,,.., only depends on the homotopy class of zy ~» z and the
endpoints zp, z. One has C, .., Cpszy = G5 onz. Or equivalently,

Yw € X*, <C21WZ|W> = Z <Czow2|u><cz1wzo‘v>‘
u,veX* uv=w
Although Aconew = Y U@ v but Acone Gz Copz @ Gy

u,veX* uv=w

18. (Copez|u w v) = (Cyonz|u){Csyoz|v) and on the other hand,
(Copzfuw v) = (A ) Copoaz|U ® V), (Copz | ) Copnz |v) =4 Crpnz ® Cryonz|E® V)
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More about Chen series
Note also that, for g € H(£2), one has Co(z0)~g(z) = 8+ Capmz, I.€. the
Chen series of {g*w;};>1 along the path g*(z ~~ z).
Example 10 (with wo(z) = z7tdz and wy(z) = (1 — z)1dz)
’ g(z) H z \ z7 1 \ (z—1z7 1t \ z(z—- 1)1 \ (1-2)71 \ 1-~z ‘
g¥wo || wo —wWo —W1 — Wo w1 + wo w1 —wy
g*wl w1 w1 + wWo —Wo —Ww1 —Wwi1 — Wo —wp

For any n > 0, one has
dnCZON»z = pnCzo->Z7
where, for any S € H(Q){(X),dS € H(Q){X)) is defined as follows
dS = > (9(S|w))w
weX*
pn € C(X) is defined as follows

-2 ST e

wgtr=nweX" i=1
and, for w = x;, ...x;, € X* associated to the derivation multiindex

r=(r,...,r) € Nk of weight wgtr = |w| + Zf;l r; and of degree
degr = |w|, (W) := 7, (Xi) . .. T, (Xi,) = (0"t )X, - - (O™ U, )X, -
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Continuity, indiscernability and growth condition
For i =0,2, let (k;, ||.||,) be a semi-normed space and g; € Z.

Definition 11
1. Let Cl be a class of ki ((X)). Let S € ko ((X)) and it is said to be

a) continuous over Cl if, for ® € Cl, the following sum is convergent

> HSIWILIKPIw)Il,-
weX*
We will denote (S[|®) the sum - .. (S|w)(®|w) and

ko (X))t the set of continuous power series over C.
b) indiscernable over CI iff, for any ® € Cl, (S||®) = 0.

2. Let x1 and x2 be real positive functions over X*. Let S € ky {(X)).

a) S satisfies the x1—growth condition of order gy if it satisfies
IK eRy,Ine N,Yw € X2, [[(S|w)]|, < Kxa(w) |w|1&.
We denote by k(IXI’gl)«X» the set of formal power series in
k1 (X)) satisfying the x;—growth condition of order gy.
b) If S is continuous over kS (X)) then it will be said to be

(x2, &)-continuous. The set of formal power series which are

(X2, 8)-continuous is denoted by k&) (ycont,
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Convergence condition

Proposition 2
Let x1 and x> be real positive functions over X*.
Let g1 and g» € Z such that gy + g» < 0.

1. Let kX&) (X)) g1 >0, and let P € ky(X).
The right residual of S by P belongs to k"€ (x).

2. Let Re k{* &) (X)), g, <0, and let Q € ky(X).
The concatenation QR belongs to ngZ’gZ)«X by

3. X1, X2 are morphisms over X* satisfying 3 ., x1(x)x2(x) < 1.
If Fy € kY8 (X)) (resp. Fy € kS8 (X)) then Fy (resp. F») is
continuous over k&) (X)) (resp. k8 (x) ).

Proposition 3

Let CI C ki (X)) be a monoid containing {e™}:SKL. Let S € ko ((X)CONt.

XEX"

1. If S is indiscernable over Cl then for any x € X, x< S and S x
belong to ky (X)€" and they are indiscernable over Cl.

2. S is indiscernable over Cl iff S = 0.
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Chen series and differential equations

Let K be a compact on 2. There is ck € R>¢ and a morphism My s.t.
Yw e X" (Cozlw)llic < ckMic(w) [w]!™.

Let R € C™((X)) of minimal representation (A, 1, n) of dlmension n. Then
Yw e X%, [(RIw)|< A (w) 12

With these data, we have

Theorem 12

If i ML S e v Mic ()03 |2 < 1 then o2 (R) = (R||Cyeoz) and

Vx € X, 0.0Z(R) =3 cxts (2)uw(z)a (Rax').
Letting y(zo,z) := (R||C4~-z), the following assertions are equivalent :

1. Thereis p € Co{X) s.t. (R||pCspmsz) = (R p||Chynz) = 0.

2. Thereis | =0,..,n—1 s.t. {0%y}o<k< is Co-linearly independent
and aj,... a1, a0 € Co s.t. (30" + ...+ a10+ ap)y = 0.

Proposition 4

Let G € C{(X)) and H € Cexc (X)) s.t. aZ (G) = (G| C;ynz) and
h(aZ (x0), o, (x1)) := o (H) = H||CZOWZ> exist (X = {xo,x1}). Then

(
az,(HG) = (G|1x-)az (H) + /h(as(Xo)aai(Xl))dazo(G)

20
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Practical examples (eulerian functions)

Forany z € Q =C,|z|< 1, in all the sequel, let us consider
_ )k _ r\k
z) =z — Zg(k)% and Vr > 2, £,(z) = — Zg(kr)( i )
k>2 k>1
Recall that y" =y = "/nl, fory e X*,ne€Nand t € C,|t|< 1. Then

soom L LaE )] ; o
az (y") = — . and oz ((ty)*) = W),

Example 13 (extension of eulerian functions)
Foranyz€ Q=C,|z|< 1 and k > 1, one has

L oue ] o5 (k) \ o5 (i) |
1o z e
(1-2)71T —log(1 — z) (1-2)71T
Oy li(2) el(?) = y’kl(l +z)
eékagk eik(z) —- r;kl(l + Z) e’fk @)1

The function ¢y is already considered by Legendre for studying the
eulerian Gamma function, I, noted here by I, (Legendre cited Euler).
What are {a§(w)}wey-y ? Similarly, in the case of {a§(w)}we(vuiyh)-
and with the new input uy,(z) = z71dz?
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First properties of extended eulerian functions
Let G, (resp. G,) denote the set (resp. group) of solutions,
{&, ... &1}, of 20 = (=1)""1 (resp. z" = 1), for r > 1. If r is odd, it is
a group as G, = G, otherwise it is an orbit as G, = £G,, where £ is any
solution of £&" = —1 (or equivalently, £ € G5, and £ ¢ G,).
Proposition 5 (Weierstrass factorization)
1. Forr>1,x€G, and z € C, |z| < 1, the functions ¢, and e‘ have
the symmetry, £,(z) = {,(xz) and e*(?) = et (x?) In particular, for
r even, as —1 € G,, these functions are even.

2. For |z| < 1, we have

E:Iog[_1+ and e Z)—HeVXZHI—i—— -

X€G, XEG, n>1
3. Foranyoddr>2,T Y(1+z)= et =114 2) H ef1(x2)
X€GA{1}

4. In general, for any odd or even r > 2,

elr(2) — H elilx2) — H(l 7)

X€E€G, n>1
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Other practical examples (1/2)
Example 14 (wy(z) = (1 — z)71dz and wo(z) = z71dz)
1. Forany a,z € Cs.t. |al< 1,|]z|< 1, one has
Liax)x (2) = ag((ax0)"x1)

= / alog(3 wls)—z/Zs" adS*Zn_a.

0 n>0 n>1

2. ForanyneNand a,b e Cs.t. |al< 1,|b|< 1, one has
Lig(2) = of(xg) = |0g"(2)/”!, Liy(z) = af(x}") = log"((1 — 2)7)/n!,
Li(ax)- (2) = af((ax0)") = 2%, Li(bq)-(2) = of((bx1)*) = (1 - 2)~".
Let C = C[z%, (1 — 2)?]a pec and Se (Crat (X)) w C(X) (resp.

exc

Cot (X)) = Cmt () w T2t (), we get
Lis(z) € C[{Li/}iecynx] (resp. C[log(z), log(1 — 2)]).

3. Forany z,a,b € Cs.t. |z|<1and Ra > 0,Rb > 0, we get the
partial Beta function and the eulerian
Beta function, B(a, b) = B(1; a, b) = I'(a)[(b)/T(a+b), as follows *°
Blziab) = [ de e — gt = f o o0 } .
0 lel[((a—l)xg)* w (—b><1)*](z)
19. xo[(axo)* w ((1 — b)x1)* and x1[((a — 1)x0)* w (—bx1)*] are of the form
(F2). What is a5(S), for S of the form (F)?
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Other practical examples (2/2)
Example 15 (Polylogarithms indexed by non positive integers)

Now, let us use the noncommutative multivariate exponential transforms,

i.e., for any rational exchangeable series we get the following transform
Yo osed w g =y ’ll”, log”(z) log™ (1 — 2) ™).
io,i1>0 io,i1=>0

In particular, for any n € N, we have x{ — log"(z)/n! and

x{ + log"((1 — z)71)/n!. Then (tx)* +— z* and (tx1)* — (1 —z)~t.

We then obtain the following polylogarithms indexed by rational series

Li(z) =z, Liw(z)=(1—2)"", Ligagibq)(2) =2°(1—2)7"
Thus, for any (s1,...,s,) € Ni, there exists an unique series R, .
belonging to (Z[x{], w ,1x«) s.t. Li_g, ., - More precisely,

(s1+-+sr)— r r—1
k K
(ky+-+hke—1) s Zsifzki
y51 ysr E E k1 R Ve | i=1 pk1 wo.. . W pk,7

ke
where, for any i=1,...,r, if ki =0 then p, = x; — 1x~ else

ki
Pk—X1““ZS2 PG = 1x-) Y
Jj=1

the Sy(k;,j) being the Stirling numbers of second kind.
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NONCOMMUTATIVE PV THEORY
AND INDEPENDENCE VIA WORDS
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First step of noncommutative PV theory

The Chen series Cyy, Of {wk}k>1 and along the path zy ~» z over Q
satisfies the following differential equation

(NCDE) dS=MS, with M= ux and u, €Con Al

xeX
Ay, M= Z U(lar @Xx+Xx@1xe) =1x- QM+ M@ 1y-.
XEX

The space of solutions of (NCDE) is a right free C{(X))-module of rank 1.
By a theorem of Ree, C,,.., is a w —group-like solution?° of (NCDE).
Moreover, if G, H are w —group-like solutions there is a constant Lie
series C s.t. G = He® (and conversely). From this, it follows that

» the Hausdorff group {eC}CEL,-eC«X», group of characters of
H ., (X), plays the role of the differential Galois group of
(NCDE)+ w —group-like.

Which leads us to the following definition
> the PV extension related to (NCDE) is C/OFK{CZOWZ}.
It, of course, is such that Const(Co((X))) = kerd = C.1q((X)).

20. It can be obtained as the limit of a convergent Picard iteration, initialized
at (Cyymnz|lx) = 1yyq), for ultrametric distance.

40 /70



Basic triangular theorem over a differential ring (BTT)
If S € A{X)) is a group-like solution of (NCDE), given as follows 2!

¢
S= Y (Slww= 3 (SIS,)Pu= ] e”

weAX* weX* IeELynX
then

1. If H e A{X)) is another grouplike solution then there exists
C € Lies (X)) such that S = He® (and conversely).

2. The following assertions are equivalent

a
b

) {(S|w)}wex~ is Co-linearly independent,

) {(S51S1) }iecynx is Co-algebraically independent,
) {(S|x)}xex is Co-algebraically independent,
) {
) {

(@]

d

e

(S]x) fxexu{i~y is Co-linearly independent,

Uy }xex is such that, for f € Frac(Co) and (cx)xex € c),
Z Uy =0f = (Vx € X)(cx =0).
x€X

f) (ux)xex is free over C and OFrac(Co) N spang{ux}xex = {0}.

21. Forinstance, S = Cyovz = D, c aon Q5o (W)w.
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Examples of positive cases over X = {x}, A = (H(Q),0)

1. Q=C,uz) =1q,C = C{{uf'}} =C.
ag(x™) = z"/nl, for n > 1. Thus, dS = xS and
S= Zaé(x")x" = Z Z—IX" = e™.
n>0 n>0 m

Moreover, a§(x) = z which is transcendent over Cy
and the family {a§(x")}n>0 is Co-free. Let f € Cy then 9f = 0. Thus,
if Of = cu, then ¢ = 0.
2. Q=C\] - 00,0],ux(z) = z71,Co = C{z*}} = C[z*!] C C(2).
aZ(x") = log"(z)/n!, for n > 1. Thus dS = z~'xS and

z n n |ogn(z) n X
SZZal(x)x :ZTX =z~
n>0 n>0

Moreover, aZ(x) = log(z) which is transcendent over C(z) then
over C[z*1]. The family the family {af(x")}n>0 is C(z)-free and
then Co-free. Let f € C then Of € spang{z*"},1. Thus,

if Of = cu, then ¢ = 0.
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Examples of negative cases over X = {x}, A = (H(Q), D)

1. Q=C,u(z) = e*,Co = C{{eT?}} = C[e*?].
ag(x™) = (e* —1)"/n!, for n > 1. Thus, dS = e°xS and

S= Zag(x")x” = Z Mxn — el =1)x

n!
n>0 n>0
Moreover, a(x) = e* — 1 which is not transcendent over Cy and
and {ag(x")}n>o is not Co-free. If f(z) = ce” € Cy (¢ # 0) then
0f(z) = ce” = cuy(z).
2. Q=C\]—00,0],ux(z)=2z(a ¢ Q),

Co = C{{z, z*?}} = spanc{z"*'} jez.
a3(x") = (a+1)7"z"@*) /nl, for n > 1. Thus, dS = z°xS and

zn(a+1)

_ z(._n\_n __ n __ a+1712(
S—Zao(X )X —me _e( )

n>0 n>0

a+1)X

Moreover, a§(x) = z**1/(a+ 1) which is not transcendent over Cg
and {aZ(x")}n>0 is not Co-free. If f(z) = cz**1/(a+ 1) € Co
(c # 0) then 0f(z) = cz? = cux(z).
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Independence over C of extended eulerian functions
Let L := spang{¢,},>1 and E := span(c{ezf},zl.
Let C[L] and C[E] be their respective algebra.
Proposition 6
1. The families (¢,),>1 and (ee'),zl are C-lin. free and free from 1q.

2. The families (¢,),>1 and (e"),>1 are C-algebraically independent.

3. Forany r > 1, one has

a) The functions ¢, and e’ C-algebraically independent.

b) The function £, is holomorphic on the open unit disc, D1,

c) The function e’ (resp. e=*r) is entire (resp. meromorphic), and
admits a countable set of isolated zeroes (resp. poles) on the
complex plane which is expressed as LﬂxeG, XZi<_1.

4. One has EN L = {0} and, more generally, C[E] N C[L] = C.1q.
By Theorem 7 and Propositions 1, 6, one deduces then

Corollary 16
The morphism a : (C{(Y), w ,1y-) — (spanc{ad(w)}wey- x, 1q), is

injective, using the inputs {0f,},>1 (resp. {€0¢,},>1).
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Sketched proof of Proposition 6
1. (£,)r>1 is triangular?. So is (e’ — e%(9)),5;. Hence, (¢,),>1 and
(ez,)rzl are C-lin. free. Moreover, (eéf),zl is free from 1q.

2. Using Chen series of {w,},>1 defined, as in Ex. 13, by u,, = e“ 0/,
(resp. uy, = O¢,), via BTT, {e‘},>1 (resp. {¢,},>1) is the C-alg. free.

3. a) Since £,(0) = 0,0e’ = e’ 9¢, then ¢, and e’ are C-alg. free.

b) One has e1(?) = I~1(1 + z) which proves the claim for r = 1.
For r > 2, note that 1 < {(r) < ¢(2) which implies that the
radius of convergence of the exponent is 1 and means that /, is
holomorphic on the open unit disc. This proves the claim.

c) el = 11+ z) (resp. e 4 =T, (14 z)) is entire (resp.
meromorphic) as finite product of entire (resp. meromorphic)
functions and Weierstrass factorization yields zeroes (resp. poles).

4. C[L] (resp. C[E]) is generated freely by (¢,),>1 (resp. (e/),>1)
which is holomorphic on D (resp. entire) function. Moreover, any

f € C[L] (resp. g € C[E]), # 1q, is holomorphic (resp. entire).
Thus, f ¢ C[E] (resp. g ¢ CI[L]). It follows then the expected result.
22. (gi)i>1 is said to be triangular if the valuation of gj, w(gi), equals i > 1. It

is easy to check that such a family is C-lin. free and that is also the case of
families s.t. (gi — g(0))i>1 is triangular.
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Independence of {e’ '}~ over differential subalgebra

Let £ = C{{(E),21}} = CH{EEL, 090, 121] and & 1= CH ()21}

Let £ := C[{0'¢,},i>1]. Frac(L") is generated then by meromorphic

functions. Since, for any i,/,k > 1, there is 0 # q; ;x € L s.t.

(0'e*) = q;; ket then let

ET = spanc{(9tetin)h ... (aikeizrk)lk}(i1,/1,r1),...,(ik,lk,rk)G(N21)3,k21

= spanc{qi hn - q,'k,/k,rkelle’lJr"'er'k }(h,11,rl),...,(ik,lk,rk)ENzlXZ#oxNzl,kZI
C spang. {en Ty ez xnsy k1 = C.

Note that £ N E = {0} and C is a differential subring of A = H(Q2).

Hence, Frac(C) is a differential subfield of Frac(A).

Theorem 17
1. The family (e*),>1 (resp. ({,),>1) is alg. free over £ (resp. LT).
2. C[E] and CI[L] are alg. disjoint, within A.
By Theorems 7, 17 and Proposition 1, one deduces then
Corollary 18
The morphism af : (C{Y)), w ,1y«) — (spanc{ag(w)}wey+, X, 1a), is
injective, where C = L (resp. £ ) using the inputs {0¢,},>1 (resp.
{ee'ﬁér},zl).
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Sketched proof of Theorem 17
1. Using the Chen series of {w,},>1 defined by u,, = elrol,, let
@ € Frac(L) (resp. Frac(C)) and let {¢,},ey € CY), non
simultaneously vanishing, s.t.

0Q = Z cu, = Z c, e oL, .

yey r>1
If 0Q # 0 then, integrating, @ € E and then

E D Frac(L) D L D C[L] (resp. E D Frac(C) DC D ET)
contradicting with E N C[L] = {0} (resp. ENET = {0}). It remains
that 9Q = 0. Since {e },>1 and then {de’},>; are C-lin. free
then, for any r > 1, ¢, = 0.

By BTT, {&§(51)}iccyny and then {a§(S,)}ycy are alg. free over
L (resp. C). Thus, (€%)x>1 is alg. free over C[L] (resp. £T).
Now, suppose there is an alg. relation among (¢x)x>1 over LT in
which, by differentiating and substituting 9¢, by e % 0e*, we get
an alg. relation among {e%},>1 over C[L] and £ contradicting
with previous results. It follows then (¢x)x>1 is L1-alg. free.

2. {e%}i>1 (resp. {lk}x>1) is alg. free over C[L] (resp. C[E]). Thus,
{e®, Uk }k>1 generates freely C[E + L] and C[E] N C[L] = C.1q.
Hence, C[E] and C][L] are alg. disjoint, within_.A.
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Dom(Li,) AND Dom(H,)
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Chen series of wy(z) = z 1dz and wi(z) = (1 — z) ldz

Let () and ~1(g) be the circular paths of radius ¢ encircling 0 and 1
clockwise, respectively. In particular, letting 5 = 1 — 5o, one considers
WEB) = cefmedh coye),
1 B) = 1—eefow1—ceh c ().

On the one hand, one has, for any i =0 or 1 and w € X,
{Cterplw) |< b g w |11,
It follows then
Cyep) =€ +o(g) and C ) = e¥™ 4 o(e).

Hence 23, for R € C**((X)) of minimal representation (X, 1z,7), one has

eaw,(s.a)(s/)#(f’/)) n,

H ea"/,‘(E)(sl)l‘(Pl)> 7.

leLynX

(RICep)) = A

(RICy ) = A

23. Recall that the map aZ, : C™ (X)) — H() is not injective. For example,
az(20xg + (1 — z0)(—x1)" — 1x=) = 0.
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Back to polylogrithms : u, (z) = z 7%, u(z2) = (1 — 2)7?
Here, A = (H(), ) with Q = C\ (] — 00, 0] U [1, +00[).
Let us consider the character Li, : (C(X), w ,1x) — (H(Q), x, 1q)
defined by Liy, (z) = log(z), Liy, (z) = — log(1 — z) and

Vx;v € LynX — X, Liy,(z) = / wi(s) Li,(s).
0

Hence, the n.g.s. of {Liy }wex~=, L, is group-like, for A, , and
Z Li, w = (Lis ®1d)D H elis P,
weX* leLynX

L satisfies the following differential equation
(DE) dL = (uxyxo + U, x1)L
and then L(z) = Cy21(20). It follows the definition of
N\

Z ., = DLreg(l), where L,o = H elis P,
leLynX—X

Theorem 19
Li, is injective. It follows then {Liy }wex~ is C-lin. free and {Li;}iccynx

(resp. {Lis, }1ecynx ) Is alg. free.
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Back to harmonic sums
Let 7y : (C{(X)),.) = (C(Y)),.), maps x5’ 1X1 Xy T o e s
Li,
Yw e X*x, VzeC,|z|<1, 11 = H.yu(n)
n>0
Theorem 20
The morphism of algebras He : (C(Y), w,1y~) = (C{Hw }wey~, ., 1),
mapping u to?* H,, is injective. Hence, {H,, }wecy~ is lin. free. It follows
then {H/}/egyny (resp. {Hz,}/egyny) is a/g. free.
Hence, the n.g.s. of {H, }wey+, H, is group-like, for A, and

= Y Hyw = (H, ®1d)D H etz

weyY* leLynY
It follows then the definition of

N
Zis) = Hyeg(+00), where H.e, 1= H etz
leLynY —{y1}
Theorem 21 (first Abel like theorem)
lim e 950D 1 (2) = lim eXre M h () = 1y 7

z—1 n—o00

24. The {Hu}uey~'s, so-called harmonic sums, are arithmetical functions.
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Back to polyzetas
The polymorphism ( is defined by
. (QleynX = X], w1x:)
CH@QILynY — {yi}], wr, 1ys) (2,.,1)

-1 s —1
Xg'x1...xg o xp € LynX — X B s .
Vs -+ Ys, ELan—{yl} — C(Slv-“asr)— Z ngo.een,

n>...>n,
(Z = spang{((s1,.--,5)}s,>2,5...,5,>1)- It can be extended as characters :

Cw (Q[LynX], w ,1xx) — (Z,.,1),
CuryYo : (QILynY], w,1y.) — (Z,.,1),
Cuw (x0) =0=log(1),
géuu (1) =0= fp., . log(l—2z), {(1-2)log’(1—2)}.cz.pen,

) =0= fp.,, . Hi(n), {n?HP(n)}aez, ben,
M =7= fDPpsiaHi(n), {n?log®(n)}acz ben.
Because, for any | € LynX | ¢ {xp}, one has (see a theorem by Radford)
o= fpo o Hi(n), {n?log®(n)}acz. _, ben,
Ca() = fpopsiocHi(n), {nPHP(n)}aczo , ben,
Cw (N = fp, . Li(z), {(1-2)"log"(1—2)}acz_,.ben-

Hence, their graphs, viewed as noncommutative generating series, are

Z YW =: ZW:e’YYIZtth Z Ctu( W—ZL«u, Z C W)W—
weY* weY* weX*
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Generalized Euler's gamma constant

Theorem 22 (bridge equations)
Let B(yy) = e~ Zi=2 SRk and Mono(yy) = e Zwz2 SR /K

Then, by cancellation, Z, = B(y1)nyZ, <= Zw =Mono(y1)nyZ,, .

Identifying the coefficients of y{w in Z, = B(y1)myZ ., , one has

R = ) SR

S1aeees s, >0
s1+...Fks=k

2 = 3 o) i_-MXw] (Z b (1, —C(2),2¢(3).. ))
i=0

where k € Ny, w € YT and b, k(t1,. .., t) are Bell polynomials.

Example 23
"1 o= (“ - ¢(2)),
1,11 = —(7* =3¢y +2¢(3)),
nro= ot 4(3)4(5) - 2)4 i
T,1,6 = fC(2) +(¢(2 )4(5)+ C( )¢(2)" = 4¢(7)y

(6.2 + @+ C( )3 — 4C(3)C().
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Homogenous polynomials relations

2

> on local coordinates

Identifying the local coordinates in Z, = B(y1)wyZ,,, , one has

l

[ Polynomial relations on

{<ENtiecyny — 1)

“ Polynomial relations on

{¢(S) e cynx —x

3 ((Eron) = 3¢(5) <5 2) = <52,)

4 o(=y,) = E(E,) (5g,) 2¢(Sqm )?
() = 565 (S22 5 ¢(Sipn )?
¢F,,2) = 56, C(5,3) = §6(Sgnm)’

5 C(Eyayy) = 3C(5,5)C(Ey,) — 5C(%y) Ca) = B o) T 2058, )
C(Eyy) = —C(Ey3)C(Ey,) + 3¢(Tys) S, f%qsml)+<(5X3X1)C(sxoxl)
CEp2,) = 3CER(E,) - B4(Ty) Sg3) = —CS,2,0)¢(S00) + 2A(Sa,)
C(F,,0) = 56(Es) i) = 2¢6,)
C(F,,3) = 36(ER)K(E) + §6(Ty) CS) = $Ga)

6 (Ty) = <) 5e) £i(Som )’
C(Tyayn) = C(T4)? — %45y C(5,4.2) £ ¢(Sxn)® — %C(ngxl)z
C(Tysyy) = 2¢(Ty,)% — 3¢(E),)° ¢S 30 25 C(Sipxy )
Zyamys) = —3C(E,)° + 3¢(5y,)° C(5x8x3) %C(SX0X1)37C(SXSX1)
C(Tyarn) = 3¢(Ty)? — $5¢(5,)° ¢S, 002) 25 ¢Sk )’
C(E,2) = 56(Ey)° = §¢(5)° C(S.2.2x0) = ~ 3106500 )* +3¢(5,2,)°
(Fz,2) = Be(3y,)® - 2em),)? (5,2, S ¢(Sxpxg)® — %qsxgxf
C(E,,8) = Fi6(E,) ORI %c(smxl)tc(sxgxl ?
CF,8) = HC(E,)° + 54(E,)° CS8) = F5¢(Sgn)’

25. These polynomials relations are independent from ~ and

similarly for the

case where the ring of their coefficients is the commutative ring A containing Q.
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Cloned Abel like results and cloned bridge equations
Let ¢ € Galc(DE) = {€“}cerierqxy and L:=Le®,Z ,, := 7, €. Let

vk
Const := ZHylkylk — eXp(ZHYk( }/;1) >

k>0 k>0 B
Then L(z) ~; e *'6(1=2)Z = and then H(n) ~ o Const(n)myZ ,, .

Theorem 24 (cloned first Abel like theorem)

lim 118271 T(z) = 7y Z ,, = lim Const(n) 'H(n).
z—1 n— oo

1§26 Z . € dm(A) == {Z., €| C € Liea(X)), (eC|xo) = (eC|x1) = 0} then

Z, =e™MZy, and recall also that (Z ,, [xo) = (Z ,, |x1) = 0,(Z,|y1) =7
and (for I € LynX, | ¢ {x0,x1,¥1})

<Zuu |/> = f-p-zH1E/£Z)7 {(1 - Z)a |Ogb(1 - Z)}aGZS,l,bENa
Zuwl) = Tproi(n), {rBEM))ser , pen
<Z’Y|/> = f’p'n%JrooH/(n)v {”a |0g (n)}a€Z§71,b€N~

Corollary 25 (cloned bridge equations)
IfZ ,, €dm(A) then (Z, = B(y1)nryZ . <= Zw =Mono(y1)ryZ ., ).

26. dm(A) contains DM(A), introduced by Cartier and Racinet, and is a strict
normal subgroup of Gala(DE).
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Dom(Li, ), Domg(Li,) and Dom™®¢(Li,)
Let C := C[z?, (1 — 2)"]apec- Let [S], = Z (S|w)w denotes the
weX*,w=n
homogeneous components of S (of degree n). Then Dom(Li,) is the set
of S = Z[S]n s.t. ZLi[S]n is unconditionally convergent for the
n>0 n>0
standard topology on H ().
Denoting the open disk by D.g (0 < R < 1), let

Domg(Lis) = {S € C{X)x3 ® Clx~ ZLi[S]n is unconditionally
n>0
convergent for the standard topology on H(D.g)}.
Dom™¢(Li,) = U Domg(Li,).
0<R<1

Proposition 7 (L(z) = C,,...Li(20))
Let p:= (R||L) (R € Dom(Li,)). Then 9"p = (R||d"L) and d"L = p,L,
where {p,}n>0 are given previously, using
T.(x0) = —r!(=2)" " Vxq and 7,(x1) = r!(1 — 2) = x,.
The following assertions are equivalent :

1. p satisfies a differential equation with coefficients in (C,0).

2. There exists P € C{X) such that (R||PL) = (R< R||L) = 0.
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Dom(H,)

Proposition 8
1. Dom(Li,), containing CL2 (X)) w C(X), is closed by w and then

exc

Lis ,, 7 = LisLiTt, for 5, T e D()Hl(Li.).
2. Let S € C{(X)x1 ©®Clx~ and 0 < R<1st )  ,Lig, is
unconditionally convergent, for the standard topology, on H(D<g).

Then "y~ anz = (1 — 2)71 Y~y Lifs),(2) is unconditionally
convergent in the same domain and ay = 3, o Hxr, (is1,)(N).

3. Sw T € Dom™¢(Li,) and x(my(S) wmy(T)) € Dom™¢(Li,),
for S, T € Dornl"C(Li.). Moreover,

Lis, r = LisLir.
Hey(s)wimy(m(N) = Hey(s)(NHz, (ry(N), N =>0.
Lis(z) Lir(z) _  Linys)we(mylz

1—=z 1-z 1-z

4. If S € Dom™°(Li,) then Hy,(s) € Dom(H,) := myDom**°(Li, ).
The last contains CI2 ((Y)) w C(Y) and is closed by . Hence,
Hswrt=HgHyt, for S, T € Dom(H,).
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Extensions of Li, and of H, (C = C{z? (1 — Z)b}a’bgc)

Theorem 26 (indexing by noncommutative rational series)
1. {Liy}wex- is C-linearly independent?’. Moreover, the kernel of the
following map is the w -ideal is generated by x§ w xi —x; +1
Lie : (C22L(X) w C(X), w ,1xx) — (C{Liy}wex=,- 1la),
R — LiR.

2. The algebra C{Liy }wex~ is closed under the differential operators
0o = z0 and 01 = (1 — z)d, and under their sections®® 1y and 1.

Corollary 27
The arithmetic function H(zy,)- is given, forr>1,z€C,|z|< 1, by?°
ryk
. —z
e = Ytz = oo~ 1, )
k>0 k>1
and, for as, bs € C,|as|,| bs|< 1 (s >1),

H(Zszl ZSYS)*H(Zszl bs}/s)* = H(Eszl(as"t‘bs)}’s"'z,,szl asbr}’err)* :

27. The proof uses also BTT.

28. i.e. 90/,0 = 911/1 = Id.

29. — ", o, Hi(—2")*/k is termwise dominated by ||¢,|| _ and then Hy,ry,) is
dominated in norm by e“(®) = I'}(1 + z), using Newton-Girard formula.

58 /70



Domain of (w or w) characters
Any (w or ) character x classically extends H(Q)(X) by

X(P)= > (Plw){x|w)
weX*
as a character from H(Q)(X) with values in ().

Theorem 28 (Extended characters)

Let y : C{X) — C be a character®®. For any T € H(Q){X), let
Dom(x, Q) :={T € H(Q){XW|(x([T]n))nen is summable in H(2)}

The result, Y o x([T]n), will be still noted x(T). One has

1. H(Q)(X) C Dom(y, Q).

2. Dom(x, Q) is a subalgebra of H(Q){(X)) (for w or ).

3. Let S € Dom(x, Q). exp ,, (S) and exp 4, (S) € Dom(x, Q).
Moreover, x(exp ,, (S)) = €X(*) and x(exp ., (S)) = eX().

Example 29

Forany z€ C,|z|< 1,x € X = {x0,x1},¥r € Y = {yx}x>1, since
(2x)" =exp ,, (2) and (2y,)" = exp s (X hs1 Yir(—2)* 7 /K) then
Cu ((22)7) = € ¥ and y(yy,). = eXrz (8 20,

30. We will still note its extension to H(2)(X) by x.
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Extended polymorphism (

With the notations in Example 13, we have

Theorem 30 (Regularization by Newton-Girard formula)
The characters C ,, ,7ve can be extended as follows
Cuw :( < ) w Céitc« >>7 o 71X*) - (Cral)v
Vze C,|z|< 1,(zx0)" (zx)* — lc.
T (C) T (Y), @ 1ye) > (C,. 1),
VZ€C|Z|<1(zy,) = T 1+2),r>1
Moreover, with w, = 0(,,r > 1, and for z € C,|z|< 1, the following
morphism is injective
af : (CHy bl wo,1ye) = (C[{e"}rza], x, 1),
VzeC,|z|<l,y; — T,'(1+2z),r>1,
and T, (1+ 3/—1z) =T, (1+ 2)[,, (1 +v/~1z).

Corollary 31

L i ) =T =11 =11 (1 +2) = ag( = y)).

r>1 r>1 r>1 rz1

2. One has, for |as|< 1, bs|< 1 and |as + bs|< 1,

NS o (3ot b)ye+ 3, o acbryes)” = Wy 20e)* V(s bese) - Hence,
’y(as}/s+ar}’r+asar}/s+r)* = fy(as}’s)*’y(ar}’r)* ’ 7(—33}%)" ~ fy(as}’s)*’y(_as}’s)* .
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{7751,...,75,}51,...,5,6N21 by computer

By Example 15, since

Ti 1 1 = —Lig+5Ligg) 7 Ligsg) +3Liga)-,
Li, 1 = Lixl* —-11 Li(le)* +31 Li(3x1)* -33 Li(4X1)* +12 Li(5x1)*7
Li,L,Q = lel* -9 Li(2><1)* +23 Li(3x1)* —23 Li(4><1)* +8 Li(le)*;
then
H.11 = —Hyl* + 5H(2y1)* - 7H(3y1)* + 3H(4y1)*,
H,2’71 = Hyl* - 11H(2y1)* + 31H(3y1)* - 33H(4y1)* + ].21‘1(5},1)*7
Hi o = Hyl* - 9H(2y1)* + 23H(3y1)* — 23H(4y1)* + 8H(5y1)*.
Therefore,
Cuu (_17 _1) = 07
Cuu (_27 _1) = _17
CLLI (_17 _2) = 07
and
Y-1,-1= —I=1(2) +5r=1(3) — 7r=1(4) + 3r-(5)
Y1 = [71(2) = 11M~1(3) + 317~ 1(4) — 337~ 1(5) + 12 ~1(6)
Yo1,-2 = [71(2)—9r—1(3)+23r-1(4) — 23r—(5) + 8r-(6)
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Zetas and eulerian functions
For v =—u (Ju|< 1), one gets

1 sin(um)
M@= a1+ 1) exp( DBUCUN ) ur

k>1
Taking the logarithms and then taking the Taylor expansions, one obtains

u u17r)2”
— 2k)— = |
> cen’ ox )
- _ /
_ (*1)#1 - \2k 1
- O Y b
>1 k>1 e AL
np+...+nj=k
_ . N2k
S ST I D S| (e
k>1 >1 nnll;.“ir,c?l, 1

One can deduce then the following expression for C(2k)
¢(2k) _ 1)“’
e DA ol | (e F o)
=1 BLyeees n,>1 i=1

Euler gave an other explicit formula using Bernoulli numbers {by}ken :

C(2K)/(2im = —byy/2(2K)! € Q.
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More about polyzetas and extended eulerian functions

Tty = (o) ()
& M1 +it) = T+ (1-1t)
s -\2k
SRRk sm(tﬂ') _ Z(tlﬂ‘)
<~ e k>2 — N7 _ )
|
tmw = (2k)!
V(—ttya)* = V(t2y2)* U (— tz}@)
& A+V-1) = T A+ r (1 +ir)
4k
o e Tl _ MM i
itm tm = (4k + 2)!

Since V(—ttya)* = C((7t4y4)*)a7/(7t2y2)* = C((7t2y2)*)aﬂ/(t2y2)* = C((t2y2)*)
then, using the poly-morphism (, one deduces
C(=t*ya)) = (=) )C(tPy2)) = C((—t7x0x1)")C((tPx0%1)"))

= C((—tx0x)* w (Px0x)*) = C((—4t*5x7)*).

It follows then, by identification the coeffients of 2K and t%K :
ktimes
—
G D)/ = 1)k + 1)1 € Q,
ktimes ktimes

C(3,1,...,3,1)/m* = ak¢(4, ... 4)/m* =2/(4k +2)! € Q.
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More about extended polymorphism (

Example 32 (Identity (—t2y)* w (t2y2)* = (—4ty,)*)

y2, —t? y2, £ ya, —t*

start start start
—2)* o (v2, m2(y2), m2)  (y2)* > (1, p1(y2), m) (—t*ya)* & (v, u( m n)
=(@1,-£,1), =(1,¢,1), =@, %)

Corollary 33 (comparison formula)
For any z,a,b € C such that |z|< 1 and R(a) > 0, R(b) > 0, we have
B(z; a, b) = Liy[(axo)* w (1-b)x)*1(2) = Lix[((a=1)x0)* w (=bx)*1(2)-
Hence, on the one hand3!
B(a, b) = (u (x0[(ax0)* w ((1 = b)x1)*]) = (. (xa[((a = 1)x0)* w (—bx1)*])
and, on the other hand

B(a, b) _ T((a+b=1)y1)* _ V((a+b—1)y1)* ]
V((a=1)y1)* =1 ((b—1)y1)* V((a+b—2)y1+(a—1)(b—1)y2)*

31. xof[(ax0)* w ((1 — b)x1)* and x1[((a — 1)x0)" w (—bx1)"] are of the form (F2).
What is ¢, (S), for S of the form (F2)?
What is [y, (a)ly,(b)/Ty,(a+ b), for a,b € Cand r > 27
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Polyzetas and extended eulerian functions
Let R := tOtIXO[(tOXO) (thl) ]Xl (to,tl GC,|t0|< 1,|t1|< 1)
With wo(z) = z~1dz and wl = 1 — z )~1dz, we get

. ds 1—r\" dr
S
= 2t (1 — s)t"“st0 1 (1 — r)o= =R dsdr,

By changes of variables, r= st and then y = (1 —5)/(1 — st), we obtain
C(R) = tl/ / — tot1 _ St)to*ltft"dtds
0, Jo;

= 24 (1 — ty) Lt oy™hdtdy.
o Jo
By expending (1 —ty)~! and then by mtegratlng, we get on the one hand

AR = T = O W,

n>1 k>1>0
Since R = toxo(toxo + tix1)*tot1x then we get also on the other hand

C(R):ZZ Z C(Sl,...,S/)té(t{.
k>0 I>0 s1+...+s=k,51>2,5...,5>1
Identifying the coeffients of (C(R)|t&t]), we deduce the sum formula

C(k): Z C(Sl,...,S/).

s1t...+s=k,51>2,5...,5>1
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